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Preface 

The description of quantum systems is fundamental to an understanding of 
many problems in chemistry and physics. It is a vibrant field of research in which 
the countries of Europe have an established tradition of excellence. This volume 
records a representative selection of the papers delivered at the Second European 
Workshop on Quantum Systems in Chemistry and Physics. The Workshop was 
held at Jesus College, Oxford, April 6-9, 1997. The meeting was sponsored by 
the European Union, as a part of the COST chemistry initiative for stimulating 
cooperation in science and technology within the states of the European Union 
and those of Central and Eastern Europe. Workshop participants came from Bul- 
garia, Denmark, England, Finland, France, Greece, Hungary, Israel, Italy, Mexico, 
Norway, Poland, Slovakia, Spain, Wales, and the United States. 

Like the first Workshop, which was held in San Miniato, near Pisa, Italy, a 
year earlier, the purpose of the Workshop recorded here was to bring together 
chemists and physicists with a common interest-the quantum mechanical 
many-body problem-and to encourage collaboration and exchange of ideas in 
the fundamentals by promoting innovative theory and conceptual development 
rather than improvements in computational techniques and routine applications. 

The Workshop was opened with a personal view of the status of the quantum 
mechanical description of systems in chemistry and physics by a leading British 
authority. Professor Brian T. Sutcliffe, of the University of York, gave a stim- 
ulating and often provocative lecture in which he highlighted the formidable 
problems which stand in the way of further progress in many of the areas ad- 
dressed during the Workshop. Not all agreed with Sutcliffe’s perspective. Indeed, 
he succeeded in provoking some lively debate. In the article reproduced here, 
“No alteration has been made from that which was said at the time,” since “it 
seemed honest, if unflattering, to leave things as they were.” I am deeply grate- 
ful to Professor Sutcliffe for sharing his perspective on the field. 

The Workshop was organized into eight sessions, each addressing a different 
aspect of the quantum mechanical many-body problem. Together with a poster 
session, the sessions were arranged as follows: 

Density matrices and density functionals (Chair: R. Pauncz) 
Electron correlation effects-Many-body methods and configuration interaction 

Relativistic formulations (Chair: B. 1: Sutclifle) 
Valence theory: Chemical bonds and bond breaking (Chair: I. G. Kaplan) 

(Chairs: U. Kaldor and I. €? Grant) 

xv 



xvi PREFACE 

Nuclear motion, vibronic effects, and flexible molecules (Chair: J. Muruani) 
Response theory-Properties and spectra: Atoms and molecules in strong elec- 

tric and magnetic fields (Chair: J. Gerratt) 
Condensed matter: Crystals and clusters, surfaces and interfaces (Chair: Y: G. 

Smeyers) 
Reactive collisions and chemical reactions (Chair: R. G. Woolley) 

A total of 37 lectures were scheduled over a 2% day period. I express my 
gratitude to all of the speakers and the participants. They made the Workshop 
the stimulating and enjoyable experience that it was! 

It is a pleasure to thank the members of the scientific organizing committee, 
Roy McWeeny (Pisa), Jean Maruani (Paris), and Yves G. Smeyers (Madrid), 
for their enthusiastic support and valuable advice throughout. I am especially 
grateful to Peter J. Grout (Oxford) for his help with the local organization of 
the Workshop. 

Jesus College was founded in 1571 and is the only Oxford College to date 
from the Elizabethan period. Indeed, Queen Elizabeth I, who has the title of 
Foundress, granted timber for the College Buildings. The College provided a 
splendid venue for the Workshop at the heart of England’s oldest University. It 
is a pleasure to thank the officers and staff of Jesus College, whose tireless 
attention to detail ensured the comfort of participants throughout the Workshop. 

All contributions to this volume were refereed. I am most grateful to Erkki 
Brandas (Uppsala University) for organizing and executing the refereeing pro- 
cess with impressive proficiency. 

Finally, the generous financial support of the European Union COST office 
is acknowledged. I particularly acknowledge the help with various “administra- 
tive details” given by Dr. S. BCnCfice of the COST office in Brussels. 

s. WILSON 
CHAIR, SCIENTIFIC 

ORGANIZING COMMIlTEE 
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Abstract 
The topics to be discussed at this meeting are sur- 

veyed in an attempt to place them in the context of the 
considerations of our last meeting and of developments 
since then. 

Contents 
1. Introduction 
2. Density matrices and density functionals 
3. Electron correlation effects 
4. Relativistic formulations 
5. Valence theory 
6. Nuclear motion 
7. Response Theory 
8. Condensed matter theory 
9. Reactive collisions 
10. Postscript 

References 

bts l@york.ac.uk 

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 3 I 
Copyright 691999 by Academic Ress. All rights of reproduction in any form reserved. 
0065-3276/99 $30.00 1 



2 B. T. Sutcliffe 

1. Introduction 

I have been asked to introduce this, the Second European Work- 
shop on Quantum Systems in Chemistry and Physics. Many of 
you here will remember the first such Workshop which was held 
in San Miniato in Tuscany in the spring of 1996. Roy McWeeny 
provided the introductory lecture on that occasion and many 
here will remember it well. It was a lovely evening, it was a 
lovely place and it was a lovely lecture. So, even though the 
weather here is good and the college is indeed lovely, I a m  nat- 
urally pretty apprehensive about attempting to emulate him. 
This is particularly so, since he is in the Chair of this session 
and has so generously introduced me. 

In such circumstances I sometimes imagine myself in the po- 
sition of the then Foreign Secretary who found himself subject 
to the withering scorn of Aneurin Bevan who, in the Suez debate 
in parliament in 1957, felt that the Foreign Secretary was not 
in command of his material in the same way that his predeces- 
sor (Anthony Eden. who was now Prime Minister) would have 
been. Some of you may remember: 

I am not going to spend any time whatsoever at- 
tacking the Foreign Secretary. Quite honestly I am 
beginning to feel extremely sorry for him. If we com- 
plain about the tune, there is no reason to attack the 
monkey when the organ grinder is present. 

I plead guilty to being the monkey and since I cannot hope to 
carry the tune as well as Roy did, I shall not try. Rather I 
shall attempt to dance a little by producing my “wish list” for 
the topics that have been chosen for inclusion in our discussions 
this week. 

I hope and believe that my wishes have a realistic chance 
of fulfilment and I have not, at any rate consciously, wished for 
anything quite ridiculous. But that is, of course, for my audience 
to judge. 
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2. Density Matrices and Density h n c -  
tionals 

Simply to look at the literature is to convince yourself of the 
importance that density functional theory (DFT) methods have 
attained in molecular calculations. But there is among the mole- 
cular physics community, it seems to me, a widespread sense of 
unease about their undoubted successes. To many it seems quite 
indecent that such a “cheap and cheerful” approach (to employ 
Peter Atkins’s wonderful phrase) should work at all, let alone 
often work very well indeed. I think that no-one in the com- 
munity any longer seriously doubts the Hohenberg-Kohn theo- 
rem(s) and anxiety about this is not the source of the unease. As 
Roy reminded us at the last meeting, the N -  representability 
problem is still unsolved. This remains true and, even though 
the problem seems to be circumvented in DFT, it is done so by 
making use of a model system. He pointed out that “the connec- 
tion between the model system and the actual system remains 
obscure and in practice DFT, however successful, still appears 
to contain empirical elements” And I think that is the source of 
our present unease. 

We agree that the exact energy of the lowest state can be 
expressed as a universal functional of the electron density alone. 
We understand that we can approach an orbital form for this 
density through the Kohn-Sham ansatz. But there is, as yet, 
no convincing and useful variational formulation of the prob- 
lem, which satisfies all the relevant constraints and is applicable 
when we don’t know the exact density. This is not to say that 
the problem is not well understood: it is reviewed with insight in 
for example (1) and formal solutions to it have been proposed. 
But nothing of practical significance has yet emerged. In prac- 
tice one chooses an exchange-correlation density functional from 
one of the large selection on offer and performs a self-consistent 
calculation. One allows orbital variations in much the same way 
that one would allow them in ordinary SCF calculations and 
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one feels free to attempt not only the ground state, but also 
excited states. And usually, no trouble occurs. We have no 
variational upper bound on the exact energy and usually this 
doesn’t seem to matter. But sometimes it does. Perhaps the 
most celebrated and simple example is the failure of a gradient 
corrected density functional approach (2) properly to describe 
the dissociation of the ground state of He:. In this case, you 
will remember, the global energy minimum is not at Re. This 
behaviour is in stark contrast to that of an ordinary SCF calcu- 
lation which may well dissociate incorrectly and may well give a 
wrong dissociation energy but if there is a minimum in the po- 
tential curve, it is always less than the energy of the separated 
parts. The complete failure of any DFT approach to calculate 
satisfactorily the energy and geometry of van der Waals com- 
plexes is also well known. If binding is predicted, it is usually 
at the level of excessive over-binding. Also well known are the 
erratic results of attempts to calculate excited electronic states 
and the difficulties of performing sensible property calculations. 

Now I should stress that I do not think that it is failure of 
DFT methods sometimes to get the “right” answer which is so 
unsettling, rather it is that not yet can we always be sure that 
we are using a functional that is suitable for the problem that 
we have in hand. Unless we have some way of deciding this, then 
a DFT approach has some of the same characteristics of general 
semi-empirical approaches. Namely, one has to establish their 
utility on a class of problems and one’s confidence in the results 
depends strongly on how closely the problem in hand fits into 
the relevant class structure. 

What would be nice is a development that enabled us make 
in advance, an estimate of the sort of error that there might be in 
a particular property when using a particular approach. Now I 
certainly don’t hope for the moon here. I don’t expect a rigorous 
variational result or even a perturbation estimate. Rather I hope 
for the sort of knowledge that, for example, makes us confident of 
a particular outcome for properties calculated using an LCAO- 
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SCF approach with a given basis. I accept too, that such a 
development may not take a strictly theoretical form, but could 
arise from extensive experience suitably codified. And if it  does, 
and it is run up the flagpole, then I shall salute it. But I am 
not at present able to do that. And I very much want to be able 
to, for it seems to me that DFT approaches offer by far the best 
chance of constructing codes in which the effort scales only by 
N rather than as in conventional codes, by N"' with rn at least 
2 and usually 3 or 4. 

I hope that I may be excused this excursion, for it may be 
without consequences at  this meeting because there seem to be 
no contributions directly on DFT. However there are to be two 
talks on density matrix theory (DMT) and it is to this area that 
I shall turn next. As a graduate student I was fortunate enough 
to be a pupil of Roy McWeeny and to learn DMT from him and 
I must confess to a warm regard for DMT springing from that 
experience. It has always seemed to me to be much the most 
natural way in which to express results in classical quantum me- 
chanics. The great advantage, in my view, is that it is often pos- 
sible using DMT to exhibit usefully and in a non-trivial manner 
the basic structure of a result without assuming a particular ap- 
proximate form for a wave function. As a consequence of this, it 
is always possible to regard the result in DMT form as a kind of 
master equation to  be realised in any particular approximation 
for the wave function. One can therefore develop a systematic 
program of refinement of approach, if that is desired, or equally 
well a coarsening of approach if something quick and dirty will 
do, but all within a single well defined framework. Also from a 
DMT form for the expected energy, one can develop in well de- 
fined way, an effective Hamiltonian formulation of a problem in 
terms of a smaller number of electrons than in the full problem. 
I find the DMT approach to effective Hamiltonians more sym- 
pathetic than a direct second quantised approach (for a recent 
paper using this approach (3)) though I recognise that it some- 
times helpful to cast the DMT approach in second quantised 
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form. Although over the years DMT has been used in effective 
Hamiltonian work, it seems to have failed to capture the gen- 
eral imagination and I regret this. I therefore look forward to 
the contributions by Roy McWeeny and by Carmela Valdemoro 
which, I hope will advance this area of endeavour further and 
hence make it more popular. I particularly hope to lean more 
of the work recently reviewed by Valdemoro and her coworkers 
(4). 

3. Electron Correlation Effects: Many- 
Body Methods and Configuration 
Interact ion 

It is hard to avoid feeling that electron correlation problems are 
just like the biblical poor: they are always with us. Each new 
administration in Quantum Chemistry, just as each new admin- 
istration in politics, hopes to have a solution to the problem. 
We have known since the 1970s much about the mathematical 
behaviour of electronic wave functions in terms of the relative 
separations between electrons and we know, at  least for singlet 
states, that electronic wave functions should have cusps as elec- 
trons approach one another. (The behaviour for triplet states 
and those of higher multiplicity is not known, but cusp-like be- 
haviour there seems plausible too.) But cusp-like behaviour is 
extremely difficult to build into approximate wave functions con- 
structed from a discrete basis. A reasonable representation re- 
quires an extremely large basis and a very long expansion. It will 
therefore be extremely interesting to hear the contributions of 
those (HubaC, Roeggen, Avery, van Mourik, Pauncz) who offer 
approaches that attempt to mitigate these evils. 

Of course the cusp can be represented by including the inter- 
particle distances in a trial wave functions, most simply by 
means of Jastrow factors, exponentials of the inter-particle dis- 
tances. But the problems of integral evaluation with such fac- 
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tors are such that the most that has been attempted directly 
are small (less than 10 electron) atoms while for molecules ei- 
ther a Monte Carlo method or a method that partially simulates 
the cusp for integration purpose, has had to be used. I won- 
der whether the time might not be ripe for another look a t  the 
old trans-correlated approach if it is hoped to do anything with 
cusped wave functions? Perhaps Dr Rychlewski intends to touch 
on this matter when he talks and I shall be most interested to 
see to what extent other speakers cover this ground. 

But this section of our meeting gives me much unease. I 
seem to have heard so many talks on electron correlation over 
the years that now I feel rather like Omar Khayyam who said 
(in the Fitzgerald translation) you remember, 

Myself when young did eagerly frequent 
Doctor and Saint and heard great Argument 
About it and about: but evermore 
Came out by the same Door as in I went. 

May I be proved too pessimistic by what we hear later 

4. Relativistic Formulations 
Methods for treating relativistic effects in molecular quantum 
mechanics have always seemed to me, if I may say so without 
appearing too impertinent) to those who work in the field, a com- 
plete dog’s breakfast. The difficulty is to know to what question 
they are supposed to be the answer, in the circumstances in 
which we find ourselves. We do not know what a relativistically 
invariant theory applicable to molecular behaviour might look 
like. As was pointed out to us at the last meeting, the Dirac 
equation certainly will not do to describe interacting electrons 
and even at the single particle level, where it seems to work, 
there is an inconsistency in interpreting its solutions in terms 
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of electron-positron pairs. But we have to do something, for we 
know that we have to take relativistic effects into account and 
not only for heavy atoms. The something that we have to do 
must use perturbation theory, but straightforward use of per- 
turbation theory leads to divergences even when 4-component 
spinors are used. Much of the discussion at  our last meeting was 
devoted to describing ways in which these divergences could be 
avoided, with notable contributions by Kutzelnigg, Snijders and 
Kellii. The talks at this meeting do not appear to be concerned 
with such technical problems. Can it be that all has been sorted 
out over the past year or so? Certainly that would be good news 
and I look forward greatly to the session in which these matters 
are to be discussed. My hopes here are that we are making 
progress, but I am afraid that, given the confused nature of the 
theory, progress might not be so easy to discern. 

5. Valence Theory:Chemical Bonds and 
Bond Breaking 

When I was an undergraduate I remember going to a lecture at 
which a distinguished visiting Professor explained to us all that 
the picture of bonds provided by valence bond (VB) theory was 
totally different from that provided by molecular orbital (MO) 
theory and that, any way, we were not to worry because both 
theories were utter rubbish. Even as a naive 19 year old, I did 
rather smell a rat. A couple of years later on I learned that 
the best way to look at the two theories was to regard them 
as limiting cases of a particular category of orbital approach. 
The difficulty with the VB approach was that it did not at all 
easily computable even using the digital computers that were 
then beginning to become available. It was thus hard to know 
whether or not a particular structural assertion made in the 
theory could be supported or if it had only a metaphysical sig- 
nificance. The MO approach on the other hand proved to be 
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eminently computable and thus came to dominate descriptions 
of valence and bonding, a dominance that has persisted until 
very recently. Among those who have been most responsible for 
the revival and development of VB type theories are Dr Gerratt 
and, following him, Dr Cooper and it is therefore with consider- 
able interest that one anticipates their talks. And one wonders 
now, what approach Dr Mavridis is going to use in his calcu- 
lation on ScB+. Only a year or two ago one could have been 
absolutely certain that it would have been an MO one. 

I hope that at the end of the session we shall have a clear 
view of what is now possible in valence theory, particularly when 
considering bond-breaking and that we are in possession of some 
new computational tools. And here my hopes are high. 

6. Nuclear Motion, Vibronic Effects 
and Flexible Molecules 

My hopes and fears here centre on the problems that arise in 
effectively defining a potential energy surface. Because I believe 
that this definition is central to thinking about reactive processes 
too, I shall defer most of my consideration for that section. That 
said however, there is no doubt that Dr Petrongolo has had great 
quantitative success in his treatment of flexible triatomics using 
a potential surface approach. And the idea of a single surface 
underlies the successful approach of Prof. Smeyers and his co- 
workers to the spectroscopy of flexible organic molecules. There 
can be no doubt that a potential surface view of this class of 
problems can be made to work but I am remain puzzled as to 
why it does. But perhaps that will turn out to be my failure to 
understand rather than any problems with the theory, that is 
the cause of my puzzlement. 
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7. Response Theory-Properties and Spec- 
tra: Atoms and Molecules in Strong 
Fields 

It is usual to regard those who work using propagator theory and 
Green’s function methods as the guardians of molecular response 
theory. However in this meeting, to judge from the titles of the 
talks, these approaches are not used in the work to be described. 
Could it be perhaps that other methods are beginning to find 
favour when considering molecular properties? For this, if for no 
other reason this promises to be an intriguing session. If I may, 
without seeming invidious, confess to my own special interests 
here. I’d like to learn of the methods used in core and the 
Rydberg calculations and those used in the non-linear optical 
work. The talk on H- is also one to look forward to, for even in 
the absence of a field the system has only a single bound state 
and I simply do not know if it has any at all in the presence of a 
magnetic field. So I can’t wait to find out what the states under 
investigation here are doubly excited from,. 

I suppose that in this area I am a bit like Mr Micawber in 
Charles Dickens’s Dazrid Copperfield, I am always hoping that 
something will turn up, though I’m not too sure what it might 
be. 

8. Condensed Matter Theory:Crystals 
and Clusters, Surfaces and Inter- 
faces 

In considering condensed matter I confess to being very pes- 
simistic indeed. I suppose that if I hoped for anything here, it 
would be that it would go away. I simply see no way of deal- 
ing with the problems raised by the vast numbers of particles 
involved, with anything like the techniques that we can use for 
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small molecules. (Except perhaps in periodic systems where we 
might hope to use Hartree-Fock type approaches with suitable 
boundary conditions.) I see no chance of considering clusters 
of sufficient size for the results of calculations on them to yield 
spontaneously, condensed matter characteristics. I have even 
less hope of us dealing with liquids and with solvent-solute in- 
teractions by standard methods. So though I look forward with 
keen interest to this session, that interest is tinged with appre- 
hension. It seems to me that we must simply face up to the fact 
that in this area we have no alternative but to build models that 
are plausibly connected with molecular quantum theory and do 
what we can with these. A reductionist program here is just out 
of the question. 

9. Reactive Collisions and Chemical 
React ions 

In considering reactions (and, from above, flexible molecules) 
I shall simply stick my neck out. I am very doubtful that we 
shall get anywhere at all using molecular quantum mechanics, 
as long as we keep to the potential energy surface view of the 
problem. The assumption is that potential energy surfaces can 
be got from a sequence of clamped nuclei calculations and that 
the flexible molecule or the reacting molecule can be described 
in terms of nuclear motion on one or more of these surfaces. 
Now I have no doubt that one can get explanations of experi- 
mental phenomena in these terms, but I do not think that one 
can associate the underlying picture properly with the standard 
molecular Hamiltonian for the full problem. To see this one 
has only to realise that to perform a clamped nuclei calculation, 
one has to identify as separate entities, nuclei that are identical 
particles (the protons in ammonia, for example). The potential 
energy surface therefore carries nuclear labels and these are not 
usually removed by any symmetrising process in any subsequent 
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nuclear motion calculations. Thus one is solving an improperly 
posed problem in the vast majority of cases. This is not even to 
consider what might be the significance of solutions even to this 
ill-posed problem when surfaces cross. 

I understand perfectly that if we are dealing with very large 
molecules or with complicated reacting systems, theh we have no 
alternative but to deal with a model, as we must do in consider- 
ing condensed matter. I also understand, as I mentioned above, 
that there is no doubt that the potential surface model can be 
used to account for experiment in a convincing and sometimes 
near quantitative way. However I don’t think that we really 
know why this is and that we need to try and see, in some sim- 
ple systems, if we can find out. So naturally it is my hope that 
some of the contributions in this session will try to deal with 
this. 

10. Postscript 

In what has gone before, no alteration has been made from that 
which was said at the time. There are, of course, some things 
that I would wish to have changed and some statements that I 
would have wished not to have made. But since colleagues may 
in their presentations here, have included their responses to my 
un-wisdom, much as they were made in the discussion after the 
introduction and in their talks, it seemed honest if unflattering, 
to leave things as they were. 
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Abstract 
The idea of ‘separability’ is concerned with the quantum mechan- 

ical description of systems in which it is possible to recognize exper- 
imentally the presence of certain ‘structural units’, each with a ‘per- 
sonal’ identity. This idea is formulated mathematically in terms of 
‘group functions’, each referring explicitly only to the electrons of one 
group in the field of the others. The density matrices for the whole 
system are expressible in terms of those of the separate groups and 
global optimization of the wavefunction is reduced to an iterative op- 
timization involving only one group at a time: this provides a basis 
for many experimental ‘additivity rules’. The feasibility of extending 
the approach to admit relativistic effects is also examined. 
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Here A is the antisymmetrizer for all particles and any given factor @ R ,  

for subsystem R, describes the state of a ‘group’ of NR electrons. This ansatz 
is a ‘generalized product function’ [l] - analogous to a Slater determinant, 
but with each spin-orbital replaced by a many-electron function. 

No exact wavefunction can be written in this way: neither electrons nor 
basis functions (i.e. the ‘global set’ from which the whole function @ is con- 
structed) can be uniquely divided out among the subsystems (A,B, ... R, ...). 
Application of A ensures that the Pauli principle is satisfied and that no 
particular group of electrons ‘belongs’ to any specific subsystem; but the 
possibility of separating the basis into subsets which can each describe one 
subsystem with high accuracy raises delicate questions of overcompleteness. 
To avoid such problems it is desirable to truncate the function space associ- 
ated with each group of particles, to eliminate excessive overlap between the 
functions of different groups. When the truncated sets describing different 
groups are mutually orthogonal, the subsystem wavefunctions will be strong 
orthogonal. 

For separable systems with strong-orthogonal groups, with which this 
work is concerned, the density matrices of the whole system are readily ex- 
pressed in terms of those for its component parts - the subsystems. In this 
way, calculations of the electronic structure and properties of a large man:‘- 
electron system may be reduced to a series of similar calculations on the 
smaller subsystems. In the earliest work along such lines [1,2,3], the separa- 
tion into subsystems was defined a priori by partitioning a global basis set 
into subsets, each considered adequate for the description of a particular part 
of the whole system. Such a procedure is often unsatisfactory (e.g. in the 
study of chemical reactions, where the subsystems representing reactants and 
products may have quite different forms, which change continuously during 
the reaction process): ideally, the definition of the subsystems should arise 
‘automatically’ as a result of optimization of the wavefunction for the entire 
system. 

The purpose of the present work is to show how global optimization of 
a wavefunction of groupfunction form can be achieved and to discuss some 
of the general implications of separability, particularly those that relate to 
so-called ‘additivity rules’. A second aim is to sketch a generalization of the 
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approach to admit relativistic effects, which become very important when one 
or more of the groups contain heavy atoms. Density matrix theory provides a 
natural framework for all such developments and is fully reviewed elsewhere 
~ ~ 4 1 .  

2 Density functions for separable systems 

First let us recall the more important electron distribution functions and 
their origin in terms of corresponding density matrices. The electron proba- 
bility density (‘number’ density in electrons/unit volume) is the best known 
distribution function: others refer to a pair of electrons, or a cluster of n 
electrons, simultaneously at given points in space. 

For a completely general wavefunction, the electron density ( P )  is 

P(r) = N /  9 ( X , X 2 ,  ... x N ) @ * ( X , x 2 ,  ... X N ) d S d X 2  ... d X N  (2) 

where = ri, si and the spin variables have been ‘integrated away’. P(r) 
is in fact the ‘diagonal element’, P(r) = P(r; r), of the (spinless) 1-electron 
density mat& P(r; r’), in which the r of 9’ in (2) is replaced by a second 
variable 1’. 

P(r;r’) is derived from a density matrix p(x;x‘)  with spin included: 
namely 

p ( X ;  X ’ )  = N /  Q ( X , X z ,  ... x N ) $ * ( x ’ , x 2 ,  ... X l ~ ) d X 2  ... d X N .  

Thus, identifying s‘, s and integrating, 

An important property of the density matrices p and P ,  with and without 
spin, is that they provide simple and general expressions for the expectation 
values of all 1-electron quantities, for any type of system and any type of 
wavefunction: thus the total potential and kinetic energies (not depending 
on spin) are expressible as 

V, =< V >= V(r)P(r)dr, J (5) 



R. McWeeny 18 

where V(r) and g2/2rn are the potential and kinetic energy operators for a 
single electron at point r. When the ‘operator’ is merely a multiplicative 
factor, the off-diagonal quantity (with r’ # r) is not required and < V > is 
thus simply a functional of the electron density P(r). 

For operators that work also on spin variables, the expectation values are 
given by equations analogous to (5 )  except that P is replaced by p and the 
integrations are over x (i.e. both r and s) instead of r alone. Thus, the total 
spin z component has an expectation value 

and only the diagonal element appears in (6) because no spatial operator 
is present and the variables r,r’ may thus be identified immediately. The 
function QZ(r) = Qz(r; r) is usually referred to as the spin density, being the 
density of spin angular momentum around the z axis in units of h; but it must 
be remembered that Qz is only one component of a pseudovector density 
(angular momentum per unit volume), the other components Q5(r), Qv(r) 
being defined by equations analogous to (7). 

It may be noted that the general form of p(x; x’) is 

p(x;x’) = Pa,a(r; r‘)a(s)a*(s’) + Pa,p(r; r’)a(s)p*(s’) 

+Pp,a(r; r ’)P(s)a*(s’) + Pp,p(r; r’ lP(s)p’(3’), (8) 

and that this may be regarded as the integral kernel representing the density 
operator p ,  whose effect on any spacespin function $(x) is determined by 

N(x) = J p(x; x’)$(x’)dx’. (9) 

For a system in a state of definite spin, with good quantum numbers S, Ms, 
only the first and last terms in (8) are non-zero; and in this case it follows 
that‘ 

Qz( r )  = i[Pa(r) - Pp(r)l, (10) 

When the second variable r’ is suppressed it is convenient also to omit the second spin 
index; thus Pa, 4 Pa, etc. 
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the components perpendicular to the axis of quantization (z) being every- 
where zero. 

One other 1-electron density is of great importance - the current density 
J (r ) ,  which is again a pseudovector density. This is everywhere zero until 
we apply an infinitely weak magnetic field, so as to define a quantization 
axis and to introduce an imaginary term in the wavefunction 6. The usual 
kinetic energy operator in the Hamiltonian is then replaced by 

19 

T =  (1/2m)C.ir2(i), i x=px+eAx (X=z,y,z), (11) 
i 

where .ir is the 'gauge invariant momentum' and contains the vector potential 
A of the field. The components of the current density matrix are then written 
most symmetrically as 

where the adjoint operator ~ ' 1  works on the primed variables in the density 
matrix. 

The diagonal element Jx(r), has all the properties of a 2ocaZ flux density 
at point r, as defined in classical physics. In particular, for a wavefunction 
satisfying the time-dependent Schrijdinger equation, it is easy to derive a 
conservation equation for the electron density: 

ap (r> div J(r )  = -- 
& (13) 

- the rate of decrease of the probability of finding an electron in volume 
element dr at point r is the divergence of the current density at that point. 
For a system in a stationary state the currents must be circulating (div J 
= 0); and these induced currents (created by the external field) produce a 
secondary magnetic field, with components at point ro 

-just  as if the electron distribution were a conducting medium containing 
electric currents of density -eJ(r). 
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Another interesting property of the current density is that the total elec- 
tronic energy of an arbitrary system in the presence of any external field 
whatever, with vector potential A, may be written [5] 

E = Eo - / A .  [-eJo(r)]dr-iA. [ - eJi,d(r)]dr 

Here Eo and J o  are the energy and current density in the zero-field limit (Jo 
vanishing except for systems of high symmetry in states with unquenched 
angular momentum e.g. paramagnetic atoms), while Jind is the field-linear 
part of the current density and therefore describes the currents induced by the 
applied field. The two field-dependent terms in (15) represent, respectively, 
the potential energy of a system of ‘permanent’ electric currents, of density 
-eJo(r), and that of a system of induced currents, of density -eJbd(r), in a 
conducting medium in the presence of a field - as would be calculated from 
classical physics. 

There are useful two- and many-electron analogues of the functions dis- 
cussed above, but when the Hamiltonian contains only one- and two-body 
operators it is sufficient to consider the ‘pair’ functions: thus the analogue 
of p(x; x‘) is the pair density matrix ~ ( x 1 ,  x2; xi,xi); while that of P(r; r’), 
which follows on identifying and integrating over spin variables as in (4), is 
rI(r1, r2; ri ,  r;). When the electron-electron interaction is purely coulombic, 
only the diagonal element ll(rl,r2) is required and the expression for the 
total interaction energy becomes 

As in (8), n(x1, x2; xi, xi) can be expressed as a sum of terms corresponding 
to different spin situations: 

4x l ,x2 ;~ : ,4 )  = Uaa,&l,r2; ri,r~)a(sl)a(s2).(8’1)(.r(sa> 

+JLw(rl, r2; r:, ~ i ) ~ ( ~ i ) a ( 5 2 > ~ ( s ~ ) P ( s : )  

+ ........... + (17) 

+%mPP(rl, r2i r: , .a)P(.l)P(92)P(si)P(si). 

Of the 16 terms, only 6 are non-zero in a state of definite spin and of these 
only 4 survive the spin integrations that lead to Il(r1, r2; ri, rk). The spinless 
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pair density (diagonal element) is thus, omitting primed variables and the 
corresponding spin indices as in (10) et seq., 

in which each term has a clear physical interpretation. For example, l-Iap(rl,r2) 
is a probability density for finding an ‘upspin’ electron at point r1 and a 
‘down-spin’ electron simultaneously at  point 1-2. Other pair densities can be 
defined [S] and are useful for discussing spin-coupling effects [7], but are not 
required in the present work. 

The beauty of the above results is that, apart from the use of a non- 
relativistic Born-Oppenheimer Hamiltonian, no approximations have been 
made: the density functions are all rigorously derivable, in principle, from an 
exact wavefunction containing no orbital approximations and remain valid 
for any system at any level of approximation. 

The only approximation to be admitted at this stage will be that inherent 
in the separability ansatz (1) with the constraint of strong orthogonality. In 
this case there is a corresponding separability of the density functions, em- 
bodied in two theorems [1,2]: for a separable system, comprising subsystems 
A, B, .. R, .. , the one-body density matrix (spin included) takes the form 

while the corresponding twebody quantity becomes 

In dealing with quantities whose associated operators do not act on spin 
variables, we may use (4) and its tweelectron analogue to derive parallel 
results for the spin-free densities. It is necessary only to change lower-case 
letters to upper-case (p  -+ P and 7r + II), to  replace variables x by r, and 
(in the usual case where not more than one group is in a state of non-zero 
total spin), to  put a factor 

These results are of very general significance: in particular, the one-body 
density matrix for the whole system, with or without inclusion of spin, is a 

before the exchange term in (20). 
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sum of those for its constituent parts. As a consequence, the electron density 
becomes 

p(r) = C PR(~)  (21) 
R 

- a simple superposition of the electron densities of the separate groups. The 
pair density, on the other hand, 

- a superposition of pair functions for the individual groups, plus inter-group 
terms which determine both a coulomb repulsion between their electron den- 
sities and an ‘exchange’ term which involves 08-diagonal elements of the 
one-electron density matrices. 

The significance of (18) is immediate: it provides a basis for a large num- 
ber of additivity rules. Not only does it yield the electron density in the 
form (20), but also (by use of (7) and (12)) the spin density and the current 
density, all such functions being expressed as sums of strictly additive contri- 
butions from the separate electron groups. Observable molecular properties 
that depend only on these densities (including molecular electric moments, 
electric and magnetic fields due to charge and current distributions within 
the molecule, magnetic susceptibility, and many other properties) must all 
be expressible as sums of contributions from the separate groups. 

Formally, the above results depend only on strong orthogonality; but sep- 
arability is a valid and useful concept only when the ansatz (1) is variationally 
optimized. The optimization problem is considered in the next Section. 

3 Optimization of the wavefunction 

The possibility of a groupby-group optimization of the wavefunction of the 
whole system is a direct consequence of the reductions described in Sect.2. 
Thus, using (19) and (20), it follows that the contributions to < T >, V,, V,, 
all comprise terms referring to groups (R) and pairs of groups (R,S). The total 
energy may then be written 
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where, in the second form, all the interaction terms have been associated with 
one particular group R to give an ‘effective’ energy for that group in the field 
provided by all others. The wavefunction for the whole system may then be 
optimized by variation of each group function @ R ,  subject to orthogonality 
constraints, by minimizing each EF in turn - the final sum in (21) being 
independent of @R. The procedure will of course be iterative: an ‘improved’ 
function @fi will be calculated for each group in turn, the unsatz (1) being 
revised at the end of the cycle; any slight loss of strong-orthogonality (the 
improved orbitals of different groups no longer being strictly orthogonal) 
may be eliminated by a symmetric orthogonalization; and the next cycle will 
begin. At convergence, the energy will be stationary with respect to vaxiation 
of all @ R  and all strong-orthogonality constraints will be satisfied. In this 
way the optimization of the wavefunction for a large number of particles ( N )  
is reduced to a number of single-group optimizations, each involving only N R  

electrons at a time. 

Details of the effective Hamiltonian are available in the literature [2,4] 
and it is sufficient to put on record the key equations: the explicit form of 
the group energy ERff is 

EF = <&:> (24) 

and refers explicitly only to the N R  electrons of group R. The effective one- 
electron Hamiltonian in (24) is obtained by adding to the usual fi the 
‘ot her-group’ coulombexchange terms, thus: 
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In the preceding equations, $(x) indicates a general function of space-spin 
variables (x = rl 3): when the operators do not involve spin, the integrations 
over spin may be completed immediately to give similar results with ps re- 
placed by PS and (in the usual case of a group with total spin zero) a factor 
4 in front of the exchange term. The term in square brackets in (23) then 
yields the potential energy of an electron at point r in the field of the electron 
distribution, of density Ps(ri), of group S: the exchange term, involving an 
00-diagonal density matrix element, is usually rather small. 

Let us consider a two-group system as a simple example, comprising a 
set of N,1 ‘valence’ electrons in the presence of N-1 ‘valence’ electrons. The 
practical implementation of the optimization will proceed as follows: 

Set up a ‘global’ basis { X I ,  x 2 ,  ...} of Nb basis functions and divide 
the global space into three subspaces: (i) N,, functions of a core space; (ii) 
N d  functions of a valence space; and N,, functions of a complementary 
subspace. 

The initial separation is provisional and defines only a starting appraxi- 
mation, which will afterwards be systematically revised. 

0 Express the orbitals as (p = xT, where the transformation matrix T 
will take the block form 

0 

and use projection matrices to impose subspace orthogonality. The valence 
orbitals (represented by the columns of Td) then become orthogonal to  the 
core orbitals (in the original (Twr); and, finally, orthogonalize the orbitals of 
the complementary space against both core and valence sets. The core and 
valence groups in Q = A[@mr@m,] then become strong-orthogonal. 

Calculate the density matrices pal pml, and then construct the effec- 
tive Hamiltonian for each group in the field of the other, using equation (23) 
and the spinless forms of (24) 

Optimize each group function, maintaining strong-orthogonality, and 
store the required corrections 6T,, 6T,1. It is evident that the constrained 
variation 6T,, must be orthogonal to the valence space and will thus arise 
by admixture of the columns of T, and Tarn; and that a similar variation 
ST,, may be obtained simply by reversing the roles of ‘cor’ and ‘val’. 

At the end of the cycle update the full matrix T by making all cor- 
rections simultaneously, noting that this will result in a slight loss of strong- 
orthogonality. 

0 

0 

0 
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0 Start a new cycle, restoring strong-orthogonality, as above; and con- 
tinue to convergence 

This procedure is simple and robust and applies equally to a many-group 
system. Moreover, the group functions may be of arbitrary form: it is neces- 
sary only that the l-electron density matrix can be calculated for each one. 
In the present context, for example, a core function of Hartree-Fock form 
may be used along with a valence function of VB form, thus allowing for 
correct dissociation of the system when its constituent groups are removed 
to infinity. 

To illustrate the viability of the optimization procedure, two examples 
will suffice: both relate to molecular dissociation, in which the form of the 
valence group changes completely as the reaction proceeds, while the atomic 
cores of the various atoms (all comprised in the core group) are much less 
strongly affected. 

Example 1. Dissociation of HSO by symmetric stretch 
Reference calculations are first performed at equilibrium geometry, using 

a simple basis of contracted gaussian functions [8]. The molecule is then 
dissociated by symmetric stretch, energies being calculated at bond length 
intervals of AR = 0.2Re up to  R = 6.0Re (where dissociation is effectively 
complete). 

A standard closed-shell SCF calculation is used to obtain orbitals of type 
1s and 2p, (normal to  the plane), which define an oxygen ‘core’. In a ‘frozen 
core’ approximation, these orbitals are held fixed (i.e. no further optimiza- 
tion is performed. The remaining valence electrons are then described using 
a VB wavefunction consisting of just two covalent structures, these being 
sufficient in at  least a qualitative sense [9] to describe dissociation in which 
the oxygen will be left in its triplet ground state. For every geometry, a 
global optimization of both core and valence orbitals is performed, using the 
method indicated above. 
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Fig.1: PE curves for H20 Fig.2: Reduced curves for H20 

Curve (a) in Fig.1 refers to the frozen core approximation; Curve (b) 
shows the effect of core optimization - which is evidently appreciable, though 
not large - as the core returns to its free-atom form. Another significant 
feature of both calculations is the growing importance, as R increases, of 
the second structure, in which the spin pairing in the bonds is replaced 
by that between the hydrogen atoms and within the oxygen atom; when 
the bonds are stretched to several times their normal length the structure 
coefficient ratio approaches 1:2. It is easily verified that the corresponding 
combination of structures then corresponds to the 'top' branching diagram 
function, the spins on the oxygen atom being triplet-coupled (as are those 
on the hydrogens), the two triplets b e i i  coupled to give total spin zero. 
Estamination of the orbitals shows that, as dissociation proceeds, the oxygen 
hybrids shrink back into pure 2p orbitals and the atom thus reverts to its 
normal 3P ground state. 

Curve l(c) shows the results of a rather accurate coupled-cluster calcula- 
tion, while Curve (d) shows those of full CI calculations [lo] (for all electrons 
outside a frozen 1s core), in which about 250 000 Slater determinants were 
employed. 
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It is well known that the slow convergence of large CI calculations is due to 
the difficulty of approximating the short-range correlation which inhibits the 
approach of two electrons as r12 -+ 0. Most of the difference between Curves 
(b) and (d) results from this ‘cusp’ correlation error, which seems unlikely 
to be strongly dependent on molecular geometry. Owing to the difficulty of 
dealing with the correlation cusp, comparisons of potential energy curves are 
commonly made by introducing a ‘reduced’ curve [ll]: the reduced PE curve 
results from a plot of 

which goes from -1 at equilibrium to 0 at  infinity. The reduced curve ob- 
tained in this way from Curve (b) is compared with that from the full-CI 
and other results in Fig.2. The general shape of the two-structure VB energy 
curve is in excellent agreement with that obtained from the full-CI study. 

Example 2. Dissociation of LiCl 

Conventionally, the two atoms are regarded as possessing inert-gas cores, 
Li[ls2] and Cl[ls22s22p6], the remaining electrons belonging to  the valence 
shell: the elementary textbook description assigns two electrons to a bond 
formed by overlap of the Li 2s orbital with a C13p orbital (3pu, say), the re- 
mainder forming lone pairs C1[3s2 3pn4]. To study the bond-breaking process, 
it is convenient to adopt a VB description in which there are two electron 
pairs of sigma symmetry, the lone pair C1[3s2] and the bond pair Li(2s)- 
Cl(3pa): the remaining electrons, whose orbitals are less strongly affected 
by bonding, will form an extended core. The orbitals used in describing the 
16 core electrons and 4 valence electrons will not, of course, be simple AOs; 
they will be general linear combinations of the ‘global’ set of basis func- 
tions and their forms will be determined automatically in the constrained 
optimization that keeps the two groups strong orthogonal. 

The global basis x used in the calculations reported here is again of 
simple contracted gaussian form: it contains four contracted s functions and 
three sets of contracted p functions on the chlorine atom; three contracted s 
functions and two sets of contracted p functions on the lithium. When the 
orbitals are written in the matrix form = xT, the first 8 columns of T, 
namely T,, define the doubly occupied core orbitals; the 3 columns of T d  
define the sigma lone pair and the two orbitals of the bond pair; and the 11 
columns of T,, provide the complementary (virtual) space. 
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Fig. 3: PE curves for LiCl 

Curve (a) in Fig.3 displays the results of the frozen core approximation, 
the core orbitals being optimized (along with the valence orbitals) at the 
equilibrium geometry and then held fixed as dissociation proceeds. Curve 
(b) was obtained with global optimization at  every geometry. For this sys- 
tem, with 20 electrons and 22 basis functions, a full-CI calculation is not yet 
feasible. Curve (c), from a coupled-cluster approach with the same basis, 
is expected to give a fairly good approximation near equilibrium geometry: 
but as dissociation is approached it becomes difficult to achieve convergence. 
With a W t y p e  valence function, on the other hand, no convergence prob- 
lems are encountered, whatever the geometry. Again, the fully optimized VB 
curve and the coupled-cluster curve are roughly parallel: this is confirmed 
on plotting the reduced curves (cf. Fig. 2) which are found to be almost 
coincident. The most striking feature of Fig. 3, however, is the poor per- 
formance of the frozen-core approximation. This reflects the inability of the 
core to respond to great changes in the character of the bond: over much of 
the range the chlorine is almost a negative ion, but at  very large R the atoms 
revert to their neutral ground states with the free spins coupled to S = 0. 
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4 Relativistic considerat ions 

In any relativistic generalization of the formalism used so far, the 2-component 
spin-orbit als, 

lltk = 43 + &, (28) 

used as building blocks in the construction of non-relativistic wavefunctions, 
will have to be replaced by the 4component spinors that occur as solutions 
of the Dirac equation. A set of non-interacting Dirac electrons would be de- 
scribed using an antisymmetrized product of such spinors; and ‘switching on’ 
the interaction would lead to a function expressible as a linear combination of 
the totality of all possible antisymmetrized products. Instead of building the 
wavefunction from a complete set of spin-orbitals, we should then be using a 
complete set of ‘Dirac spin-orbitals’. 

The procedure just indicated would be consistent with the usual assump- 
tion [12] that the many-electron Hamiltonian can be written, to a well-defined 
order, as a sum of Dirac l-electron Hamiltonians plus a sum of pairwise in- 
teraction terms. It must be remembered, however, that the Dirac equation 
refers essentially to a one-electron system; that its solutions fall into upper 
and lower sets, with positive and negative energies respectively; and that the 
conventional interpretation requires that all the lower enagy states are filled 
by an infinite ‘sea’ of unobservable electrons. As Messiah [13] remarks “By 
postulating the occupation of the quasi-totality of negative energy states, 
the [Dirac] theory ceases to be a one-electron theory, even when it sets out to  
describe a single electron”. Although the theory nicely accounts for such phe- 
nomena as electron-positron pair production, inconsistencies remain. Here 
we note only that the interpretation may at least be rationalized by treating 
the upper and lower energy electrons as two strong-orthogonal groups and 
employing a standard CI approximation to represent the system: provided 
no lower-to-upper (virtual) ‘excitations’ are admitted (i.e. no pair creation 
processes are envisaged), the negative-energy sea will play a purely passive 
role, while the N electrons of the upper-energy group may be described 
in terms of CI with only upper-to-upper atcitations. In this way, contact 
is made with the conventional procedures of non-relativistic many-electron 
quantum mechanics. 

Let us now write a typical Dirac spinor in the form 
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so as to preserve the analogy with usual 2-component spin-orbital (28). The 
Dirac ‘spin space’ is carried by the four basis vectors { e p } ,  orthogonal in the 
sense < epleu >= S,,, which provide a representation of the Dirac operators. 
The solutions of the Dirac equation itself are of type (29)’ the negative and 
positive energy sets being separated by a gap of 2%c2, all solutions being 
orthogonal with the same metric. 

A detailed study of the Dirac equation and its solutions will not be re- 
quired: it will simply be assumed, as already indicated, that the system 
of N electrons ‘above’ the negativeenergy sea may be described using a 
wavefunction constructed from antisymmetrized products of (positive en- 
ergy) spin-orbitals of type (29). It is, however, necessary to know the basic 
properties of the operators a p ,  which appear in the Dirac equation 

Here the operator scalar product a + 7r = Ct=, aP7r, and the operators have 
the definitive properties 

The Dirac operators all ... a 4 ,  work on the basis vectors e l ,  ... e4 just as the 
Pauli spin operators work on the spin eigenvectors a, p. The only other prop- 
erty to be noted is that the Dirac spin-orbitals have two ‘large components’ 
and two ‘small components’, their ratio being of the order (2%c)-l. 

The first task is to generalize the density functions of Sect.2: thus, for 
example, using determinants of 4-component spin orbitals, the one-body den- 
sity will become 

An alternative ‘natural’ expansion may also be found by choosing new linear 
combinations of the $s, so as to diagonalize the density matrix: the result is 
then 

P(x;x’) = ~ n k $ k ( x ) $ ; ( x ) i  (33) 
k 

in which $k is a ‘natural’ spin-orbital with occupation number nk. 

To maintain the parallel with 2-component theory, it is expedient to  ex- 
press the ‘Dirac space’ as a Kronecker product of two Pauli spaces. From 
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the alphas we find two operator sets with the same properties as the Pauli 
operators, namely 

2 - a a 3 a 1 ,  S 3 - - za1az . (34) 

1 - 2 a 4 0 5 ,  T 2 - a a 5 ,  - ’ T 3 - - ZQ4, . (35) 

S - .  1 - ~ 1 2 a 3 ,  S - 

T - .  
and 

where a5 = (Yla2a3Q4. The ‘spin operators’ in the first set will correspond to 
twice the usual Pauli operators (with 5, y, z -+ 1,2,3). Let us now introduce 
basis vectors u1 u2 and v1 v2 to  caxry the two representations, supposing 

The Dirac basis can then be expressed as 

(el e2 e3 e4) = ( w 1  UZVl UlVZ UZVZ), (37) 

where it follows from (33) that the basis vectors el, ... e4 are simultaneous 
eigenvectorsof S3  and 5?~ witheigenvalues (+I, +l), (-1, +l), (fl,  -l), (-1, -1), 
respectively. 

vi(t), the Dirac basis vectors become el(s,t) = ul(s)q( t ) ,  etc. and the 1- 
electron density matrix (26) takes the form 

On introducing two formal ‘spin variables’ s, t ,  so that ui -+ ui(s), vi -+ 

p ( r , s , t  : r’,s’,t’) = Pll(r;r’)Ul(s)Vl(t)Ur(s’)VT(t’) 

(38) + ....... t ...... + ...... 
+P44(r; L”)Uz(S)vz(t)Uf(s‘>~f(~’) 

- as in the familiar Pauli case, but now with 16 terms. When the non-spatial 
variables axe removed by integration, in the usual way, we get the spinless 
density matrix 

P(r; r’) = C PPp(r; r’), 
P 

(39) 

where the label p = 1, ..4 corresponds to the Dirac basis labelliig and only 
terms with p = u have survived the spin integrations. These are 



32 R. McWeeny 

The terms p = 1,2  are large, for p = 3,4 they are small2, and the spinless 
density (39) is thus 

P(r; r’) = P ( r ;  rl) + Ps(r; rl), (41) 

a sum of the ‘Large’ and ‘Small’ terms 

(424 

(42b) 

2 :  I PL(r;r ‘ )  = c n k [ 4 i ( r ) d i  *(r’) + #$(r)4k  (1 11, 
k 

4 :  I PS(r; r’) = cnk[d$(r)& *(.I) + 4i(r)dk (r )I. 
k 

Here we have used the natural expansion (33), with spin-orbitals written in 
the form (29). The second term in (41), absent in a Pauli-type approximation, 
contains the correction arising from the use of a Ccomponent formulation; 
it is of order (2m0c)-~ and is usually negligible except at singularities in the 
potential. As expected, for N = 1, (41) reproduces the density obtained from 
a standard treatment of the Dirac equation; but now there is no restriction 
on the particle number. 

According to (12), the current density should also follow from (41): it 
should thus be 

J&) = J,”(r) + J,”(r), (43) 

with similar results for Jvl Jz, the ‘L’ and ‘S’ terms deriving from (39a) and 
(39b), respectively. Again, the Small terms are of order (2%c)-’ relative to 
the Large. In this case, however, (40) does not reproduce the standard result 
for N = 1. This is because in the present approach the distributions of charge 
and spin are treated separately; the former leads to the ‘conventional’ current 
resulting from the circulation of point charges, while the latter leads to a ‘spin 
current density’ arising as the curl of a magnetization density associated with 
the spin magnetic dipoles. The conventional current is correctly given by 
(43), the spin current will be derived separately from the spin density. 

The spin density should follow from the density matrix (38), which in- 
cludes the spin variables. As in (42), Qz(x; x’) will be a sum of terms con- 
taining the various spinor components, summed over all spin-orbitals in the 
natural expansion. A typical term will be 

2The convention adopted here is that, for the positiveenergy solutions of the Dirac 
equation, the ‘large components’ correspond to p = 1 ,2  and the ‘small components’ to 
p = 3,4. Some authors, notably Slater, use the opposite convention. 
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S q5 (r)ep(s,t)& *(r’)ev*(s’,t’) dsdt, 
d = s  1 t’=t 

Qg(r; r‘) = J [z 5 kp 

where the operator works on the unprimed variables. On expressing the 
Dirac basis vectors in the Kronecker product form (37) it follows that 

where the Large and Small parts are given by 

Q,“(r; r’) = C n k [ & ( r ) &  *(r’) -I- 4: ( r )R  *(r’)I, 

Q,S(r; r’) = C nk[&(r)$’f *(r’) -I- d ( r ) 4 ;  *(r’)I. 

(454 

(45b) 

k 

k 

There are corresponding results for Qv,Qz and again the ‘L’ and ‘S’ parts 
differ by two orders of magnitude, the large parts reproducing the densities 
obtained in 2-component Pauli approximation (cf. (9) et seq.). When the 
curl of the corresponding magnetization density is added to (43), for the case 
N = 1, we obtain the ‘Dirac current density’ which already includes the spin 
term. 

In summary, although (to quote Slater [14]) “ ... the Dirac wavefunction 
has the capability of giving complete information about the orientation of 
the spin in space..’, the same is true for any number of electrons and for 
wavefunctions built from either 2-component or Ccomponent spin-orbitals. 
There is no need to invoke explicitly the Dirac equation or the expansion of 
small components in terms of large. The charge, current and spin densities 
defined in the conventional (2-component) approach, in terms of the usual 
density matrices, remain valid at the ‘fully relativistic’ (4component) level. 
As a consequence, the possibility of ‘separating’ a large system into weakly 
interacting subsystems, as discussed in preceding Sections, should be quite 
independent of relativistic generalizations. 
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5 Conclusion 

The main features of the present approach are 

0 Whenever an N-electron system is represented in terms of subsystems 
A, B, ..., using a generalized product ansatz, the entire wavefunction can 
be optimized by repeated optimization of subsystem wavefunctions 

Any subsystem wavefunction, @B, refers only to N R  electrons with an 
‘effective field’ Hamiltonian, whose form depends on the forms of the 
1-electron density matrices of all subsystems; all such functions can be 
optimized, in an iterative manner, by standard methods and without 
the constraints implied by any a priori partitioning of the global basis 

0 The resultant wavefunction provides an optimum ‘separation’ of the 
whole system, many of whose properties may then be expressed as 
sums of subsystem contributions 

0 Separability can be exploited even with admission of relativistic effects, 
by using the standard density matrix formalism with a simple extension 
to admit 4-component Dirac spin-orbitals: this opens up the possibil- 
ity of performing ab inztzo calculations, with extensive CI, on systems 
containing heavy atoms. 
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1. Introduction 
By applying the general Matrix Contraction Mapping (MCM) [l-31 to the ma- 
trix representation of the Schrodinger Equation ( S E )  one obtains a hierarchy of 
Contracted Schrodinger Equations (CSE)  [4] where the unknowns are the Re- 
duced Density Matrix ( R D M )  elements. When the contraction is carried out 
from the N-electron space into the pelectron space, the solution of the p-CSE 
thus obtained depends not only on the p R D M  but also, assuming that the 
Hamiltonian only contains two-body interaction terms, on the (p + 1)-RDM 
and (p + 2)-RDM. An equivalent hierarchy of integro-differential equations 
was previously obtained [5-81 by integrating the SE over N-p variables. Al- 
though this work is closely related to and partially motivated by the research 
on the iterative solution of the 2-CSE [9-111, we look here a t  the many body 
problem from a different point of view. 

Another important hierarchy of equations is obtained by applying the 
( M C M )  to the matrix representation of the Liouville-von Neumann Equa- 
tion ( L V N E )  [12,13]. In this way the p-order Contracted Liouville-von Neu- 
mann Equation (pCLVNE)  is obtained [4]. It will be shown here that: The 
structure of a particular p-CSE, that involves the higher order CSE’s for a 
given state, can be replaced by an equivalent set of equations, 1-CSE and 
1-CLVNE, but for the whole spectrum, i. e. involving all the states. 

The second aim of this paper is to report a series of equations inter-relating 
in a global way what we define here as correlation terms and particle-hole terms. 

This work is organized as follows: In the next section, the general theoret- 
ical background is described. Then in section three we show how the many 
body problem can be formally solved in terms of a one-particle density ma- 
trices. In this formalism the first order Transition Reduced Density Matrix 
(1-TRDM) plays an important role by describing how, due to the correlation 
effects, the particle, as an average, undergoes all possible virtual transitions. 
In section four, the relationship between the particle-hole terms, and the cor- 
relation terms, which appear in the decomposition of the high order Reduced 
Density Matrices ( R D M ) ,  are reported. Some final comments are given in 
section five. 

2. General theoretical background 
Let US start this section by recalling the general definition of a p-RDM in 
second quantization: 
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Similarly the complementary Holes Reduced Density Matrix ( p H R D M )  is: 

Note, that the p!  factor will not appear if a unique ordering of the indices 
of the operators is imposed. 

2.1. The Matrix Contracting Mapping ( M C M )  
Let us consider the Density Matrix of an N-electron state C. Its A, R element 
in the N-electron space representation is: 

D f i  = < CIA >< OIL: > 

It has been shown [2-31 that a matrix contracting operation, exactly equiv- 
alent to the integration over (N-p) electron variables, can be performed in the 
following way: 

where PD{R,ip; jl,,,jp is an element of the p T R D M  involving the N-electron 
configurations A and Cl. It should be underlined that any matrix obtained by 
applying this M C M  to a Density Matrix is by construction N-representable 

1141. 

2.2. The first order Contracted Schrodinger Equation 
in a spin-orbital representation 

Let us consider the matrix representation of the Schrodinger equation: 

where A, Q are N-electron configurations and the H is the Full Configuration 
Interaction ( F C I )  Hamiltonian matrix. It can be shown that by applying the 
M C M  to both sides of this equation in order to take it from the N-electron 
space into the 1-electron space one obtains. 

€1: ' D k L  = < Clfi bi bl;JC > (1) 
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where i,Ic are spin-orbitals, ID"' is the 1-RDM corresponding to the N -  
electron eigenstate L, and H is the usual spin-independent many-body Hamil- 
tonian operator which may also be written as: 

c 

where the bar over the indices indicate that the spin function is a p one and 
the OH symbols represent the corresponding integral matrix elements [lo]. 

After transforming relation ( 1 )  into its normal product form, one obtains: 

I E ID;;= 

and by interchanging /3 with a in the previous relation one obtains the equation 
for the /3 spin. 

We have proposed a method for approximating a high order RDM in terms 
of the lower order ones [15] and we can use this approximation to replace the 
former ones, appearing on the r.h.s. of eq. (3) by the lower order ones forming 
a matrix M [9,10]. In this case, the trace of matrix M must be equal to & 
times N ,  which provides a new value for E .  Then, by dividing M by this new 
value of E ,  a new 1-RDM is found. The iterative procedure may then start 
again. 

Thus, both the set of 
RDM's obtained in a Hartree-Fock ( H F )  calculation and that obtained from 
a FCI one fulfill exactly this effective one-body equation. Unfortunately, the 
iterative method sketched above converged to the HF solution in all the cases 
tested. This may be due to the fact that in our algorithm, the correlation 
effects are estimated through a renormalization procedure, which may not be 
sufficiently accurate in the first order case. To improve this aspect is one of 
the motivations of our present line of work. 

This equation has at least two exact solutions. 

2.3. The first order Contracted Liouville-von Neumann 
equation 

In this paragraph, we consider the equation obtained by applying the same 
MC M to both sides of the matrix representation of the Liouville-von Neumann 
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This equation, after transforming the chain of operators into its normal product 
form, becomes: 

By interchanging p with Q in relation (6 )  one obtains the equation for the /3 
spin. 

Note, that in the first term on the r.h.s. of equation (6) a unique ordering 
of the indices is assumed ( p  < k and q < k ) ,  hence, when summing over all 
values of k, a factor -1 must multiply this term when: p < k and q > k or 
p > k and q < k .  

3. The Structure of Reduced Density Matrices 
Here, we will focus our attention on the 2-RDM and the 3-RDM which are 
the matrices appearing in the 1-CSE aiming at describing them in terms of a 
single particle density matrices. 

3.1. The 2-RDM 

For the sake of simplicity, in what follows the superscript referring to the order 
of the RDM will be ommitted since the number of spin-orbital subscripts 
renders it redundant. Also the superscript referring to the state under study, 
C, will be omitted whenever it can be inferred from the context. 

Let us alter the normal order of the operators in an element of the 2-RDM 
in the following way: 

2! DtUiy+ = < Clb! b: b, byIC >= - by, dt, + < Lib! bv b! b,lC > (7) 

A set of simple algebraic operations may now be applied to the r.h.s. of this 
relation: 

2! DtUiy+ = -byu dt, + C < C(bf bylC' > < C'lbt b,lC > 
L' 
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The 1-TRDM elements appearing explicitly in this well known expression will 
be a t  the center of the following developments. 

Recalling the basic relation obtained by taking the expectation value of the 
anticommutator of two fermion operators: 

by, = dyv + dvy (9) 

and exploiting it in expression (8), one has: 

dt, dvz - d,v dtz 

The first two terms on the r.h.s. of equation (10) coincide with those obtained 
when evaluating the 2-RDM corresponding to a simple Slater determinant. 
Therefore, the only way in which these two terms may describe correlation 
effects is through the 1-RDM itself, when the state C is a correlated one. 
Note that in such a case the 1-RDM will not be an idempotent matrix. 

The last two terms in relation (10) describe how the correlatioii effects, 
which in a wave function formalism are expressed through the interaction of 
excited configurations of a reference state, are expressed in an R D M  oriented 
formalism. In our approximation of the 2-RDM in terms of the 1 - R D M ,  
these terms were partially taken into account through a renormalization of the 

In what follows, we will refer to the terms involving sums over the eigen- 
states C’ of products of two T R D M  elements (similar to the last term of eq. 
(10) ) as correlation terms. The terms involving H R D M ’ s  elements also de- 
scribe correlation effects. However, in order to distinguish them from the above 
mentioned sums, they will hereafted be referred to as particle-hole temns. 

An intuitive physical interpretation of the correlation temns in the 2-RDM 
is that the two electrons undergo virtual excitations in such a way that when 
one goes from L into L‘, the other one undergoes the opposite transition. 

2-RDM [15]. 

3.1.1. The 3-RDM 

The same kind of arguments may be applied to the 3-RDM.  Thus, one of the 
many possible ways of re-ordering the operators and of introducing the unit 
operator, gives: 
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3! D,jk;pTs = < Clb, t t t  bj bk b, b, bilC > = 

43 

and isolating the case C’ = C we have 

As can be seen, the 3-RDM depends on the 2-RDM and on the 2-TRDM’s. 
Also, as in the 2-RDM case, the Kronecker 6’s give rise to Hole terms which, 
however, will not be made explicit at this stage. 

Let us now apply again the same arguments as previously to the last term: 

t ‘ f f  

C’fC 

- d k ,  < Llbl belL’ > < C’lb; b,lL > 

The previous relations show that the 3-RDM depends on: 

All the possible transitions that can occur in the system through the 
corresponding 1-TRDM’s. 

0 All the stationary states of t,he system through the corresponding 1- 
RDM’s (< L’lb! b,lL’ > in the third term on the r.h.s. of equation 

The interpretation of the correlation effects in the 3-RDM is slightly more 
complicated than in the 2-RDM case, although the electrons also avoid each 
other here by undergoing virtual excitations. In this case, two different corre- 
lation mechanisms contribute to the overall effect. In the first mechanism, one 
particle is in a stationary state - the ground or an excited state - while the two 
other particles undergo the same kind of virtual excitations as in the 2-RDM. 
In the second mechanism, the cycle of transitions involves three states instead 
of two. Finally the role played by the hole is more complex here, since the 
1-HRDM elements multiply a 2-RDM element and a cycle of two transitions. 

(12)) 
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4. Replacing the Many  Body hierarchy equa- 
tions by a Single Particle set of equations 

We have just seen that, through the 2- and 3-RDM1s, the 1-CSE depends, 
for a particular state C, on the following matrices: 

d ,  dL'L', d&L' dL'L'' 
7 

Now, in order to obtain the set of 1-TRDM's, the corresponding set of 1- 
CLVNE's  must be solved. Since these equations involve the 2-TRDM which 
also appear in the decomposition of the 3-RDM1 it is clear that both the set 
of 1-CLVNE's and the set of the 1-CSE depend on the same variables. 
Thus the system of equations 

&p d" = Fp (Huu', d", . . . , d", . . . , d X X , d l Z l . .  . , d p Q ,  . . . d ( X - ' ) X )  

( € p  - €Q) dPQ = RFQ (Huu ' ,d l l , . .  . , d p p , .  . . , dXX,d l ' , .  . . , dFQ, .  . .d(*-'IX) 

with P, Q ranging over all states, together with the trace conditions for eval- 
uating the energies, is well determined. The many-body problem can thus be 
transformed into a Single Particle one. However, the price to pay is high and, as 
can be appreciated, solving such a large system of equations is not feasible even 
for small systems and using small basis sets. Therefore we must investigate 
whether this development, apart from shedding a new light on the many-body 
problem, may lead to an useful way of obtaining approximate solutions. 

The first question which arises is whether this system of equations can be 
truncated and whether some kind of approximation can be found for solving 
the truncated problem. 

Let us assume that one is only interested in the results concerning a given 
state, say the ground state. Our initial working hypothesis, in order to assess 
whether a truncation of the system of equations is possible, has been to suppose 
that if a set of TRDM's  plays a relevant role in describing the correlation 
t e r n s  in the ground state 2-RDM, they will be relevant variables which must 
be taken into account. Therefore, the importance of the contribution of each 
T R D M  to the 2-RDM was examined. In all the trials performed, our test 
example was the Beryllium atom in a subspace spanned by a double zeta basis 
set [IS]. This example allowed us to use the FCI eigenstates for evaluating 
the 1-RDM's and the 1-TRDM's. 

An analysis of the results obtained for the correlation t e rms  showed that 
most of the 1-TRDM's, considered individually, contributed significantly in 
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eq. (lo),  albeit by largely cancelling other 1-TRDM contributions. It was also 
clear after this analysis that, in this case, the singlet-singlet and the single- 
triplet transitions played an equally important role. Therefore, according to 
our working hypothesis, a truncation will probably not be possible. 

Alternatively, instead of looking for a significant truncation of the system 
of equations, one may try to perform multiple but simple calculations hoping 
for a favorable cancellation of errors. Thus, the idea tested was to start from 
a set of 2-TRDM’s, corresponding to the eigenstates of S2, and then to apply 
the CLVNE in order to obtain a set of more accurate 1-TRDM’s . This kind 
of calculation was not only carried out for the Beryllium atom but also for the 
LiH molecule (also with a double zeta basis set). Unfortunately, the results 
were not encouraging either. 

In these conditions, one may ask whether a global approach, where instead 
of determining each of the 1-TRDM’s one would look for the groups of ele- 
mentary correlation terms as explained below, would not be a more suitable 
way of simplifying the problem. 

In the following section we will report the first results obtained in our search 
for an averaged estimation of the correlation terms. 

5.  Is a global estimation of the correlation 
terms possible? 

In this section, in order to classify the different kinds of correlation terms and 
to find the fundamental relations linking them, we will develop the following 
ideas: 

- We will assume that the different states are pure spin ones and thus must 
obey well defined relations when the Spin operators act upon them. We will 
see that this analysis allows us to determine the global unknowns that must 
be evaluated. 

- We will consider all the different, although equivalent, forms of decom- 
position of the 2-RDM (similarly to eq.(lO)), for the different spin-blocks. In 
this way a set of relations linking the different kinds of correlation terms will 
be obtained. 

From now on, whenever possible, we will use graphs instead of explicit 
formulae because the relations become more compact and their structure more 
transparent. The basic graphs are shown in Table 1. 
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Table 1: Graphs correspondence. 

Vlatrix element Graphs 

P I -  

jj4 
P 9  

L a C' 

T -  P 

- Y'-'- LC' C'C C di;g d j ; p  

P B  L'#C 
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5.1. The Unknowns 

47 

In order to simplify the problem we will assume that the state, C, in which we 
are interested is singlet. Then, the 1-TRDM, linking C to a quintuplet state 
vanishes. Therefore, the only cases that may arise come from singlet-singlet 
or singlestriplet transitions. The cases that in principle have to be considered 
are: 

0 S‘ = 0, Mi = 0 : In this case, there will be two correlation terms acording 
to whether the spin functions of the two electrons involved in the 2-RDM 
are the same or one is Q and the other 0. 

0 S’ = 1, Mi = 0 : The same argument applies here, therefore these spin 
quantum numbers give rise to two other correlation terms. 

0 S’ = 1, Mi = 1 and -1 : To each of the Ml values corresponds another 
correlation term. 

Therefore, in principle, there are six different kinds of elementary correla- 
tion terms. The relations linking some of these terms will now be investigated 
in order to reduce the number of unknowns. 

5.1.1. 

All the transitions considered involve eigenstates of the S2 operator. Therefore, 

Action of the S2 operator 

< C(blo bvo S2(C’ > = S’ (S‘ + 1) < Clbt, by, (C’ > (13) 

where the subcript o stands for a generic spin function (either a or p) and @ 

would stand for its opposite. By developping eq. (13) one obtains the following 
results according to the value of S: 

0 - a‘;:’ = dcc’ BB S,I = 

S,‘ = 1 + d;:’ = - d;;‘ 
(14) 

In those graphs, only the spin part of the four spin-orbitals appearing in 
eq. (10) is made explicit. 
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5.1.2. 

Let us consider 

Action of the S+ operator 

c < Clb/bllC’ > < L’lb$$ > = 
%!=- 1) 

by moving the S- to the left and the S+ to the right one finds: 

1,-1 = 2r.o 

u s  u u  

Therefore, all the correlation terms may be expressed in terms of the elements 
of only two different matrices: 

. .  . .  
U U  u u  

5.2. Two global relations 

The question that will be addressed in this paragraph is whether the two 
correlation terms which are our global unknowns, can be evaluated or at least 
approximated with a sufficient accuracy. 

Let us consider the equivalent expressions for the 2-RDM blocks, which 
may be derived by interchanging the fermion operators by following other 
options than the one used in eq. (7) which gave rise to eq. (10). For the (TU 
blocks one obtains: 

For the (TC? blocks, the cross terms vanish and eqs. (18) and (19) become: 
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By applying relations (15) and (17) all terms on the r.h.s. of (20) and (21) 
may be expressed as gu contributions as follows: 

Let us now substract relations (18) and (19) it follows that 

Similarly, by substracting relations (22) and (23) the followiiig relation is 
obtained: 

I , - *O’O *lP 
.*I” 

+ 2  (25) - - 

It is interesting to notice the form in which the mixed products of 1-RDM 
and 1-HRDM elements carry global information about the correlation effects. 
In our opinion (24) and (25) are important Sum relations. Unfortunately they 
are not independent relations since by adding up relation (25) for a given 
element to the relation obtained for the cross element one obtains relation 
(24). Therefore we have only half of the conditions needed for solving the 
global problem which thus remains open. The question is whether there is still 
possible to find new relations or whether we must think of an approximative 
approach which would complete the information needed. 
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Table 2: Numerical values of some terms. 

2 2 ;  2 2  0.0081 0.0063 0.0018 0.0145 
2 3 ;  2 3  -0.0081 -0.0063 -0.0018 0.9707 
2 3 ;  3 2  0.4877 0.4863 0.0014 -0.0112 

6. Some final remarks 

6.1. 

It is interesting to analyse the magnitude of the correlation terms. We have 
calculated their value in our test exumple (the Beryllium atom ground state) 
and we report in table 2 an extract of the results. 

As can be seen, although the complete correlation effect of the cwp block is 
small, which seems to indicate that a perturbative treatment may be suitable 
for its estimation [ll], this small quantity results from the cancellation between 
two large correlation matrices, which may render difficult the convergence of 
a perturbative treatment. 

Magnitude of the correlation terms 

6.2. The Many-body effects in the 1-RDM 

From the relations given in the previous section a vast number of equivalent 
relations can be obtained, each enlightening a different aspect of the prob- 
lem. Here, as a conclusion, we wish to discuss how the many-body effects are 
averaged into the 1-RDM. 

Obviously, relation (25) implies how we can express an 1-RDM element as 
a quotient of the correlation te rms  on the r.h.s. of (25) and of a corresponding 
1-HRDM element. 

Another way in which the 1-RDM contains correlation effects can be seen 
by summing over a common index belonging to different T R D M .  Thus from 
relation (25), using the identity (9), one obtains: 
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where the arc appearing in the graphs means that a sum over a common index 
is performed. The superscript 2 indicates that the line represents the square 
of the 1 - R D M .  

Relation (26) should be underlined since it describes the idempotency def- 
fect of the 1-RDM which is the contraction of the complete correlation tenn 
corresponding to the ap block of the 2-RDM.  

6.3. Concluding remarks 

In this paper we have reported a series of theoretical results which contribute 
to clarify how the many-body effects can be expressed in terms of the single 
particle density matrices: 1-RDM and 1 - T R D M .  Whether it is possible to  
approximate a solution to this system of non-linear equations remains an open 
question after our initial study of this problem. 

Our analysis of the elementary correlation terms has lead to three Sum 
relations, eqs. (25), (26) and (27), which express new R D M  properties of 
general interest. The question whether the missing relation connecting the 
two unknown elementary correlation terms exists and can be found or at least 
approximated is being now investigated in our group. 
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Abstract 

Strutinsky’s method for performing a consistent decomposition of the bind- 
ing energy of a quantum system into averaged and oscillating parts is presented and 
used to derive a self-consistent averaging procedure (SCAP) in the Hartree-Fock- 
Roothaan (HFR) scheme. This procedure is applied to atoms from Be to Zn, using 
their HFR one-electron energies, which shows that the application of Strutinsky’s 
method to atoms requires an accurate determination of that part of the energy spec- 
trum responsible for shell effects. It is shown that SCAP would be a precise tool for 
splitting an energy space into core and valence parts and for defining and extracting 
shell effects in such energetic properties as ionization potentials. 

1 .  Introduction 
2. Strutinsky’s averaging method in the Hartree-Fock scheme 

2.1. Decomposition of the energy into averaged and oscillating parts 
2.2. Strutinsky’s averaging technique 
2.3. The self-consistent averaging procedure (SCAP) 

Formulation of Strutinsky’s method in the Hartree-Fock-Rooothaan scheme 

4.1. Determination of the first-order shell-effect terms 
4.2. Core-valence division of the coordinate space 
4.3. The role of second-order terms in the oscillating part of the energy 

3.  
4. Results and Discussion 

5 .  Conclusion 
Acknowledgments 
References 

1. Introduction 

Due to Heisenberg’s uncertainty and Pauli’s exclusion principles, the prop- 
erties of a multifermionic system correspond to fermions being grouped into shells 
and subshells. The “shell structure” of the one-particle energy spectrum generates 
so-called shell effects, at different hierarchical levels (nuclei, atoms, molecules, con- 
densed matter) [l-31. 

ADVANCES IN QUANTUM CHEMISTRY. VOLUME 3 I 
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Shell-structure effects can be divided in two types. The first type is related 
to the pattern of variation of global properties in specific systems (nuclei, atoms, 
molecules, clusters) with increasing complexity, revealing a shell-filling process. In 
atoms, global shell effects are manifested as peculiarities in the variations of elem- 
ental properties such as ionization energies, electron affinity, binding energy or pol- 
arizabilities, with increasing atomic number [l-61. The other type of shell effects is 
related to oscillations, within a system, of local properties such as the one-particle 
charge, spin or momentum distributions, manifesting a shell structure [7]. 

The idea of splitting in a systematic manner properties characterizing a Fermi 
system into a smoothly varying (averaged) part and an oscillating (shell-structure) 
part originates from results of the semiclassical approach to the many-body problem 
(Thomas-Fermi treatment and its TFW improvement), which show a complete lack 
of structure [S, 91. On the other hand, even the lowest semiclassical (WKB) approx- 
imation involving a wave-function, which contains more information on the system, 
allows recovering of shell corrections in the one-particle density and total binding 
energy [ l ,  lo]. Other approximations to the problem of extracting shell effects, ap- 
plicable to many-electron systems [ 1 11, are based on a semiclassical description of 
the one-electron motion: Kohn and Sham [12] and Kirzhnits and Shpatakovskaya 
[lo] have used a semiclassical Green’s function approach; Light, Yuang and Lee 
[ 131 have introduced a directly determined single-density matrix in the path integral 
formulation; Englert and Schwinger [4, 51 have incorporated the radial and angular 
quantizations into an improved statistical model. 

The use of these two semiclassical levels of description - the statistical (e.g. 
TFW) model and the semiclassical (e.g. WKB) treatment - of the one-body motion 
shows that the main, global or local, properties of a quantum system can be split in- 
to two terms: the first, largest one is a smoothly varying term, where shell effects 
are averaged out, and the second one is an oscillating correction, which contains the 
information on the system specificity. The question now arises of the relevance and 
accuracy of such a decomposition. 

A method allowing a consistent decomposition of the total binding energy 
of a quantum system into averaged and oscillating parts was earlier proposed by 
Strutinsky [14] for nuclear structure theory. This approach was further developed 
[15, 161 and applied to atomic nuclei [16-221 and metal clusters [3]. In a previous 
paper [6] we have used a semiclassical energy hnctional with a model density fun- 
ction for evaluating the smoothly varying part of the binding energy in atoms, and 
derived shell corrections by substracting the resulting energies from calculated HF 
energies. However, this procedure does not yield a perfect description of the HF 
smooth contribution (and could even introduce some spurious correlation) whereas 
Strutinsky’s averaging method is genuinely self-consistent. In the present paper we 
propose a procedure based on this method within the Hartree-Fock-Roothaan sche- 
me and apply it to some atoms from the 2nd and 3rd rows of the periodic table. 
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2. Strutinsky's averaging method in the Hartree-Fock scheme 

2.1. Decomposition of the energy into averaged and oscillating parts 

We consider a system made up of N fermions (nucleons or electrons) inter- 
acting through two-body forces and with an external field, with respective poten- 
tials u(r, r') and V ( r )  . We assume there exists a possibility of decomposing the 
one-particle density matrix into an averaged part and an oscillating part, i.e.: 

p=ii+'p, (1) 

E = E + ~ E .  (2) 

this leading to the decomposition: 

In what follows we shall, for simplicity, consider HF densities and energies, but the 
treatment could easily be extended to other levels of approximation. 

In matrix notation, the total enerby of the system, as a hnctional of the one- 
particle density function, takes the form: 

1 
2 E H F [ p l =  tr{hp) +-tr'tr{puAp), (3) 

where h=-A/2+V(r)  is the one-particle energy operator and uA is the antisym- 
metrized matrix operator of the two-particle interaction. The corresponding HF 
equations take the form: 

is the one-particle HF effective Hamiltonian. Inserting Eqn (1) into Eqn (3) yields 
the following decomposition: 

E H F [ p l  = 'HF +'IE, + 'IEHF '.HF +'EHF, (6)  

which has the same form as Eqn (2) and where: 

1 
2 EHF = E,[p] = tr{hp} + -tr.tr{puAf5}, ( 7 4  

'IE", = tr{H,F[p16p} = tr{[h + tr(u~p)]6p}, (7b) 

6,EH, = -tr.tr{6puA6p}. (7c) 
1 

2 

Using a representation of the one-particle density matrix in position space: 
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where n, may take on fractional values for natural orbitals, and introducing avera- 
ged occupation numbers iil*, one can express p and 6p through these numbers: 

One can rewrite the first-order shell-correction term given by Eqn (7b) by using the 
self-consistent energies& and the above decomposition: 

which leads to the following expression of Strutinsky’s energy theorem (SET): 

Equations (7) can be viewed as a formal Taylor-series expansion, around the aver- 
aged part of the one-particle density matrix, of the HF energy functional E[p] [16, 
181, this defining a “shell-correction series”. In Eqn (13) the first-order term of this 
expansion is expressed in terms of the single-particle energies E . 

In order to device an effective averaging procedure one still has to specifjl 
formulas for the average occupation numbers E l l .  

2.2. Strutinsky’s averaging technique 

This approach to the averaging problem rests on the idea that shell effects in 
the ground-state energy stem from the shell structure of the one-particle energy- 
level distribution g(E): 

1 

A smoothing of the spectrum { E, } would lead to an averaging of the total energy. 

The smoothed energy level distribution g(E) is defined through a convol- 
ution of g(E) with an averaging function f ( x )  : 
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where y is the width of the averaging function. The choice of this latter is a widely 
discussed problem [20-221 and it turns out that there exists a whole class of appro- 
priate functions giving identical results [21]. One may use the first M terms of a se- 
ries expansion of the sharp distribution (14) in terms of Hermite polynomials to de- 
fine the smoothed distribution g(E) beyond a simple sum of Gaussians: 

this yielding the modified Gaussian form for the averaging function of order M: 

This expression includes the curvature corrections to the Gaussian function, which 
play an important role in the averaging procedure: they ensure the smoothed spec- 
trum g(E) to be approximated, through the above definition, by its own truncated 
Taylor expansion. This smoothing procedure of the one-electron spectrum is an ap- 
plication of the method of moments, also used in other systems [23]. 

The conservation of the number of particles introduces a new Fermi level 
and helps to define the averaged occupation numbers, e.g., in the HF case: 

i 

The averaged occupation numbers ii, are a formal ingredient in Strutinsky's aver- 
aging method. Combining Eqs (15) and (1 7) yields their explicit form: 

I ,  ... 
= I j ( X ) U ! ! ,  t , = ( h - E , ) / y .  (18) -- 

By analogy with the obvious expression for the term C introduced in Eqn (12): 

one can define an averaged term s' by replacing the energy level distribution gw in 
Eqn (19) with the averaged gHF and the Fermi level h by X I  The result, which is 
valid for a whole class of averaging functions, is [16, 211: 
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E‘=  Z E ~ E ~ + A ( ~ )  = E+A(y), 
I 

where: 
‘ I  

A(y ) = y * Z ’& HF (’)& . 
I -_ 

It can also be shown that [16, 211: 

a’ 1 

& I -?” Y 
- = y ] x&ji HF (x)& I - A ,  

and hence E’ can be written in the form: 

d -  P =  CE,‘ii,+y-r 
I & 

Imposing the plateau condition [21] 

d -  

Y’Y” 
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(20) 

brings E’ in the desired form %‘=C&,ii, at the values of the smearing parameter 

yo that satisfy Eqn (24). The stationary condition (24) also leads to the elimination 
of y as a free parameter. The explicit expression of g’ - see Eqs (19-21) - is a highly 
non-linear function of y and also depends on the order M of the smearing function 
in Eqn (16): E’=E’(y, M) . All this leads to the following: 

1) There may exist a whole interval of solutions for that equation; these sol- 
utions must satisfy the constraint (19) to ensure particle number conservation. 

2) When performing the iterative search for yo, the condition 

1 

E’(y,, M)=E’(y,, M+1) (25) 

must be fulfilled, as the optimum value M = Me is the smallest for which this equa- 
lity holds. 

With the determination of yo the above-described averaging procedure can 
be performed, yielding the averaged value gHF and the shell corrections S ,EH, and 
S,EH, for the energy, as well as the averaged and fluctuating parts and Sp of 
the one-particle density matrix. 



Consistent Calculation of Atomic Energy Shell Correlations 59 

2.3. The self-consistent averaging procedure (SCAP) 

By analogy with Eqn (4), let us introduce the new HF-like equations: 

H H F [ p l  @ t  ( r )  = ‘ I @ ,  ( r ) ,  (26) 

where the complete matrix p has been replaced with the averaged matrix The 
first step of the iterative procedure is to solve Eqn (26) with the averaged matrix 
given by Eqs (9) and (18) In terms of the resulting E, and @, , one can then build 
the new matrix 

(27) 
- 
p = p ( r , r l )  = x E l @ , ( r ) @ : ( r l  

I 

where the factors ii, =e(EF - E l )  are the new occupation numbers, EF being the 

Fermi level of the new spectrum { F, } The second step is to average the resulting 
matrix p, applying Strutinsky’s technique described above, and to determine the 

new occupation numbers related to a 
port and 5, opl being noted 

rection to the energy can be written 

This process is repeated until self-consistency is reached, the final values 
and El Using these values the first-order shell cor- 

- - 

6 , E  = xE,67iiT,, (28) 
I 

where 6, =Ti, -ii, Involving the so-determined quantities E,, and 6 ,E,, in Eqn 
(6) one can reformulate Strutinsky’s energy theorem, expressing the total energy in 
the form 

EH,[pl=EH, +6,EHF +62E’,, + 6 2 E & ?  (29) 

where the last two terms, expressing the second-order corrections, are given by 

1 

2 
6 2 E ” =  -tr.tr{6puA6p} -tr.Ir{6puA(p -p)}. (30b) 

The analysis of Eqs (29) and (30) shows that the self-consistent treatment 
of the averagedpurt of the energy tends to minimize the second-order terms [16]. 
Thus we arrive to the approximate form of the SET: 

E,, = EHF + 6 , E ,  (31) 
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which tells us that all first-order contributions to the fluctuating part of the density 
matrix are contained in the quantity 6 ,E given by Eqn (28). 

3. Formulation of Strutinsky's method 
in the Hartree-Fock-Roothaan scheme 

The Hartree-Fock-Roothaan (HFR) scheme [24] consists in approximating 
the one-particle orbitals c p ,  (r) with linear combinations of suitable basis fbnctions 

x p W  

cp, =c x pep, = x . c , .  (32) 
P 

Then the familiar HF equations (4) take the matrix form: 

Fc,=E,Sc,, (33) 

where F is the Fockian matrix of the system, S the overlap matrix: S, = ( x  1 x , )  , 
and E, and c , are eigenvalues and eigenvectors defining the system states. 

shell (0) and total (T) density matrices through the coefficients vectors Ci as: 
For systems with an open shell, one can express the closed-shell (C), open- 

D, =zckC;,  Do = ~ C , , , C ; ,  D, =D,+D,. (34) 
k (11 

The Fockian matrix can then be written in the form [24]: 

F = h + P - Q + R ,  (3 5) 

where: 

I P=(2J-K)DT, 

Q =(2aJ -pK)Do,  

R =SDTQ+ QD,S. 

In Eqn (36) J and K are the Coulomb repulsion and exchange supermatrices: 

(37d 
1 

rl1 
J pq,rs =Ii x' ,  ( 1 ) ~ :  (2 ) -x  (OX GWp'r,, 
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Finally, the total energy of the system can be written in the form [24]: 

E = (h+F)'D,-Q'(D,-f l , ) ,  (38) 

wherefis the (generally fractional) occupation number of the open shell. 

For our purposes it is convenient to express the closed-shell, open-shell and 
total density matrices, D, , Do, D,, in terms of closed-shell, open-shell and total 

occupation numbers, nc , no, nT, respectively: 

Introducing the averaged occupation numbers i i y ,  7ip, 7iT from Eqn (17) into Eqn 
(39), one obtains the averaged parts of the above: 

J DT =c ii,Tcp,c;. 
1.P 

Substituting these averaged density matrices into Eqn (36), then into Eqn ( 3 9 ,  one 
obtains the Fockian matrix as a functional of the averaged density matrices: 

F [6] = h + P[6,]-Q[6,]+ R [b,, bT (41) 

where: 

The corresponding HFR system of equations is: 

F[D] C :  =&: SC :. (43) 

Solving the HFR problem yields new coefficients q, which define a new density 

matrix according to Eqs (40). With this new matrix and using Eqs (7) and (38), 
one can express the averaged energy as: 
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As we have satisfied the plateau condition (24) and the condition (25) for reaching 
the optimal value of M, we have defined a self-consistent procedure leading to the 
optimal averaged density matrix b' . 

We can now give the explicit forms of the self-consistent averaged and first- 
order oscillating parts of the ground-state energy of the open-shell system: 

where: 6 D ~ p ' = ~ 6 n ~ c ~ ' ( c ~ ' ) + .  Using these expressions for E m  and 6,E, and 

the non-averaged optimal density matrices Dc, Do and DT (obtained through the 
first step of the SCAP), one can express the total energy E m  in the form given by 
Eqn (29). 

4. Results and Discussion 

In Section 3 we have formulated Strutinsky's shell-correction method in the 
framework of the analytic HFR scheme, for single open-shell atoms and molecules 
in their ground state. The consideration of two or many open-shell systems could be 
performed following the same pattern. Both the averaged part of the energy, E m ,  
and its first-order shell-correction part, 6 ,E,,, , have been derived in analytic form, 
and the self-consistent process for determining them has been described. 

4.1. Determination of the first-order shell-effect terms 

In Subsections 2.2 and 2.3 it was shown that Strutinsky's energy theorem 
can be formulated in two different forms, Eqs (13) and (29). The first form is rele- 
vant after the first step of the SCAP (the first averaging of the HFR results) is per- 
formed, whereas the second form comes in after the final step. Actual calculations 
in nuclear physics [16-221 have shown that the values obtained for E[p] and g[p] 
are rather close. The SCAP stationarity essentially leads to the gathering of all fluc- 
tuations of the total energy in the first-order term, 6 ,E(E,), minimizing the sum of 
the second-order terms in Eqn (29). 

We have performed calculations aimed at testing the applicability of Strutin- 
sky's shell-correction method to atoms and also at investigating the main features 
of the irregular part 6, E,, of E m  as a hnction of the atomic number Z. For this 

1.P 
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purpose we have performed the non-self-consistent computation of the first-order 
shell-correction term 6,EH, =C&,6n, using the one-particle HFR spectra {E , )  

from Clementi and Roetti [25] 

In order to determine the averaged occupation numbers 5, for the consider- 
ed atoms (3 5 2 5 30), we have solved numerically the system of highly non-linear 
equations composed from the particle number conservation condition (17) and the 
plateau condition (24). It was found that the condition (25) is fidfilled with desired 
accuracy (with less than 1% discrepancy for &Ern)  for values of M 2 35, and the 
roots yo and found at M = 35 allow a correct determination of the ii, 

It turns out there are increasing roots, y b , of the parameter y that lead to 
successive (shell after shell) smoothing of the discrete spectrum g(E). In this inves- 
tigation, we have chosen the first roots y = y b that fulfill the successive smearing of 
the different main shells and for which a well pronounced plateau is observed. Fig. 
(la) displays the smoothed energy level distribution H ,  (E) for atom Zn (Z = 30), 
which has four shells (ls2 2s22p6 3s23p63d1" 4s2), for the plateau values of y : yo",, 

(continuous line) and y r d  (dotted line). We see that the root yo",, corresponds to 
complete smoothing (in energy space) of the two outer-shell electrons 4s2 but that 
the spectrum g,@, y,"") preserves a clear information on the existence of the 
first two shells. For the root y pd such information is still kept only about the deep- 
ly bonded 1 s2 electrons. Fig. (lb) displays the function gHFR @, y ? ), which shows 
that for y=y the one-particle spectrum is completely smoothed out. 

-500 -400 -300 -200 -100 0 100 200 

E/ a.u. 

Fig. ( la) Smoothed energy-level distribution gHFR (E) for the Zn atom (Z = 30) 
with plateau values of y: yo",, (continuous line) and y Om"'' (dotted line). 



64 Ya. I. Delchev eta/. 

0.08 

0 . 0 2 5  

n g0.m 
W' 
' 0 . 8 1 5  
0 

0.01 

0. DO5 

0 
-1000 -750 - 5 ~ 0  -250 a 250 SOD 

E/ a.u. 

Fig. (lb) Smoothed energy-level distribution gHFR (E) for the Zn atom (Z = 30) 

with the plateau value y =y $" , 

In accordance with these observations one can completely smooth an atom- 
ic spectrum with some optimal value of y, y :=. The two-shell, second-row atoms 
(3 I Z I 10) have only one stationary value: y = y p  (the first that smoothes the 
whole spectrum). The three-shell, third-row atoms (1 1 I Z I 18) have two such 
values ofy: the first one, y r d ,  corresponds to complete smoothing of the two-shell 
upper part of the discrete spectrum, and the second one, y $" , leads to total smoo- 
thing of the whole spectrum. In the case of four-shell, fourth-row atoms, as it was 
illustrated on Zinc, there exist three such roots: y r ,  yy" ,  yl;" . The use of the 
second one (y Fd ) results in complete smoothing of g m @ )  beyond the K-shell 
region. The same role was played by the first root in the case of three-shell atoms 
(that is why we denote these two different roots with the same symbol). 

An important feature of SCAP is that in regions of level energies for which 
the condition IE, - hl >>yo is fulfilled, the occupation numbers 5, +1 (Sn, +O) and 
the contributions from these levels are practically negligible. Thus, when y =y rd 
the contribution from the K-shell electrons to 6 ,E,, is averaged out and when y = 

y the same holds true for contributions from the K- and L-shell electrons. 

In Figures (2a), (2b) and (2c) there are displayed the calculated functions 
5 , E H F k ( y Y ) ,  S,E,,,(y?") and 6,EHF,(y,""), respectively. The first curve shows no 
visible peculiarity. The second curve is still monotonous but displays an inflection 
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point. The third curve shows a typical shell-effect pattern. We shall now analyze the 
behaviour of these three curves, taking into account the specificity of atomic energy 
level distributions compared to those in nuclei, where the proposed SCAP works 
remarkably well. 

10 

5 

0 
1 6 11 16 21 26 31 

Z 

Fig. (2a) Graphic of 8EHFK(yP)  as a 
function of Z. 

10 15 20 25 30 

Z 

Fig. (2b) Graphic of 6EH,,(y y )  as a 
function of Z. 
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Fig. (2c) Graphic of 8EH,,(yY) as a 
function of Z. 

Fig. (3) Graphics of the second derivatives of 
the curves shown in Figs (2a,b,c). 

A typical feature of one-particle level distributions in atomic nuclei is that, 
the shells being roughly at a distance R apart, a value of yo 2 R smoothes out the 
whole spectrum, though only the region around the Fermi level participates in real 
calculations. This suggests that one could smooth an n-shell energy spectrum using 



66 Ya. I. Delchev eta/. 

(n-1) values yb (i = 1, ..., n-1). The question then arises about which ofthesevalues 
yb eventually leads to a smoothing of the spectrum that allows a decomposition of 
the ground-state energy into regular and irregular parts. 

We have shown in a previous paper [6] that the second (finite-difference) 
discrete derivative can be used to enhance (and make visible) tiny irregularities in 
an energy variation and that the curve d2Em(Z) I dZ2 bears a striking resemblance 
with that of first ionisation energies, where shell effects appear connected with elec- 
trons near the Fermi level. Therefore, in’order to analyze the functions displayed in 
Figs (2a), (2b) and (2c), we have calculated their second discrete derivatives, which 
are displayed in Fig. (3). It appears the three curves follow a similar trend, except- 
ing the points for Z = 12 (Mg), Z = 13 (Al) and Z = 14 (Sc). This latter peculiarity 
can be explained by noticing that for the first third-row atoms (1 1 I Z I 14) those 
values y p ( ~ )  that smooth their spectrum for E~ fulfill the following inequality: 
IE,, - ~ ~ I > y p .  This means the contribution of the 2s-electrons to G,E,,(Z,yr) is 
partly eliminated. This defect comes from the application of the standard averaging 
procedure to atoms, and may be overcome by performing a more precise averaging, 
as is discussed below. 

It can be seen on Fig. (3) that, excepting the mentioned three points, the sec- 

derivatives d 2 ( S l E H F R ( Z , y ? ’ ) )  and d2(81EHFR(Z’ yr)) are almost parallel. The 

parallelism of these curves, which differ only by the contribution of the K-shell elec- 
trons to S,EHFR(Z,yT) ,  shows this contribution is practically regular, and can be in- 
cluded in EHFR(Z,y:u). The similar conclusion that the L-electrons do not contrib- 
ute to the fluctuating part of the energy can be made by comparing the derivatives 

tlZ’ dZ’ 

d2(61EHFR(ZlYr)) and ‘12(81EHFR(ZIY?)) in their interval 19 5 Z 5 29, It 
(122 dZ2 

turns out that the complete smoothing of the highest two bunches (shells) of energy 
levels is sufficient to evaluate the first-order correction in the ground-state energy: 

(46) 

The shape of this function, displayed in Fig. (4), resembles that of the first 
ionization potentials. It should be stressed that a more precise determination of the 
levels involved in the averaging procedure should allow a more exact extraction of 
the irregular component of the energy [26]. As we have seen, the standard Strutin- 
sky technique gives the possibility of smoothing out an atomic spectrum, shell after 
shell, beginning with those shells outermost in energy space. But it cannot help det- 
ermine in advance the region in energy space corresponding specifically to the irre- 
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gular component of the binding energy. That is why Eqn (46) is only approximate, 
and must be improved. In particular, the values of G,E,,,(Z,yT) in the interval 11 
I Z I 14 should be corrected. A precise splitting of the ground-state energy into re- 
gular and irregular parts using Strutinsky’s method would eventually lead to a con- 
sistent core-valence separation in the energy space. 

1 6 11 16 21 s 31 

Z 

Fig. (4) Graphic of 61 E m ,  Eqn (46), as a hnction of Z. 

4.2. Core-valence division of the coordinate space 

Using Eqs (9) and (1 0) for the smooth and oscillating parts of the one-body 
density matrix in the configuration space, one can calculate the averaged and shell- 
correction parts of all single-particle operators, particularly the respective charge 
densities. Figure (5a) displays the radial density distribution for the Argon atom: 
D(r) = 4nrz p(r.  r’)l,=r,, and its smoothed part: E(r) = 4xrZ P(r,r’)[,=,, , for y = y y  . Figure 

(Sb) displays the oscillating part GD(r)=D(r) - 6(r)=4nrz&p(r,r’)[ ,=I’ for y = y r  and 

y =y,””. As it can be seen on Fig. (5a), averaging in energy space, even when the 
spectrum is completely smoothed, does not imply an essential change in the radial 
charge distribution. Taking into account Eqn (17), it follows from Eqn (1 1) that 
x & n ,  = ( I ,  which gives jGD(r)dr = O .  So the effect of Strutinsky’s averaging shows 

up in the charge redistribution (Fig. 5b). Obviously -jGD(r)rh= j&D(r)dr = A N ,  where 

< - 
0 
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rc is the point at which 6D(r) crosses the r-axis and AN is the number of electrons 
transferred from the outermost to the inner levels, all belonging to the interval E ~ Y O  

c E;< EF. The dependence of AN on 2 should be a completely irregular function ref- 
lecting the peculiarities of the shell structure. For actual smoothing (-( =y  ,"d ) of the 
Argon spectrum, rc(-(rd) = 0.798 and AN = 1.447. The corresponding core radius 
rc for Ar, determined through an averaged potential function [27], is 0.737. The be- 
haviour of the valence electrons [27] with respect to the atomic number Z has, in 
general, the same shape as the function 6 ,EHFR(Z) plotted in Fig. (4). 

0 0 . 5  I 1 . 5  2 2 . 5  3 

r I B.U. 

a 0 . 1  1 1.s 2 2.s 3 

r I n.u. 

Thus, dividing the energy space into core and valence parts generates a core 
valence partition of the density distribution. This shows that a carefbl application, 
as discussed above, of the considered method should allow to define, in a systema- 
tic way, a division of the coordinate space into a chemically relevant valence region 
and a more physical core region. The absolute value of the total energy of the isol- 
ated atoms is of little importance for understanding the diverse aspects of molecular 
structure and chemical reactivity [8, 281. Properties which are extremely useful in 
such investigations are the electronegativity p and hardness 7. These are defined as 
the first and second discrete derivatives of E with respect to the electron number N 
at constant nuclear charge 2. From this it follows that the peculiarities of p and q 
along the periodic table should be determined by the shell-effect part 5E of the total 
energy and their smooth behaviour from the averaged part E' . 

4.3. The role of second-order terms in the oscillating part of the energy 

Let us assume that a strict decomposition of the W energy is performed in 
the framework of Strutinsky's method: EH,(Z)=EH,(Z)+6,EH,(Z) + S,E,,,(Z). 
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By hypothesis, the regular term E H F R ( z )  is a (smooth) monotonic function without 

peculiarities. Hence, the second derivative - EHFR (Z) (assuming Z varies continu- 

ously) is a function of the same type containing information about the curvature of 

EHFR(Z) but not its values. Therefore, a mathematical smoothing of 7EHFR(z) 

through a suitable smoothing hnction should yield a reasonable evaluation of the 

d’ - 
dZ1 

d2 

dZ 

second derivative of EHF,(Z) : -E=(-$E). (1’ - We have calculated ?EHFR(Z) d’ by 
(IZ’ dZ 

taking the discrete (finite-difference) second derivative of E~~~ (z) and smoothing it 
with the second derivative of the Thomas-Fermi-Schwinger (TFS) binding energy 
expression [S]: 

(47) 
<I2 

-ETFs = dZZ 
+hZ‘/’ + c , 

where a, b, c were treated as free parameters. Performing a least-squares fit of the 

calculated values of the discrete second derivative ?EHFR(Z) to Eqn (47), we ob- 

tain an approximation of the second derivative of the smooth part of the energy: 

(-$EHFR(Z)) = -1.23104Z-”/’ - 2.74B27Z”’ + 2.12069. Subtracting the values obtained 

using this expression from those calculated for ?EHFR(Z) yields an estimate for 

the second derivative of the full shell-effects in the energy, 6EHFR = S I E H F R  +6’EHFR: 

d’ 
dZ 

(1 1 

LIZ 

Figures (6a) and (6b) display this function together with the finite-difference 

second derivatives ---&,EHFR(Z, y r )  and --&jIEHFR(Z, yr ” )  in their relevant dom- 

ains. The fbnction ,6EHF,(Z) is a sum of two irregular functions: -S1EHFR(Z) 

and ?6 ’EHFR (Z) , which are mathematical approximations to the corresponding 

functions computable using Strutinsky’s energy averaging method. The function 
d’ 

z G , E H F R ( Z ,  y r) involves, besides the finite-difference second derivative of the 

first-order shell-correction term, z6,EHFR(~) , an unknown regular function (see 

d’ d l  

d’ d’ 

tlZ tIZ 2 

d1 
dZ 

d’ 
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Subsection 4.1). This tells us that the irregularities in both hnctions should have 

the same character if the second-order term derivative zS2EHF,(Z) is negligible. 
d2 

nf i .  

, 0.5 
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Fig. ( 6 4  Comparison of the second 
derivatives of S,EHFR(yY) (SHFR) and 

8Em (HFR) as functions of 2. 
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Fig. (6b) Comparison of the second 
derivatives of SIEHFR(yY) (SHFR) and 

8 E m  (HFR) as functions of Z. 

It turns out that for the second and third rows of elements the variations of 
the functions presented in Fig. (6a) are roughly similar, whereas some exceptions 
appear for the fourth row. One of these occurs in the subinterval Z = 20-23, and is 

obviously due to the influence of the second-order term -&ilEHFR(Z) when the 

subshell 3d starts filling. The opposite variations of the two recorded functions in 
the Z = 22-23 interval are due to the fact that in the calculation of finite-difference 
second derivatives the values of two neighbouring left points are involved. In other 
words, the unconformity in the Z = 22-23 interval is a result of the larger discrepan- 
cy due to irregular shell filling between Z = 20 and 2 1. A similar exception occurs 
in the subinterval Z = 28-29, which again stresses the role of the second-order term 
when shell filling is irregular: Ni (3ds4s2) + Cu (3d" 4s') + Zn (3d"4s2). 

(12 

d ti2 
dZ 

Another difference between clZ'SIEH,,(Z,yF) and 76EHF,(Z) is the en- 

hancement of the peaks at Z = 10 (Ne) and 18 (Ar), where the shells are filled, and 
at Z = 15 (P) and 25 (Mn), where the 3p and 3d subshells, respectively, are half- 
filled. We have shown in a previous paper [6] that these values correspond to peaks 
in the second derivative of the Hartree-Fock energy as well as of the first ionization 
potential. It can also be noticed that, contrary to the situation in the third and fourth 

rows, the variations of the hnctions clZi6,EHF,(Z,yT) and -SEHF,(Z) in the sec- ' 1 2  d2 

dZ 



Consistent Calculation of Atomic Energy Shell Correlations 71 

ond row, although quite similar in shape, are very different in amplitude. These dif- 
ferences obviously result from the behaviour of the second-order shell-effect com- 

ponent ~ S 2 E H F , ( Z )  within ~ S E H F , ( Z ) ,  This does not mean, however, that the 

second-order correction itself, S2EHF,, is very large for second-row elements, but it 
testifies that the role of this corrective term must be carefully investigated. 

To summarize this subsection one can state that: i) The role of second-order 
shell-effect terms can be determined by investigating the discrepancies between the 
discrete second derivatives of the functions 6E,(Z) and 6,E,, (Z,y o ) .  ii) For 
the second row of elements these terms determine the whole pattern of the oscillat- 
ing part of the energy. iii) They also play an important role in critical regions of shell 
filling (i.e., around shells filly, half, or irregularly filled). 

5. Conclusion 

The basic feature of semiclassical approaches is that Thomas-Fermi (TF) or 
TF-like model distributions of the one-fermion spectrum obtained in this manner are 
continuous. The result is a complete smoothing of all (global and local) properties 
of the TF systems, i.e., an averaging out of shell-structure effects. Using a TF model 
in the framework of a semiclassical independent-particle approach, Englert and Sch- 
winger (ES) [5] incorporated angular and radial quantization effects into the statis- 
tical treatment. The physical meaning of the quantum correction E, obtained in this 
manner is that it improves the TF description of the energy - restoring its missing 
irregular ingredient - as well as of the one-electron density and all other properties 
[4]. As the ES approach is less accurate than the HF model and as in our treatment 
shell effects are considered at the HF level, we must compare the ES correction E, 
with the HF oscillations [5]: E,= EHF - Em. It turns out that, to a large extent, E, 
qualitatively reflects the pattern of E,, but not its magnitude. 

The idea that there exists a smoothly varying part in the ground-state energy 
which is of a statistical nature has been used to extract the shell-effect part of atomic 
properties [28]. This approach applied to the investigation of the tiny irregular vari- 
ations of atomic energies with atomic number Z presents some uncertainty [6], due 
to the hypothetical nature of the statistical description of the large smooth variation. 
In fact, the problem of performing a consistent separation of the oscillating compo- 
nent of the atomic energies is still open. The results of Subsection 4 make us believe 
that this problem could be solved in the framework of Strutinsky’s energy averaging 
method. However, it turns out that a proper application of this method requires a 
more accurate formulation, involving only that region of actual definition of the ir- 
regular property [26]. This implies averaging that part of the spectrum which gene- 
rates the fluctuations in the energy, which can be done by applying a modification 
[26] of the original method or through the standard procedure, by freezing the core 
region and smearing out only the outermost part of the property. 

d2 d2 
dZ ClZ 
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Such an investigation of the irregular components of physical properties cau- 
sed by the outermost electrons should give the possibility to check to what extent 
the core-valence splitting hypothesis is fblfilled and to investigate the existence of 
shell-effects due to the bulk electrons. It would be particularly interesting to study 
diatomics in this fiarnework, as this might give critical information about the speci- 
fic character of chemical bonds. 

In conclusion it can be said that the self-consistent averaging procedure pre- 
sented in this paper could be a precise tool for splitting the energy space into core 
and valence parts, and extracting the smooth and oscillating variations in such ener- 
getic properties as ionisation potential, electron affinity, electronegativity or hard- 
ness, and for defining the splittings in atomic spectra in terms of core and valence 
contributions in the energy space. 
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Multireference Brillouin-Wigner Coupled-Cluster Theory. 

Single-root approach. 
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Abstract 

Recently developed Brillouin-Wigner coupled-cluster theory [I. Hubai: and P. Neogray, 
Phys. Rev. A 50, 4558 (1994)] is extended to a multireference case using the Hilbert space 
approach. We formulate the so-called single-root (one-state or state-specific) version which 
deals with one state at a time while employing a multiconfigurational reference wave function. 

Employing the Hilbert space approach to the wave operator, we present an explicit form 
for cluster amplitudes in a spin-orbital form within the CCSD approximation; i.e. coupled- 
cluster method truncated at the single and double excitation level. The method is applied 
to a trapezoidal H4 model system with the use of a two-determinant reference space and 
the results are compared with the full configuration interaction as well as other correlated 
multireference techniques. The method provides a balanced description of the ground state 
in both quasidegenerate and nondegenerate regions and deviations from the full configuration 
interaction energies do not exceed 0.6 mHartree. 
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1. INTRODUCTION. 

In the past two decades, the single-reference coupled-cluster (CC) method, based on the 
exponential expansion of the wave function, has become one of the most efficient and reliable 
methods to account for many-electron correlation effects in the closed-shell nondegenerate 
ground states [l-91. Attraction of the CC method lies in its size-extensive character (linear 
dependence of the energy on the number of particles) and computational feasibility. As is 
well-known, size-extensivity of the CC method and related Rayleigh-Schrodinger perturba- 
tion theory (RSPT) or alternatively referred to ils many-body perturbation theory (MBPT) 
that employs a perturbation expansion of the wave function is guaranteed by the linked clus- 
ter theorem [lo] which results in a full cancellation of the so-called unlinked diagrams. This 
property is achieved by the use of the Rayleigh-SchrBdinger type of resolvent in perturbation 
theories and the Baker-Campbell-Hausdorff (BCH) formula in the case of CC theories. In 
contrast to the CC method, the use of MBPT is computationally more demanding and the 
alternative truncated configuration interaction (CI) method, based on the variational expan- 
sion of the wave function, does not provide us with size-extensive energies and, moreover, 
its convergence is very slow. 

Nevertheless, an extension of the CC method to a multireference case, that is necessary 
when handling quasi-degenerate or general open-shell systems, has proven far from being 
straightforward, both theoretically and computationally. Depending on the form of an ex- 
ponential ansatz employed, existing multireference coupled-cluster (MR CC) theories can be 
divided into two broad types, namely the Fock space approach (also referred to as valence 
universal) which employs a single (valence universal) exponential wave operator [ll-221 and 
the Hilbert space approach (also referred to as state universal) based on the exponential 
ansatz of Jeziorski and Monkhorst [23] who represent the wave operator as a superposition 
of exponential operators, one for each configuration spanning the reference space. While the 
Fock space formalism is suitable for the calculation of the “differential” properties, such as 
excitation or ionization energies, and has seen an increasing number of applications in recent 
years, the Hilbert space formalism is preferred in determination of potential energy surfaces 
and, unlike the Fock space approach, has seen rather limited number of applications, mostly 
oriented to the H4 and H8 model systems exploiting a two-determinant reference space. 

The main reason why existing MR CC methods as well as related MR MBPT cannot 
be considered as standard or routine methods is the fact that both theories suffer from 
the intruder state problem or generally from the convergence problems. As is well known, 
both MR MBPT/CC theories are built on the concept of the effective Hamiltonian that 
acts in a relatively small model or reference space and provides us with energies of several 
states at the same time by diagonalization of the effective Hamiltonian. In order to warrant 
size-extensivity, both theories employ the complete model space formulations. Although 
conceptually simpler, the use of the complete model space makes the calculations rather 
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complex since too large model spaces are more likely to be plagued by intruder states and 
even singularities may appear on the potential energy surfaces. This situation is more pro- 
nounced to the Rayleigh-Schrodinger MR MBPT where the use of various shifting techniques 
(with an averaging of orbital energies in the active space, as a rule) is necessary in order to 
eliminate singularities, see e.g. [24]; while in the case of the MR CC methods we encounter a 
system of nonlinear equations which may be cumbersome to converge. The alternative MR 
CI method, a posteriori corrected for the size-extensivity error by the application of various 
Davidson-type corrections [25,26] is nowadays regarded as a routine and superior method 
to be applied to general states of an arbitrary multiplicity in the case of smaller molecular 
systems (no intruder states, small or almost negligible size-extensivity error), but its use for 
larger systems becomes computationally very demanding and tedious in view of its small 
convergence. 

For these reasons, it is worthwhile to explore alternative methods which would deal with 
one state at a time while employing a multiconfigurational reference and assuming that 
the size-extensivity is not significantly violated. Such approaches, representing somewhat 
heterogeneous group, are often called as one-state or state-selective or state-specific or single- 

root methods. The first state-selective CC approaches were proposed by Harris [27], Paldus 
et al. [28], Saute et al. [29] and Nakatsuji and Hirao [30]. Next, we should mention works of 
Banerjee and Simons [31], Baker and Robb [32], Takana and Terashima [33], Laidig et al. 
[34,35] and Hoffmann and Simons [36] that are based the multiconfigurational self-consistent- 

field (MC SCF) wave function as a reference. Very recently, Li and Paldus developed a 
size-extensive, spin-free open-shell CC theory based on the unitary group approach (UGA) 
formalism [37] and successfully applied to several open-shell systems, see e.g. [38]. It is 
beyond the scope of this article to give an exhausting review of all these methods but it is 
worth noting that many of them have to face the size-extensivity problem what seems to be 
an inevitable tax paid on their conceptual simplicity (except the latter approach, of course). 

In our recent articles [39-411 we have studied the Brillouin-Wigner type of the coupled 
cluster (BWCC) theory in the nondegenerate case. We have shown that the BWCC theory is 
fully equivalent to the standard CC theory, but it differs by the fact that it does not employ 
the BCH formula and therefore it does not employ the linked cluster theorem. Nonethe- 

less, the nondegenerate BWCC theory is a size-extensive method since the disconnected 
diagrams are cancelled out by the iterative procedure. In this article we study the multiref- 
erence formulation of the BWCC theory. We start from the multireference Brillouin-Wigner 
perturbation theory (MR BWPT); however, instead of a perturbative treatment, we exploit 
an exponential ansatz for the wave operator. The question, we ask, is whether the multirefer- 
ence Brillouin-Wigner coupled cluster (MR BWCC) theory can bring more advantages over 
the standard MR CC methods; especially with respect to the intruder state problem. In the 

past, BWPT was intensively studied by several authors; here we should mention the series 
of articles by Lowdin [42] and also by Brandow [43] who employed MR BWPT to develop 
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the size-extensive MR RSPT. Needless to say, BWPT alone is not often used in quantum 
molecular physics because it is not size-extensive, its convergence is believed to be slow and 
it has to be solved iteratively. On the other hand, MR BWPT is formally very simple; in 
contrast to MR RSPT it does not contain the so-called renormalization terms and, moreover, 
provides us with one energy at a time. This feature enables us to formulate two different 
MR BWCC approaches, namely the "multi-root" version if one is interested in a manifold 
of states and the "single-root" one. The multi-root formulation of the MR BWCC method 
leads to existing MR CC approaches and is the subject of our previous article [44]. In this 
paper we focus on the single-root version of the MR BWCC theory which represents a new 
approach in this respect. Using the Hilbert space approach to the wave operator, we derive 
the basic equations for cluster amplitudes in a spin-orbital form within the MR BWCCSD 
approximation; i.e. coupled-cluster method with the inclusion of singly and doubly excited 
cluster components. The performance of the method is tested on the trapezoidal H4 model 
system with a two-dimensional reference space spanned by two closed-shell type configura- 
tions and the results are compared with the full configuration interaction (FCI) method as 
well as other correlated multireference techniques. 

J. M&ik and 1. Hubac 

2. MULTIREFERENCE BWPT. 

In this section, we briefly recall the basic notation and formalism of the MR BWPT. As 
is usual in perturbation theory, let us assume that the exact Hamiltonian H can be split 
into two parts, namely 

H = H o + V  (1) 

where Ho is the zeroth-order Hamiltonian and V is a perturbation. Our task is to find a 
solution of the Schr6dinger equation for the exact Hamiltonian H 

H I , = & , @ ,  (2) 

while we know the solution of the characteristic problem of the zeroth-order Hamiltonian 

Ho 

Ho 8, = E, 8, (3) 

In general, we do not need to know the whole energy spectrum, but we are interested in 
several low lying states, say, Q!, where CY = 1,2, .  . . ,d. Let us further assume that the 
most important contributions to d exact wave functions I, come from d configurations 

represented by Slater determinants in the spin-orbital formalism, where p = 1,2,. . . , d.  
Given dominant configurations span the so-called model or reference space. To simplify 
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our derivation, we use Greek indices a, p to denote exact wave functions, indices p ,  v for 
configurations spanning the model space and the Latin index q for configurations from the 
complementary space. If we separate the complete configuration space into the d-dimensional 
model space P and its orthogonal complement Q, the projection operators associated with 
these subspaces will have the form 

P + Q = 1  (6) 

Projections of the exact wave functions onto the model space (sometimes denoted as model 
functions) 

'Dc = Pq,; a = I , .  . . ,d (7) 

are, in general, nonorthogonal but they are assumed linearly independent. 

be expanded in the Brillouin-Wigner (BW) perturbation series aa follows 
Within the multireference BWPT [45], the exact wave functions q m  for CY = 1,. . . , d can 

'D, = (1 + B,V + B,VB,V + . . .) Qf (8) 

where Qc is the projection of the exact wave function onto the model space and B, is the 
BW type of propagator 

At this place it should be mentioned that the BW expansion (8) at the same time prescribes 
the normalization of the exact wave functions, i.e. 

which is referred to as an intermediate normalization. If we introduce a new operator R, to 
denote the operator expansion inclosed in parenthesis 

n, = 1 + B,V + B,VB,V + . . . (11) 

Eq. (8) will read 
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As one can see, the operator R, has a property of the wave operator (it transforms the 
projection of the exact wave function into the exact wave function), however, it should be 
stressed that the operator R, converts just one projected wave function into the correspond- 
ing exact wave function; so we will denote it as a "state-specific'' wave operator in contrast 
to the so-called Bloch wave operator [46] that transforms all d projections Qg into corre- 
sponding exact states. From definition (11) it is immediately seen that the state-specific 
wave operators obey the following system of equations for a = 1, . . . , d 

J. MBSik and 1. Hubac 

n, = 1 + B,vn, (13) 

that may be viewed as a Bloch equation [45-491 in the Brillouin-Wigner form. 

3. SINGLE-ROOT FORMULATION OF THE MULTIREFERENCE BWPT. 

As mentioned in Introduction, the simultaneous calculation of several states within the 
existing MR CC approaches (referred to as "multi-root" approaches in next) may be com- 
putationally very demanding or even impossible in view of the intruder state problems, 
convergence difficulties or multiple solutions. In addition, if the model space does not con- 
tain all necessary configurations to describe all states, it is rather probable that a worsened 
description of one state due to the insufficient reference apace (or truncation of the clus- 
ter operator) may worsen the convergence of other states or even destroy the convergence 
alone. To a lesser extent, different electronic states may have different orbital requirements. 
Therefore, it is highly desirable to develop such a theory which would aim at one state 
while employing a multiconfigurational reference. In this section we formulate a single-root 
version of the MR BWPT. To this end, let us assume that we are interested in one state, 
say, for simplicity, the ground state Qo. As shown in Section 11, within the MR BWPT one 
can introduce a state-specific wave operator fi, acting on states from the model space, in 
the following way 

6 = 1 + BOV + BOVBOV + . . . 
or, equivalently 

where BO is the BW type of a propagator 

and €0 is the exact energy of the ground state. It should be noted, however, that Eqs. (14) 
and (15) are equivalent only in the case when the BW perturbation expansion converges. 
Then, in accordance with (8), the wave operator fi has the property 
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Qo = d ( P Q o )  = (17) 

that means, it transforms the projection Qf of the ground state back into the exact wave 
function. In contrast to the Bloch wave operator that is used in multi-root approaches, 
the wave operator d does not convert projections of other exact wave functions Q: into 

corresponding exact states; so in order to avoid any confusion it will be referred to as a 
single-root wave operator and we use a tilde for a better distinction. 

If we denote the "action" of the wave operator d on the model space configurations as 
Q,,, i.e. 

4, = flap (18) 

it is very easy to show that the operator d is a bijection (one-to-one mapping). Using the 
BW perturbation expansion (14) gives us 

a,, = a,, + B,(V + VB,V + ...) ap (19) 

which implies that the resulting states 4, are linearly independent and the operator fi 
represents a bijection (it transforms d linear independent states into d linear independent 
states). Since the states GU are not necessarily orthogonal, the single-root wave operator d 
is, in general, non-Hermitian (like the Bloch wave operator). The only bottleneck of such an 
approach is the existence the wave operator d alone, or, in other words, the convergence of 
the BW perturbation expansion (14). In the case of the ground state, it is quite reasonable to 
assume that the convergence can be achieved in view of expected larger differences (€0-E,), 
but in general, we are not able to ensure convergence for excited states, when the exact 
energy &, of our interest becomes close to some zeroth-order energy E,. In that case one 
can start from Eq. (15) which prescribes an explicit form of the operator fi to be the inverse 
of (1 - BOV); i.e. 

d = (1 - BoV)-' (20) 

The inverse operator may exist even in the case when the corresponding power series in 
terms of BOV does not converge; therefore, in next we will start from Eq. (15) instead of 
(14). Now, we can introduce the "effective" Hamiltonian, acting within the model space, in 
the same way as in the multi-root theory, i.e. 

H e j j  = P H d P  (21) 

Employing Eq. (17) one can write 

which implies that the exact energy of the ground state can be obtained as one of eigenvalues 
of the effective Hamiltonian and, likewise, the projection of the ground state onto the 
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model space Qr can be found as one of eigenvectors of fieiferr. As concerns remaining eigenval- 
ues and eigenvectors of f ie , , ,  these are uniquely determined by definition of the single-root 
wave operator (14) even though they do not represent any physical meaningful solution. 
Likewise in the multi-root approach, the effective Hamiltonian f i e f j  is a non-Hermitian op- 
erator (due to the non-hermicity of fi). For a better distinction from the multi-root theory, 
it would be possibly desirable to put some adjective in front of the term "effective Hamil- 
tonian" but we think that the use of a tilde is fully sufficient. We recall that in both 
"multi-root" as well as "single-root" approaches the effective Hamiltonian acts within the 
same &dimensional reference space, but within the "multi-root" approach all eigenvalues 
(roots) of the effective Hamiltonian are physically meaningful in contrast to the "single-root" 
approach where just one eigenvalue (root) possesses physical meaning. And this was also 
the reason why we decided to prefer notation "multi-root" and "single-root" approaches. 
Moreover, using the name "single-root" rather than "state-selective" or "state-specific" we 
would like to highlight the fact that the weights of intervening single determinantal config- 
urations are not a priori fixed as is often the case of the state-selective MR theories based 
on the MC SCF reference wave function (i.e. MR techniques with prediagonalization). 

In order to obtain the wave operator fi in a form suitable for practical calculations, we 
project Eq. (15) onto configurations from the Q and P subspaces 

J. Mdsik and I .  Hubac 

which brings us 

If we use the Schrodinger equation for the zeroth-order Hamiltonian (3), we get the system 
of coupled equations for p = 1,2 ,  . . . , d 

€0 (@9lf i l@'r) = (@,IHfil@'r) (25) 

that determines the wave operator fi in the single-root case. Note, that the splitting of 
the exact Hamiltonian H is now eliminated (which is advantageous from the computational 
point of view) but the wave operator fi still depends on the exact energy. One can thus 
conclude, that within the multireference BWPT we were able to construct a single-root wave 
operator fi as well as the effective Hamiltonian f ie , ,  that determine the exact wave function 
as well as energy just for one state exploiting a multiconfigurational reference. Second, we 
derived an analogue of the Bloch equation for the single-root wave operator (15), but in 
contrast to multi-root theories, such an equation is dependent on the exact energy of our 
interest and it must be solved simultaneously with the eigenvalue problem for the effective 
Hamiltonian. 



Multireference Brillouin-Wigner Coupled-Cluster Theory 83 

4. SINGLE-ROOT M R  BWCC THEORY: HILBERT SPACE APPROACH. 

So far, we have specified the wave operator fi in the BW form (15). If we adopt an ex- 
ponential ansatz for the wave operator fi, we can speak about the single-root multireference 
Brillouin-Wigner coupled-cluster (MR BWCC) theory. The simplest way how to accomplish 
the idea of an exponential expansion is to exploit the so-called state universal or Hilbert 
space exponential ansatz of Jeziorski and Monkhorst [23] 

fi = C eT’’13, , ) (~,1 (26) 
’EP 

where T’ is a cluster operator defined with respect to the p-th configuration involving, in 
general, one-body (Tr) ,  two-body (T;) up to the N-body (T;) cluster components 

with N being the total number of electrons. Substituting the cluster ansatz (26) into (17) 
leads to the following cluster expansion for the ground state 

where the coefficients cPa are obtained by diagonalization of the effective Hamiltonian. Need- 
less to say, the resulting wave function represents a generalization of the cluster expansion 
previously introduced by Silverstone and Sinanoglu for open-shell wave functions with an 
empty set of core orbitals [50]. As mentioned in Introduction, despite a great progress 
achieved in the MR CC methods, there have been reported only a few applications of the 
Hilbert space approach, mostly oriented to simple Ha and Ha model systems exploiting a 
two-determinant model space (more precisely speaking, systems involving two active orbitals 
of different symmetry) at the level of the CCSD approximation; see e.g. (51-631. Existing 
Hilbert space approaches can be divided into two groups depending on whether they exploit 
the BCH formula or not. Now, we describe both groups in outline. 

The first approach, taking the advantage of the BCH formula, was initiated by Jeziorski 
and Monkhorst [23] and, so far, it has been intensively developed within Paldus’s group 
[5,51-551 who formulated an orthogonally spin-adapted Hilbert space MR CC method for a 

special case of a two-dimensional model space spanned by closed-shell-type reference con- 
figurations. The unknown cluster amplitudes are obtained by the solution of the Bloch 
equation [45-491 

HnP = OPHRP (29) 

that determines the wave operator R in the multi-root case. The use of the BCH formula 
causes that only connected diagrams survive which results in great freedom when doing 
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various approximations without the loss of size-extensivity. Disadvantage of such an ap- 
proach lies in a somewhat complicated structure of coupling terms containing the product 
of exponentials exp(-T’) exp(T”). 

Amongst the applications, first we should mention the linear MR CCSD (MR L-CCSD) 
approximation of Jeziorski and Paldus [52] that was first applied to the Hq model system 
by Paldus et al. [54] exploiting a two-dimensional reference space. This approximation ne- 
glects all terms nonlinear in Tfi when calculating the effective Hamiltonian as well as cluster 
amplitudes. Although such a linear theory is size-extensive and works well in highly quaside- 
generate region, it undergoes singular behaviour in the nondegenerate region. Moreover, it 
is remarkable, that while the lowest root of the effective Hamiltonian always describes the 
ground state, the second root successively approximates higher and higher excited states. 
As a next step, we should mention quadratic MR CCSD-1, MR CCSD-2 and MR CCSD-3 
approximations developed by Paldus et al. [55] and tested on the Hq system. These approx- 
imations differ by sequential addition of quadratic terms to direct and coupling terms; the 
first approximation contains just the quadratic (T:)2 term involved in the direct term while 
the MR CCSD-3 method represents a fully quadratic MR CCSD approximation considering 
all bilinear terms (in fact, the first two approximations were designed in order to better as- 
sess the importance of various nonlinear terms). The inclusion of quadratic terms eliminates 
singular behaviour of the linear MR CCSD approximation (even at the MR CCSD-1 level) 
and the inclusion bilinear components usually further improves the results. 

At the same time, Meissner, Kucharski and others [56,57] developed the quadratic 
MR CCSD method in a spin-orbital form which does not exploit the BCH formula. The 
unknown cluster amplitudes are calculated from the so-called generalized Bloch equation 
[45-47,49,64,65] (or in our language the Bloch equation in the Rayleigh-Schrcdinger form) 

J. Mdsik and 1. Hubac 

[R, H o p  = V R P  - W V R P  (30) 

and the word ”quadratic” denotes that only linear and quadratic (bilinear) terms are re- 
tained in coupling terms whereas the full expansion of the direct term is taken into account. 
This method is very close to the MR CCSD-3 approximation but differs by a simpler struc- 
ture of the coupling terms which no more contain the product of exponentials. Even though 

some disconnected diagrams persist, the quadratic MR CCSD method is sire-extensive and 

nowadays is amply employed by Bartlett’s group; see e.g. (56-611. The spin-orbital for- 
mulation also enables us to obtain some open-shell (although spin-contaminated) energies 
in a special case of the model space spanned by two open-shell Slater determinants that 
combine into a singlet and triplet states. Such an approach was proposed by BalkovL and 
Bartlett [60] and successfully applied to several open-shell systems [61]. As is well known, 
the spin-orbital formulation of the Hilbert space approach scales as the number of reference 

determinants times the cost of a single-reference CCSD calculation, so the use of too large 
model spaces becomes rather demanding. Although recently formulated incomplete model 
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space formulations also provide us with size-extensive results [62], the use of a complete 
model spaces is still conceptually simpler. Needless to say, all nonlinear approximations 
presented so far employ the full expansion of the effective Hamiltonian. 

Turning now back to the single-root MR BWCC approach, we derive the basic equations 
for the effective Hamiltonian and cluster amplitudes in the spin-orbital form without the 
use of the BCH formula. We limit ourselves to a complete model space which implies that 

amplitudes corresponding to internal excitations (i.e. excitations within the model space) 
are equal to zero. In our derivation we shall work with the Hamiltonian in the normal- 
ordered-product form, i.e. 

H = (QPIHIQ,) + f”) = H,, +HN(P) (31) 

with the p-th configuration being the Fermi vacuum. In general, we work with different Fermi 
vacua for different reference configurations when calculating matrix elements containing the 
wave operator d; in our derivation the role of the Fermi vacuum is always played by the 
configuration with the p-th subscript. Using the exponential ansatz (26), the off-diagonal 
matrix elements of the effective Hamiltonian (21) can be expressed in the form 

k,$f = (avl~fila,,) = (aYIHN(p)eT*Ia,)  

fi;Lf = (@,I~fiIa,) = H,, + (a,IH,v(p)eTpla,,) = H,,, + ( H N ( p ) e T * ) ,  

(32) 

and the diagonal elements are given by 

(33) 

Obviously, we gain precisely the same expressions as in the multi-root theory since we 
postulated the same form of the effective Hamiltonian. We recall that all matrix elements of 
the effective Hamiltonian are expressed by means of connected diagrams only; in the case of 
diagonal elements just connected vacuum diagrams may come into consideration and in the 
case of off-diagonal elements at least one part of a disconnected diagram would correspond 
to an internal excitation. 

As concerns cluster amplitudes, if we employ the exact Hamiltonian in the normal- 
ordered-product form (31) with the p-th configuration as a Fermi vacuum, the basic equation 
for the single-root wave operator (25) takes the form 

(&O - Hw) (@qIfi la , )  = (aqIHN(f’)fiIafi) (34) 

If we substitute the Hilbert space exponential ansatz (26) for the wave operator d, we obtain 
the system of equations 

(go - H,,) (@qleTPI@,) = (@cl l~N(P)eT*l@P) (35) 

that can be used for the calculation of cluster amplitudes in the single-root MR BWCC 
theory. Using the Hilbert space approach to  the wave operator, the single-root MR BWCC 
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method offers several advantages over the existing "multi-root" Hilbert space MR CC ap- 
proaches. First of all, it does not contain the so-called coupling terms. Second, equations 

for cluster amplitudes (35) do not mix various sets of amplitudes (i.e. amplitudes belong- 
ing to various reference configurations) and the coupling among them is provided indirectly 
through the exact energy €0; that means through the off-diagonal matrix elements of the 
effective Hamiltonian. Third, it is relatively simple; all necessary diagrams are already 
present in the single-reference CC theory (with the only modification being that the cluster 
amplitudes corresponding to internal excitations are equal to zero). On the other hand, the 
method is not fully size-extensive due to the fact that it does not work with a "genuine" 
Bloch equation for the wave operator. 

For the sake of completeness, we recall that the idea of the single-root formalism ex- 
ploiting the Hilbert space approach was also proposed by Banerjee and Simons [31] and 
Laidig and Bartlett [34,35]. In both approaches they start from the complete active space 
MC SCF wave function, however, in order to eliminate redundant cluster amplitudes they 
approximate the wave operator by 
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R N 2 (36) 

with the exact energy being 

While Banerjee and Simons take into account only the valence correlations (obtained by 
exciting valence electrons into particle orbitals) which may be nut justified in many cases, 
Laidig et al. also incorporate core excitations including semi-internal ones with all contri- 
butions being considered at the linear level in T. The latter approach is referred to by its 
authors as the MR linearized coupled-cluster method (MR LCCM), however, it should not 
be confused with the linear MR CC method by Paldus at al. [52-551 which is size-extensive 
and does not employ "prediagonalization" of the effective Hamiltonian. Later on, Hoffmann 
and Simons developed a UGA based formalism [36]. To our knowledge, the MR LCCM of 
Laidig et al. has been applied to study potential energy curves of Fz and Nz diatomics at 
the CCSD level [35]; in view of the approximations involved it is not surprising that it yields 
spectroscopic constants very similar to the MR CISD method (i.e. configuration interaction 
truncated at the single and double excitation level). 

5. SINGLE-ROOT MR BWCCSD APPROXIMATION. 

In this section, we derive basic equations for the monoexcited and biexcited cluster 
amplitudes at the CCSD level of approximation, i.e. with the cluster operators T" being 
approximated by their singly and doubly excited cluster components 



Multireference Brillouin-Wigner Coupled-Cluster Theory 87 

in a spin-orbital form. To this end, let us assume that the q-th configuration is a monoexcited 
configuration with respect to the p-th configuration, i.e. 

@,(PI = @:(d 
In that case, Eq. (35) reduces to 

(39) 

(€0 - 4,) t:(d = (@:(P) lHN(P)  eT’I@P,) (40) 

where we used the well-known fact 

(@:(P)leTpl@,) = t;L(P) (41) 

In accordance with [41,66], the direct term on the right hand side of Eq. (40) can be split 
into connected (subscript C) and disconnected parts as follows 

( W P ) I H N ( P )  e T 7 W  = ( W P ) I H N ( P )  eT’I@,)c + t : (P )  ( H N ( P )  e*’L (42) 

If we take into account the expression for diagonal elements of the effective Hamiltonian 
(33), we get a system of nonlinear equations 

(€0 - f i$”(P) = (@: (P) lHN(P)  eT’l@,)c (43) 

that can be used for the calculation of singly excited cluster amplitudes within the single-root 
MR BWCCSD approximation. 

In the case of biexcited amplitudes we proceed in a similar way. Assuming the q-th 

configuration to be a biexcited configuration with respect to the p-th configuration, i.e. 

@,(PI = @ f ( r )  (44) 

Eq. (35) can be expressed in the form (for simplicity, we omit subscript p at individual 
amplitudes) 

(€0 - H,,) (t;”,” + t;”t? - tft?), = (@f?(p)lH~(cO eT’I@,) 

(@f(p)IeTpI@,) = (tf + t:t? - tftf’), 

(45) 

where we used the well-known fact 

(46) 

Then, according to [41,66], the direct term on the right hand side of Eq. (45) can be split 
into connected and disconnected parts in a following way 

(@;“J(P)IHN(P) eT’I@,) = (@;~JB(P)IHN(P) eT”I@,)c + ( t f  + tft7 - t f t ? ) , ( H ~ ( ~ ) e ~ ” ) ,  

+ P ~ J P A B  [ t f ( r ) ( @ ? ( ~ ) ~ ~ N ( t )  e*’~,)c] (47) 
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where PZJ and PAB are antisymmetrizers of the form 

PZJ = 1 - P ( I  tS J) (48) 

If we take into account the expression for diagonal elements of the effective Hamiltonian 
(33), we obtain a system of nonlinear equations 

(€0 - fi$) 0;; + t;‘t? - t f t 3 ,  = (@.;LJB(P)IHN(P) eT’I@,)c 

-k P I J P A B  [tf(pL)(@?(p)IHN(pL) e T ” l @ ~ ) C ]  (49) 

that can be used for the calculation of doubly excited cluster amplitudes within the single- 
root MR BWCCSD approximation. Of course, no extra calculation is required for the matrix 

element ( @ ; ( p ) ( H ~ ( p )  eT’I@,)c. The configuration @?(p) either represents an external 
monoexcitation, so the matrix element can replaced from the equation for monoexcited 
amplitudes (43) or an internal monoexcitation, so the matrix element is an off-diagonal 
matrix element of the effective Hamiltonian (32). Hence, the coupling between various 
sets of amplitudes is also provided directly through the ”coupling terms” containing off- 
diagonal elements of the effective Hamiltonian that explicitly enter the equation for biexcited 
amplitudes (like in the multi-root theories). The above equation can be further simplified for 
a special case of a two-determinant model space spanned by two active orbitals of different 
symmetry. Since the internal monoexcitations cannot contribute for symmetry reasons, we 
can exploit Eq. (43) even for the case of internal excitations, which gives us 

Equations (43) and (49) can be used for the calculation of monoexcited and biexcited 
cluster amplitudes in the single-root MR BWCCSD approximation in a general case. In 
the case of a two-determinant model space the equation for biexcited cluster amplitudes 
(49) can be replaced by its simpler, two-determinant version (50). As already spoken, these 
equations do not mix various sets of cluster amplitudes and the coupling among amplitudes 
is provided through the off-diagonal elements of the effective Hamiltonian (if the off-diagonal 
elements were zeroes, the coupling would vanish). On the other hand, the equations explicitly 
depend on the exact energy of our interest and they must be solved simultaneously with 
the eigenvalue problem for the effective Hamiltonian. Hence, the set of Eqs. (43) and (49) 
is solved iteratively and after each iteration we compute the effective Hamiltonian (32-32). 
Diagonalization of the effective Hamiltonian provides us with several eigenvalues; the lowest 
one is taken as a new exact energy €0, while remaining ones (not physically meaningful) 

are thrown away. The computational cost of the method scales aa the number of reference 
determinants times the cost of one single-reference CCSD calculation. 

Finally, let us pay attention to the convergence of the presented single-root Hilbert space 
MR BWCCSD approximation. When calculating the ground state energy, the denomina- 
tors appearing in Eqs. (43) and (49) are always negative, so one could not expect problems 
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with vanishing denominators or intruder states. Moreover, as the coupling between cluster 
amplitudes is mediated through the off-diagonal elements of H e f f ,  one may expect good 
convergence over the whole potential energy curve, because the off-diagonal elements enable 
us "to switch" in a continuous manner between the single-reference and multireference ap- 
proaches. To be more precise, in the nondegenerate case, when the coupling between the 
reference configurations is weak, the off-diagonal elements of hejf are negligible (in fact, 
the off-diagonal elements would correspond to  amplitudes of internal excitations divided by 
pertinent denominators), which implies that the difference (& - &Lf) approaches zero for 
the ground state configuration a,, and Eqs. (43) and (49) reduce to standard nondegenerate 
CCSD equations for the ground state. In the quasi-degenerate case, when the coupling be- 
tween the reference configurations is getting large, the coupling between Eqs. (43) and (49) 
becomes stronger and these equations correspond to the multireference case. 

From the above discussion one may expect that the single-root MR BWCCSD approxima- 
tion is well suited to the calculation of the ground state energy. As concerns the calculation 
of excited states, the convergence problems can not be excluded in view of unknown be- 
haviour of denominators. Moreover, the choice of the correct eigenvalue amongst several 
eigenvalues of the effective Hamiltonian may not seem so unambiguous matter as in the case 
of the ground state. 

6. RESULTS AND DISCUSSION. 

To get a better idea about the performance of the presented single-root MR BWCC 
approach, we carried out single-root MR BWCCSD calculations for the ground state and 
first excited state of the H4 model system with the use of minimal and DZP basis sets. As is 
well known, the H4 model system was introduced by Jankowski and Paldus [67] and nowadays 
is widely used to explore the performance of various single-reference and MR approaches 
in quasidegenerate situations. In this work, we limit ourselves to a trapezoidal H4 model 
consisting of two stretched hydrogen molecules in an isosceles trapezoidal arrangement. All 
the nearest-neighbour internuclear separations are fixed and equal to 2 a.u. The geometry 
of the H4 model is uniquely specified by a single parameter a defining the trapezoidal angle 
p=a * T .  The given model enables us to vary the degree of quasidegeneracy in a continuous 
manner from a fully degenerate case in the square arrangement (a=O.O) t o  a non-degenerate 
one in the linear arrangement (a=0.5) and such an "opening" of the trapezoid may be 
viewed as a breaking of a single chemical bond. 

The H4 model shows a configurational degeneracy in the square arrangement; that means 
the weights of the ground state configuration Ilf22) and the first biexcited configuration 
11133) in the FCI expansion become equal. Therefore, in order to obtain reliable potential 
energy surfaces, both closed-shell-type configurations should be included in the reference 
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space. The corresponding active orbital space is spanned by two orbitals: 4 2  being the 
highest occupied molecular orbital (HOMO) and 43 being the lowest unoccupied molecular 
orbital (LUMO). The lowest totally symmetric orbital 41 plays the role of a core orbital. 
Since the active orbitals $2 and 4 3  are of different spacial symmetry, the monoexcited con- 
figurations llI25) and 11132) do not contribute for symmetry reasons which implies that our 
two-determinant model space is complete. Moreover, one can take advantage of Eq. (50) 
when calculating doubly excited cluster amplitudes. The orbital HOMO-LUMO degeneracy 
is not observed in this model; however the orbital degeneracy alone is of less concern in 
the CC approaches. The H4 model has been studied in a great detail using various single- 
reference [67-701 as well as MR methods [54,55,58,71,72] at the level of minimal as well as 
DZP basis sets. For the sake of comparison, we employ the same minimal basis set (MBS) 
as Jankowski and Paldus [67] and, analogously, the same DZP basis set as Paldus et al. [69]. 
Molecular orbitals are taken from the restricted Hartree-Fock (RHF) calculations for the 
ground state. 

Examining the H4 MBS model first, we performed the single-root MR BWCCSD cal- 
culations for the ground state and first excited state of the H4 MBS model exploiting a 

two-determinant model space spanned by the ground state configuration IlI22) and first 
biexcited configuration 11139). In Table I we present the FCI correlation energies for the 
lowest three totally symmetric singlet states as well as correlation energies for the ground 
state obtained by the single-root MR BWCCSD method, including expansion coefficients 
within the model space. We also add results for the second (nonphysical) root of the effective 
Hamiltonian. The expansion coefficient Q corresponds to the ground state configuration and 
c1 to the biexcited one. Of course, the use of the intermediate normalization implies 

In Table I1 we compare correlation energies for the ground state of the H4 MBS model 
obtained by the single-root MR BWCCSD method with other multireference techniques 
exploiting the same two-determinant model space. The linear MR CCSD (MR L-CCSD) 
approximation neglects all terms nonlinear in T' when calculating the effective Hamiltonian 
as well as cluster amplitudes. The MR CCSD-3 approximation introduced by Paldus et al. 
[55] incorporates all linear (2';; i = 1,2)  and bilinear (TtT;; i, j = 1,2) terms in the direct 
as well as coupling terms when calculating cluster amplitudes. The "quadratic" MR CCSD 
method by BalkoviL et al. [58] considers all linear and bilinear terms in the coupling term 
while the full expansion of the direct term is taken into account. All nonlinear approxima- 
tions employ the full expansion of the effective Hamiltonian. For easier comparison, instead 
of correlation energies we present their differences from the corresponding FCI values, i.e. 

As one can see, the single-root MR BWCCSD correlation energies for the ground state 
are in perfect agreement with the FCI values with deviations not exceeding 0.6 mHartree. 

A = X - FCI. 
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Needless to say, the single-root MR BWCC approach is devoid of the intruder state problem 
in contrast to the linear MR CCSD approximation which undergoes a singular behaviour 
and completely fails in the nondegenerate region (no convergence is achieved when the 
ground and first biexcited states are to be calculated simultaneously). As already spoken, 
the inclusion of the quadratic (Tl)a term entirely heals the singular behaviour of the linear 
MR CCSD approximation and considerably improves the agreement with FCI results. As 
may be expected, there are only slight differences between the MR CCSD-3 and "quadratic" 
MR CCSD methods. In the degenerate region; i.e. for a 5 0.05 both methods give almost 
identical results which are in the best agreement with the FCI method whereas in the non- 
degenerate region (a > 0.05) this agreement steadily deteriorates with the largest deviation 
being 2.015 mHartree for a = 0.5. The "quadratic" MR CCSD method does somewhat 
better job what may be attributed to the presence of cubic and quartic terms involved in 
the direct term. 

On the other hand, the single-root MR BWCCSD approach provides a balanced descrip- 
tion of the potential energy surface over the whole spectrum of studied geometries. More 
detailed look at the expansion coefficients within the model space for the ground state (Ta- 
ble I) confirms that the ground state configuration dominates in the nondegenerate region 
(a > 0.05) while in the degenerate region (a 5 0.05) the importance of the biexcited config- 
uration monotonously increases and in the square arrangement both weights become equal. 
As concerns the nonphysical root, it is able to describe neither the first excited state nor the 
second one (in fact, it cannot be associated with a physically meaningful eigenstate across 
the whole range of geometries). To some extent it is interesting that the non-hermicity is 
relatively small; the eigenvectors of the effective Hamiltonian are almost orthogonal, even 
in a highly nondegenerate region. 

Analogous results for the first biexcited state of the H4 MBS model are collected in 
Tables 111 and IV. In Table 111 we present correlation energies for the first biexcited state 
obtained by the single-root MR BWCCSD method, including expansion coefficients as well 
as nonphysical root, and Table IV compares correlation energies for the first biexcited state 
obtained by various multireference techniques. Two facts are immediately apparent when 
comparing correlation energies. First, the single-root MR BWCCSD method gives correla- 
tion energies at the level of the MR CCSD-3 and "quadratic" MR CCSD approximations 
across the whole region of studied geometries (a slight improvement in the case of the 

single-root MR BWCCSD method is not essential). This fact indicates that the single-root 
MR BWCC method can be successfully applied even to excited states; even though, in gen- 

eral, we are not able to predict the behaviour of denominators of the type (E, - E4) .  Of 
course, there is a freedom in the choice of the zeroth-order Hamiltonian since the equations 
for cluster amplitudes are invariant as to the choice of the zeroth-order energies E,, but this 

choice affects the rate of convergence. 
Second, the description of the first biexcited state worsens with an increasing value of the 
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parameter a!. While in the degenerate region the correlation energies are very close to the 
FCI ones, in the highly nondegenerate region we encounter differences of about 7 mHartree 
what can be probably attributed to the lack of important configurations in the model space. 
In fact, for a! 2 0.4 a predominant configuration in the FCI expansion is not the biexcited 
configuration lli33) but the monoexcited configuration 11922); so the model space contains 
only a minor part of the exact wave function. We recall that a similar worsening is also 
observed for the first biexcited state of the Liz molecule studied by a two-determinant 
"quadratic" MR CCSD by BalkovB et al. [59] (for this state, a predominant configuration in 
the nondegenerate region is not the biexcited configuration luilu;20; but the monoexcited 
configuration luilu:20,3u,). As concerns a nonphysical root, it cannot sufficiently describe 
the ground state and, likewise, the overall non-hermicity is small. 

Since the minimal basis set provides us with a configurational space spanned by a very few 
configurations (only one tetraexcitation), we also carried out the single-root MR BWCCSD 
calculations in a DZP basis set, providing thus much more tetraexcited configurations in 
the Q, space. In Table V we compare correlation energies for the ground state of the H4 
DZP model obtained by various multireference techniques in a two-determinant model space 
and in Table VI we compare correlation energies for the first biexcited state. Besides the 
above mentioned linear MR CCSD and "quadratic" MR CCSD approximations, we also 
present correlation energies for the MR CISD method [69] and the third-order MR Rayleigh- 
Schrodinger MBPT (MR MBPT3) method [72]. However, it should be stressed that in the 
case of the MR MBPT3 calculations the RHF orbital energies of two active orbitals had to 
be averaged in order to eliminate intruder states. Such a shifting technique does not destroy 
size-extensivity and is denoted as a forced degeneracy partitioning; see e.g. [24]. 

As one can see, the DZP basis set gives qualitatively the same results and confirms 
our previous findings for the MBS model. As concerns the ground state, it is undis- 
putable, that the superior approximation to  the FCI method is again provided by the 
single-root MR BWCCSD method. In comparison to the MR CISD method, the single-root 
MR BWCCSD approach also includes the effect of higher than single and double excitations. 
In the nondegenerate region, the single-root MR BWCCSD method remains at the level of 
the nondegenerate CCSD method (in fact, it gives slightly better results) supporting thus our 
idea of a smooth transition between the degenerate and nondegenerate regions. As concerns 
the first biexcited state, its description remains at the level of the "quadratic" MR CCSD 
method. It is interesting that the MR MBPTJ method can sufficiently describe this state 
only in the highly degenerate region while completely fails in nondegenerate region; despite 
the absence of intruders. This fact indicates that a proper choice of a model space (i.e. 
spanned by all relevant configurations) is essential for the third-order MR MBPT calcula- 
tions. Remarkable enough, the single-root MR BWCCSD as well as MR CCSD approaches 
do well in this situation. 

J. Mdsik and I. Hubac 
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7. SUMMARY AND CONCLUSIONS. 

In our recent articles [39-411 we have analyzed the coupled-cluster theory based on 
the Brillouin-Wigner perturbation expansion. To our knowledge, BWPT is not often used 
in quantum molecular physics because it is not size-extensive and its convergence is be- 
lieved to be slow. Moreover, the BW perturbation series has to be solved iteratively. With 
the coupled-cluster formulation of BWPT the situation is different. Although the BWCC 
equations must be solved iteratively anyway and we do not employ the BCH formula, the 
single-reference BWCC theory is size-extensive and provides us with equivalent results as 
the standard CC theories. In this article, we extend the BWCC theory to a multireference 
case using the Hilbert space approach. We formulate the so-called single-root version which 
deals with one state at a time and we present the basic equations for cluster amplitudes 
within the CCSD approximation. 

The single-root MR BWCC method employs a state-specific wave operator which leads 
to only one root of the quasidegenerate energy spectrum. Such an approach has many advan- 
tages over the existing multi-root Hilbert space MR CC approaches; it does not contain the 
so-called coupling terms and it is relatively very simple (all necessary diagrams are already 

present in the standard single-reference CC theories). Equations for cluster amplitudes do 
not mix various sets of amplitudes and the coupling among amplitudes is provided through 
the presence of the exact energy in denominators. The principal property of the single-root 
MR BWCC method is its ability of a continuous transition between the single-reference 
and multireference approaches. Of course, one must employ a typical Brillouin-Wigner-like 
scheme of calculation: equations for amplitudes have to be solved simultaneously with the 
eigenvalue problem for the effective Hamiltonian. Diagonalization of the effective Hamilto- 
nian provides us with several eigenvalues; one is taken as a new exact energy and remaining 
ones are thrown away (they do not represent a physical meaningful solution). On the other 
hand, the method is not fully size-extensive in view of the fact that it does not work with 
the "genuine" Bloch equation for the wave operator. A question of the size-extensivity will 
be discussed in our next article. 

In order to better assess performance of the presented approach, we carried out single- 
root MR BWCCSD calculations for the ground state and the first biexcited state of the 
trapezoidal H4 model system exploiting a two-determinant model space and results were 
compared with other multireference techniques, including the FCI method. We have found 
that in the case of the ground state the single-root MR BWCCSD method provides the best 
approximation to the FCI energies of all presented methods with a balanced description in 
the quasidegenerate and nondegenerate regions. Moreover, it does not suffer from intruder 
states what was another reason for doing this work. In spite of the fact, that our results 

are limited to a simple H4 model system, the single-root MR BWCC method seems to be 

a viable approach for the calculation of the ground state energy over the whole potential 
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energy surface and should deserve our future attention. 

J. M&ik and I .  Hubac 
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TABLES 

TABLE I. Comparison of the single-root two-determinant BWCCSD correlation energies 
for the ground state of the H4 MBS model with FCI data. We also present correlation 
energies for the nonphysical root as well as corresponding expansion coefficients within the 

model space. The FCI correlation energies (relative to the ground state RHF energy) are 
listed for the lowest three totally symmetric singlet states. All energies are in mHartree. 

FCI 1st root (ground state) 2nd root (nonphysical root) 

alpha A&o A&1 A&, A&o co c1 at1 co c1 

0.0 -117.621 -7.268 446.325 -117.190 0.7071 -0.7071 0.992 0.7071 0.7071 

0.005 -109.196 2.863 447.394 -108.759 0.7612 -0.6485 11.492 0.6483 0.7614 

0.01 -102.307 14.250 448.304 -101.872 0.8065 -0.5912 23.519 0.5907 0.8069 

0.015 -96.711 26.591 449.122 -96.281 0.8427 -0.5384 36.734 0.5375 0.8433 

0.02 -92.147 39.577 449.912 -91.721 0.8708 -0.4917 50.809 0.4904 0.8715 

0.05 -76.429 118.950 456.798 -75.981 0.9452 -0.3264 140.108 0.3235 0.9462 

0.1 -65.321 221.428 482.682 -64.792 0.9706 -0.2407 269.172 0.2369 0.9715 

0.12 -62.776 249.491 496.482 -62.229 0.9739 -0.2269 310.302 0.2231 0.9748 

0.15 -60.040 280.303 517.306 -59.480 0.9767 -0.2144 361.347 0.2107 0.9775 

0.2 -57.260 310.816 545.685 -56.696 0.9789 -0.2042 422.384 0.2007 0.9797 

0.3 -54.775 333.480 575.126 -54.225 0.9803 -0.1977 483.278 0.1945 0.9809 

0.4 -53.905 337.503 585.372 -53.369 0.9805 -0.1964 502.209 0.1933 0.9811 

0.5 -53.690 337.643 587.722 -53.160 0.9806 -0.1962 505.935 0.1932 0.9812 
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TABLE 11. Correlation energies for the ground state of the H4 MBS model obtained using 
various multireference correlation techniques within a two-dimensional model space spanned 
by the ground state configuration 11122) and the first biexcited configuration 11135). For 
simplicity, we present only differences from corresponding FCI values (A = X - FCI) in 
mHartree. 

alpha FCI MR MR MR singleroot 

L-CCSD' C C S D - 3 CCSDc MR BWCCSD 

0.0 - 11 7.621 -1.131 0.046 0.046 0.431 

0.005 -109.196 -1.171 0.035 0.035 0.437 

0.01 -102.307 -1.220 0.020 0.021 0.435 

0.015 -96.711 -1.270 - 0.006 0.430 

0.02 -92.147 -1.315 -0.005 -0.006 0.426 

0.05 -76.429 -1.462 -0.044 -0.044 0.448 

0.1 -65.321 -2.833 -0.217 -0.209 0.529 

0.12 -62.776 -6.582 - -0.344 0.547 

0.15 -60.040 NC -0.625 -0.604 0.560 

0.2 -57.260 NC -1.103 -1.070 0.564 

0.3 -54.775 NC -1.747 -1.704 0.550 

0.4 -53.905 NC -1.971 -1.929 0.536 

0.5 -53.690 NC -2.015 -1.974 0.530 

Linear MR CCSD approximation. Symbol "NC" indicates that no convergence is 
achieved when the ground and first biexcited states are calculated simultaneously. 

MR CCSD-3 approximation; taken from [55]. Missing values were not present. 

"Quadratic" MR CCSD approximation [58]. Since not all geometries were present, we 
recomputed the whole curve again. 
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TABLE 111. Comparison of the single-root two-determinant BWCCSD correlation energies 
for the first biexcited state of the H4 MBS model with FCI data. We also present correlation 
energies for the nonphysical root as well as corresponding expansion coefficients within the 
model space. The FCI correlation energies (relative to the ground state RHF energy) are 
listed for the lowest three totally symmetric singlet states. All energies are in mHartree. 

FCI 1s t  root (nonphysical root) 2nd root (biexcited state) 

0.0 -117.621 -7.268 446.325 -123.628 0.7071 -0.7071 -7.262 0.7071 0.7071 

0.005 -109.196 2.863 447.394 -115.448 0.7617 -0.6479 2.880 0.6476 0.7620 

0.01 -102.307 14.250 448.304 -108.984 0.8075 -0.5899 14.295 0.5893 0.8079 

0.015 -96.711 26.591 449.122 -103.961 0.8439 -0.5364 26.670 0.5354 0.8446 

0.02 -92.147 39.577 449.912 -100.078 0.8722 -0.4892 39.697 0.4876 0.8731 

0.05 -76.429 118.950 456.798 -89.246 0.9472 -0.3207 119.242 0.3169 0.9485 

0.1 -65.321 221.428 482.682 -84.717 0.9734 -0.2293 221.336 0.2247 0.9744 

0.12 -62.776 249.491 496.482 -83.760 0.9769 -0.2137 248.905 0.2097 0.9778 

0.15 -60.040 280.303 517.306 -82.381 0.9799 -0.1997 278.705 0.1974 0.9803 

0.2 -57.260 310.816 545.685 -80.036 0.9817 -0.1904 307.410 0.1918 0.9814 

0.3 -54.775 333.480 575.126 -76.208 0.9818 -0.1900 327.940 0.1968 0.9804 

0.4 -53.905 337.503 585.372 -74.094 0.9813 -0.1924 331.399 0.2013 0.9795 

0.5 -53.690 337.643 587.722 -73.433 0.9811 -0.1933 331.464 0.2026 0.9793 
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TABLE N. Correlation energies for the first biexcited state of the H4 MBS model obtained 
using various multireference correlation techniques within a two-dimensional model space 

spanned by the ground state configuration 11122) and the first biexcited configuration 11133). 
For simplicity, we present only differences from corresponding FCI values (A = X - FCI) in 
mHartree. 

J. M&ik and I. Hubac 

FCI MR MR MR single-root alpha 

L-CCSD" CCSD-3b CCSDC MR BWCCSD 

0.0 

0.005 

0.01 

0.015 

0.02 

0.05 

0.1 

0.12 

0.15 

0.2 

0.3 

0.4 

0.5 

-7.268 

2.863 

14.250 

26.591 

39.577 

118.950 

221.428 

249.491 

280.303 

310.816 

333.480 

337.503 

337.643 

-3.629 

-3.817 

-4.033 

-4.302 

-4.640 

-9.443 

-54.959 

- 131.222 

NC 

NC 

NC 

NC 

NC 

0.002 

0.007 

0.021 
- 

0.054 

0.050 

-0.686 
- 

-2.484 

-4.440 

-6.581 

-7.056 

-7.093 

0.001 

0.007 

0.023 

0.039 

0.058 

0.060 

-0.660 

-1.280 

-2.445 

-4.389 

-6.522 

-6.999 

-7.038 

0.006 

0.017 

0.045 

0.079 

0.120 

0.292 

-0.092 

-0.586 

-1.598 

-3.406 

-5.540 

-6.104 

-6.179 

a Linear MR CCSD approximation. Symbol "NC" indicates that no convergence is 

achieved when the ground and first biexcited states are calculated simultaneously. 

MR CCSD-3 approximation; taken from [55]. Missing values were not present. 

"Quadratic" MR CCSD approximation [58]. Since not all geometries were present, we 
recomputed the whole curve again. 
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TABLE V. Correlation energies for the ground state of the H4 DZP model obtained using 
various multireference correlation techniques within a two-dimensional model space spanned 
by the ground state configuration 11122) and the first biexcited configuration 11133). For 
simplicity, we present only differences from corresponding FCI values (A = X - FCI) in 
mHartree. 

alpha FCI nondeg. MR MR MR MR single-root MR 

CCSD MBPT3" CISDb L-CCSD" CCSDd BWCCSD 

0.0 

0.005 

0.01 

0.015 

0.02 

0.05 

0.1 

0.12 

0.15 

0.2 

0.3 

0.4 

0.5 

-131.361 

-123.831 

-117.956 

-113.412 

-109.870 

-98.647 

-91.006 

-89.169 

-87.121 

-84.953 

-83.042 

-82.460 

-82.333 

5.508 2.172 

4.474 2.234 

3.603 2.295 

2.928 2.348 

2.431 2.386 

1.262 2.373 

0.911 2.155 

0.860 2.106 

0.811 2.073 

0.770 2.079 

0.749 2.136 

0.751 2.161 

0.753 2.166 

- 

1.794 

1.771 

1.741 

1.706 

.507 

,277 

- 

- 

,039 
- 

- 

0.895 

-3.685 

-3.670 

-3.610 

-3.527 

-3.436 

-3.120 

-5.027 

-13.442 

NC 

NC 

NC 

NC 

NC 

-0.687 -0.100 

-0.664 -0.074 

-0.594 -0.012 

-0.503 0.065 

-0.408 0.146 

-0.084 0.454 

-0.172 0.582 

-0.322 0.591 

-0.714 0.590 

-1.186 0.579 

-1.995 0.559 

-2.305 0.551 

-2.375 0.548 

a Third-order MR MBPT calculation; taken from [72]. 

Intruder state problem is obviated by averaging of active orbital energies. 

MR CISD approximation; taken from [69]. Missing values were not present. 

Linear MR CCSD approximation. Symbol "NC" indicates that no convergence is 
achieved when the ground and first biexcited states are calculated simultaneously. 

* "Quadratic" MR CCSD approximation; taken from [58]. 
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TABLE VI. Correlation energies for the first biexcited state of the H4 DZP model obtained 
using various multireference correlation techniques within a two-dimensional model space 
spanned by the ground state configuration 11122) and the first biexcited configuration l l i33).  
For simplicity, we present only differences from corresponding FCI values (A = X - FCI) in 
mHartree. 

alpha FCI MR MR MR single-root MR 

MBPT3a L-CCSD~ CCSD" BWCCSD 

0.0 

0.005 

0.01 

0.015 

0.02 

0.05 

0.1 

0.12 

0.15 

0.2 

0.3 

0.4 

0.5 

-49.683 

-40.119 

-29.192 

-17.275 

-4.729 

71.152 

168.217 

194.947 

224.624 

254.831 

279.104 

284.609 

285.262 

5.975 

6.148 

6.351 

6.600 

6.899 

10.071 

21.819 

28.667 

39.942 

57.217 

76.350 

81.839 

82.797 

-1.499 

-1.730 

-2.044 

-2.429 

-2.879 

-7.724 

-51.385 

-132.149 

NC 

NC 

NC 

NC 

NC 

3.370 

3.356 

3.299 

3.228 

3.160 

3.060 

3.491 

3.585 

3.462 

2.767 

1.721 

1.652 

1.723 

3.115 

3.109 

3.078 

3.037 

3.004 

3.085 

3.744 

3.919 

3.903 

3.329 

2.329 

2.207 

2.250 

Third-order MR MBPT calculation; taken from [72]. 
Intruder state problem is obviated by averaging of active orbital energies. 

* Linear MR CCSD approximation. Symbol "NC" indicates that no convergence is 
achieved when the ground and first biexcited states are calculated simultaneously. 

' "Quadratic" MR CCSD approximation; taken from [58] 



The Effect of Basis Set Superposition Error (BSSE) on the 
Convergence of Molecular Properties Calculated with the 

Correlation Consistent Basis Sets. 

TANJA VAN MOURIK," ANGELA K. WILSON, KIRK A. PETERSON: 
DAVID E. WOON,' AND THOM H. DUNNING, JR.d 

Environmental Molecular Sciences Laboratory ' Pac$c Northwest National 
Laboratory, Richland, Washington 99352, U.S.A. 

Abstract 
It is shown that, in many cases, the convergence behavior of molecular properties 
computed with the correlation consistent basis sets (both standard and augmented 
sets) is significantly improved if basis set superposition error (BSSE) is taken into 
account. The effects are most pronounced for pure van der Waals systems l i e  the 
helium or argon dimers. For these systems the uncorrected D,, re, and a, behave 
very irregularly with increasing basis set size, with the convergence behavior being 
dramatically improved by use of the counterpoise procedure. Even for strongly 
bound diatomics like N,, HF, and HCl, the counterpoise correction often 
significantly improves the convergence behavior of re and a,. Similar behavior is 
observed in the weakly bound molecular complexes, ArHF, HCO-, and (HF),, as 
well as for the more strongly bound HCO molecule. For HCO-, because of the 
pronounced lengthening of the CO bond upon molecular formation, the deformation 
energy must also be taken into account. 
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I .  INTRODUCTION 

In the last few years significant advances in the computation of potential energy 
surfaces have led to accurate ub initio predictions of molecular properties as well as 
interaction energies of weakly bonded complexes that in some cases rival the 
accuracy of experimental data. This is in part a result of progress in developing 
quantum mechanical methodologies that account for the effects of electron 
correlation, which is critical for an accurate description of molecules and, in 
particular, for the computation of the interaction energies of molecular complexes 
[see, e.g., (Yarkony, 1995)l. Another key to this success is the development of 
basis sets that can provide accurate solutions of the equations describing electron 
correlation, e.g., the atomic natural orbital (ANO) basis sets of Taylor and Almof 
(Taylor and Alml8f, 1987) and Widmark et al., (Widmark, et al., 1990; Widmark, 
et al., 1991) and the correlation consistent basis sets of Dunning and coworkers 
(Dunning Jr., 1989; Kendall, et al., 1992; Woon and Dunning Jr., 1993c; Woon and 
Dunning Jr., 1994b; Woon and Dunning Jr., 1995; Wilson, et al., 1996; van 
Mourik, et al., 1997). Unlike most sets in use today, these sets were specifically 
designed and optimized to describe electron correlation effects. 

Of particular interest here are the standard and augmented correlation consistent 
basis sets (cc-pVnZ and aug-cc-pVnZ, n = D, T, Q, ...). As n increases, these sets 
systematically expand the coverage of the atomic radial and angular spaces and 
provide a means of converging both wave functions and properties to the complete 
basis set (CBS) limit. In fact, the convergence behavior observed for many 
properties is often so regular that simple functions, e.g., exponentials, can be used 
to estimate the CBS limits. In a series of benchmark calculations (Woon and 
Dunning Jr., 1993b; Peterson, et al., 1993b; Peterson, et al., 1993a; Peterson, et al., 
1994; Woon, 1994; Woon and Dunning Jr., 1994a; Peterson and Dunning Jr., 
199Sa; Woon and Dunning Jr., to be published), and in a number of other studies 
(Feller, 1992; Xantheas and Dunning Jr., 1992; Woon, 1993; Xantheas and 
Dunning Jr., 1993b; Feller, 1993; Xantheas and Dunning Jr., 1993a; Woon and 
Dunning Jr., 1993a; Xantheas and Dunning Jr., 1993c; Peterson and Dunning Jr., 
1995b; Peterson, 1995; Wilson, et al., 1996; Woon, et al., 1996; Xantheas, 1996; 
van Mourik and Dunning Jr.) it has been convincingly demonstrated that the 
correlation consistent basis sets are capable of accurately describing the wave 
functions and properties of strongly, as well as weakly bound, molecular systems. 

One problem in the computation of interaction energies of weakly bonded 
systems is the uncertainty caused by basis set superposition errors (BSSE). Boys 
and Bernardi (Boys and Bernardi, 1970) have proposed the counterpoise procedure 
to correct for this, and although this approach is still regarded with some skepticism, 
there is nowadays common agreement that the counterpoise procedure is a useful 
procedure for correcting for BSSE. In the limit of a complete basis, BSSE would, 
of course, be zero, and it can therefore be expected that the counterpoise-corrected 
and uncorrected interaction energies computed with increasingly larger basis sets 
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will converge to the same limit. A point of interest is whether BSSE causes erratic 
behavior in the convergence of the uncorrected results, which, if so, would greatly 
complicate the determination of CBS limits for the uncorrected calculations. Studies 
on the water dimer by Feller et al. (Feller, 1992; Feyereisen, et al., 1996) show 
generally smooth convergence of both the corrected and uncorrected MP2 interaction 
energies for (H20)* computed with the cc-pVnZ and aug-cc-pVnZ sets, although the 
uncorrected results computed with the aug-cc-pVnZ sets do not converge smoothly. 
However, the interaction energies were not computed with basis sets beyond aug- 
cc-pVQZ, and minor irregularities in the convergence behavior might only be 
evident if more data are available. Xantheas (Xantheas, 1996) computed 
counterpoise-corrected and uncorrected interaction energies for the hydrogen- 
bonded systems (KO),, F-(H,O), and Cl--(H,O) with basis sets from aug-cc-pVDZ 
through aug-cc-pV5Z. It was found that the counterpoise-corrected interaction 
energies converge nearly exponentially, while the uncorrected results do not. 
Studies on more weakly bonded systems (Woon, 1993; Woon, 1994; Peterson and 
Dunning Jr., 1995a; Woon, et al., 1996) indicate that the uncorrected results 
sometimes behave very irregularly and unpredictably. Recently, Jensen (Jensen, 
1996) investigated the effect of BSSE on energy differences between two 
configurations of the same molecule using the correlation consistent basis sets. For 
the quantities investigated, i.e., the barrier to linearity in H,O, the inversion barrier 
in NH,, and the rotational barrier in CH,CH,, the BSSE ranged from a few kcaYmol 
(or 5 to 15% of the total energy difference) for cc-pVDZ to about 0.1 kcdmol for 
cc-pV5Z. The counterpoise-corrected results appeared to be slightly better behaved, 
and the CBS limit obtained by extrapolation of the counterpoise-corrected values is 
probably more accurate. 

In this work we primarily assemble the results of previous studies (van Mourik, 
et al., 1997; Wilson, et al., 1996; van Mourik and Dunning Jr., 1997; Peterson and 
Dunning Jr., 1995a) in order to investigate the effect of BSSE on the convergence 
behavior of quantities computed with the correlation consistent basis sets. We 
investigate the effect of BSSE not only on computed interaction energies but also on 
other spectroscopic constants, specifically, the equilibrium bond length, Re, and 
harmonic frequency, 0,. In the next section we briefly review the basic concepts 
related to the counterpoise correction. Section III describes the basis sets and wave 
functions used. In Section IV we present results on the helium and argon 'dimers as 
well as on N,, HF, and HCl. He, and Ar2 are simple rare-gas pairs, and are classic 
examples of pure van der Waals systems. The well depths are very shallow (7.6 
and 99 cm-1, respectively), and it is well-recognized that the counterpoise procedure 
is critical for obtaining accurate results for these systems. We also investigate BSSE 
effects on the computed properties of strongly bound diatomics, including N,, HF 
and HCl. Section V discusses the effects of BSSE on the interaction between an 
atom and a molecule, using Ar-HF and H-CO- as examples, as well as the strongly 
bound HCO molecule. The Ar-HF system is bound by less than 0.6 kcdmol (21 1 
cm-1) and the binding in H-CO- is only 5 kcdmol; however, formation of HCO- 
leads to large changes in r,(CO). The H-CO bond strength is approximately 15 
kcal/mol, substantially smaller than conventional CH bonds but significantly larger 
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than the binding energies of the other atom-diatom systems considered. Section VI 
analyzes the results on the HF dimer, which is bound by slightly less than 5 
kcal/mol, as an example of the interaction between two molecules. Finally, Section 
VII summarizes our results. 

11. THEORY 

Quantum mechanical methods for calculating the interaction energy between two 
weakly interacting systems can be divided into two main approaches, viz. methods 
based on symmetry-adapted perturbation theory (SAPT) (Jeziorski and Kolos, 
1982; Jeziorski, et al., 1994), in which the interaction energy is calculated directly as 
a sum of distinct energy terms, and methods based on the supermolecular approach, 
in which the interaction energy is obtained as the difference of the energy of the 
supermolecule AB and the sum of the energies of the separated fragments A and B . 
Each approach has its advantages and disadvantages. SAPT is only applicable for 
weak interactions, but analysis of the different energy contributions can provide 
valuable insights in the various factors contributing to the strength of the molecular 
interaction. [For a recent review of the SAPT approach see (Jeziorski, et al., 
1994).] An advantage of the supermolecular approach is that it can be applied not 
only to weakly interacting systems, but to strongly bound systems as well. 
Consequently, one can exploit the vast experience of using widely available, and 
efficiently implemented, standard quantum mechanical software. 

In the supermolecular approach, the interaction energy AE is given by: 

AE(R) = EAB(R)- EA - E, (1) 

where EAB(R) is the energy of the AB dimer at geometry R and EA and EB are the 
energies of the separate monomers, i .e. ,  when R = 00 .  One problem with the 
supermolecular approach is that the interaction energy computed according to Eq. 
(1) is subject to basis set superposition error (BSSE). At large intermolecular 
distances the two monomers, A and B, do not interact, and (assuming the employed 
quantum mechanical method is size-consistent) EAB(R) reduces to the sum EA + EB. 
At smaller separations, however, one of the monomers in the complex AB can make 
use of the basis set of the other monomer, thereby providing an unphysical lowering 
of the dimer energy. The problem is basically a balancing error, resulting from the 
fact that one compares the energy of AB at finite distances where the monomers can 
make use of the basis set of their partner in the complex, to Al3 at infinity, where the 
monomers have only their own basis sets to use. 

The term BSSE was first introduced in 1973 by Liu and McLean (Liu and 
McLean, 1973). However, as early as 1970 Boys and Bemardi (Boys and 
Bemardi, 1970) had proposed the function counterpoise procedure (CP) as a 
strategy to correct for BSSE. In this procedure the monomer calculations are given 
the same flexibility that is available to the monomers in the dimer calculation, 
namely, the monomer energies are evaluated in the complete dimer basis set. The 
counterpoise-corrected interaction energy then becomes: 
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AECP(R) = EAB(R)-Ey’(R)- EAm’(R) (2) 

The superscripts (AB) indicate that the monomer energies are computed in the 
dimer basis set, AuB. The ( B )  basis in the ELM) calculation and the (A)  basis in 
the ELM) calculation are usually referred to as “ghost” basis sets. Eq. (1) represents 
the uncorrected interaction energy, which subsequently will be referred to as AE”” 

. mBss~ is usually defined as the difference between AEcp and AEnoCp, i.e., CP 

Eq. (2) is generally valid for the interaction between two fragments A and B, with 
interfragment geometrical parameters R. When A and B are molecules, Eq. (2) 
represents the counterpoise-corrected energy gained by bringing these two 
molecules, with their geometry deformed to the same geometry as they have in the 
particular complex geometry one is studying, together to the complex geometry R , 
i .e. ,  Eq. ( 2 )  yields a vertical interaction energy. The energy required to bring 
monomer A to a particular intramolecular geometry r A  is given by the deformation 
energy: 

Auzf(rA) = EF’(rA)-Ey’(r,) (4) 

with a similar expression for B. Here, re represents the equilibrium geometry of 
molecule A. (In the remainder of the paper, we will denote interfragment distances 
with R and intrafragment distances with r). The deformation energy is a monomer 
property, and is therefore computed in the monomer basis set, indicated by the 
superscripts {A)  in Eq. (4). The total counterpoise-corrected interaction energy, 
with intermolecular geometrical parameters R and intramolecular parameters r, and 
r, can then be written as: 

AECP(R,rA,rB) = Em(R,rA,rB) - El”’ (R,rA,rB) - ELm’ (R,rA ,rg) 

+AUff (rA ) + Auff ( r ~ )  ( 5 )  

At the equilibrium geometry of the molecular complex AB, the gain in energy due to 
relaxing the monomer geometry from re to the optimal complex geometry rA is 
termed the monomer relaxation energy. It can be calculated as the difference in 
interaction energy of AB with all geometrical parameters at their equilibrium values 
and Al3 with the monomers fixed at the monomer geometry. 

In many cases the deformation energy is very small at the complex’s optimized 
geometry, and neglect of it will only introduce a small error in the computed binding 
energy. However, if one considers (intramolecular) geometries further away from 
the equilibrium structure, as will be the case if the interaction is strong, the 
deformation energy must be taken into account. Formally, it must also be taken into 
account whenever the geometry of the complex is fully optimized even if the 
molecules are little perturbed by the interaction. 

A counterpoise-corrected geometry optimization (with concurrent optimization of 
the intramolecular geometry) requires minimization of Eq. (5). To date, no 
automated counterpoise-corrected optimization algorithms based on Eq. (5) have 
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been implemented (outside of straightforward numerical fmite-difference methods). 
Alternatively, the structure of two interacting molecules can be optimized by 
computing the interaction energy via Eq. (5) at a selection of geometries, whereupon 
analytical functions in the to-be-optimized geometrical parameters can be determined 
from the computed interaction energies. Any known technique can then be used to 
extract the desired information (equilibrium geometry, spectroscopic constants) from 
the computed surface. 

One may argue that the basis set that is actually available to a monomer in the 
complex is not the full dimer basis set, but rather only the virtual orbitals of the 
partner molecule, since its occupied orbitals are not available to the other monomer 
because of the Pauli exclusion principle. If this were true, it would imply that the 
counterpoise procedure overestimates the BSSE. This has led to the proposal of the 
“virtuals-only” counterpoise scheme (Daudey, et al., 1974), in which the monomer 
energies are calculated in the monomer basis augmented only with the virtual orbitals 
of the partner molecule. However, since then, conclusive numerical evidence 
(Gutowski, et al., 1986; Gutowski, et al., 1993) has been presented in support of 
the “full” counterpoise procedure. In addition, it has been recognized (Gutowski, et 
al., 1986; Gutowski, et al., 1993; Gutowski and Chalasinski, 1993) that the non- 
availability of the occupied orbitals of the partner molecule in the dimer calculation is 
directly related to the intermolecular exchange repulsion energy. The “to-be- 
occupied” orbitals must be fully included in the monomer calculation, otherwise one 
risks underestimating the repulsive Pauli exclusion effect resulting from having 
these orbitals occupied in the dimer calculation. In 1994 Van Duijneveldt et al. (van 
Duijneveldt, et al., 1994) presented a theorem for full CI wavefunctions, showing 
that the full counterpoise procedure yields BSSE-free interaction energies. 

As an alternative to the counterpoise procedure, methods have been proposed 
(Cullen, 1991; (Sadlej, 1991; Mayer and Surjiin, 1989; (Mayer, et al., 1989; Mayer 
and Vibok, 1991; Noga and ViMk, 1991; Vib6k and Mayer, 1992; Valiron, et al., 
1993) that an designed to aprion’ eliminate BSSE by restricting the monomers in 
the complex in such a way that usage of the partner basis set is avoided. These 
methods however were found to give unsatisfactory results (Gutowski and 
Chalasinski, 1993; van Duijneveldt, et al., 1994). 

Although it is generally believed that the counterpoise recipe is the most 
reasonable procedure for correcting for BSSE, there is still a widespread belief that 
Counterpoise overcorrects, and that interaction energies computed according to Eq. 
(5) are artificially too repulsive. The discussion has a long history [for a recent 
review on the counterpoise method see (van Duijneveldt, et al., 1994)]. In the 
present paper we show examples of cases for which counterpoise improves the 
convergence behavior of properties computed with the correlation consistent basis 
sets, thus facilitating extrapolation to the complete basis set (CBS) limit. Since 
BSSE is zero at the CBS limit, regular convergence is more important than absolute 
numbers, as it allows a more exact estimate of the CBS limit. In this paper, we will 
not concern ourselves with the rigor of the counterpoise procedure, but will illustrate 
the merits of applying the counterpoise correction with respect to the convergence 
behavior of properties computed with the correlation consistent basis sets. 
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111. COMPUTATIONAL METHODOLOGY 

In the present work, the correlation consistent (cc-pVnZ) basis sets of Dunning 
and coworkers (Dunning Jr., 1989; Woon and Dunning Jr., 1993c; Wilson, et al., 
1996) have been used. Since diffuse functions are known to be essential for an 
accurate description of weak atomic and molecular interactions, the augmented 
correlation consistent (aug-cc-pVnZ) basis sets (Kendall, et al., 1992; Woon and 
Dunning Jr., 1994b; van Mourik, et al., 1997) were used for most of the systems 
discussed in the present paper. The aug-cc-pVnZ sets contain an additional diffuse 
function for each angular symmetry present in the standard cc-pVnZ sets. The 
doubly (d-aug-cc-pVnZ) and triply (t-aug-cc-pVnZ) augmented sets are derived 
from the singly augmented sets by addition of a second (for d-aug-cc-pVnZ) or third 
(for t-aug-cc-pVnZ) diffuse function for each angular symmetry. The exponents of 
the additional diffuse functions are given by ap and ap' for the d-aug-cc-pVnZ and 
t-aug-cc-pVnZ sets, respectively, where a is the exponent of the most diffuse 
function in the aug-cc-pVnZ set and p is the ratio between the two most diffuse 
functions in this set (with p < 0); a was obtained from calculations on the atomic 
negative ions. The original hydrogen aug-cc-pV5Z set has recently been modified, 
by changing the most diffuse s-exponent from 0.0138 to 0.0207, because it was 
found that the original s-exponent was incorrect. We have used the "new" hydrogen 
aug-cc-pV5Z set (with diffuse s-exponent 0.0207) in this work. 

All calculations were carried out with the CCSD(T) method (Raghavachari, et al., 
1989; Hampel, et al., 1992; Deegan and Knowles, 1994) as implemented in the 
MOLPRO Program Package (Werner and Knowles, 1994). For the open-shell 
systems the partially spin-restricted coupled cluster method of Knowles et al. 
(Knowles, et al., 1994) was employed. Only the valence electrons were correlated, 
and spherical harmonics were used for the angular parts of the Gaussian functions. 
The counterpoise-corrected and uncorrected dissociation energy D," and DFcp is 
defined as the negative of the interaction energy AE at the optimized geometry. 

It is generally observed (Feller, 1992; Peterson, et al., 1993b; Peterson, et al., 
1993a; Woon and Dunning Jr., 1993b; Woon, 1993; Xantheas and Dunning Jr., 
1993b; Xantheas and Dunning Jr., 1993c; Peterson, et al., 1994; Peterson and 
Dunning Jr., 1995a; Peterson, 1995; Wilson, et al., 1996; Xantheas, 1996; Wilson 
and Dunning, 1997; van Mourik, et al., 1997; van Mourik and Dunning Jr., 1997) 
that many molecular properties computed with a series of correlation consistent basis 
sets of increasing n converge regularly toward an apparent complete basis set limit. 
In the present study the basis set dependence is approximated by a simple 
exponential function of the form: 

(6) 

where n is the cardinal number of the basis set (n = 2 for DZ, n = 3 for TZ, and so 
on), and A(-) is the estimated complete basis set (CBS) limit for the molecular 
property A. A(-), B, and C are adjustable parameters in a least-squares fit to Eq. 

A(n) = A(..) + Be-'" 

(6). 
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For the weakly bonded diatomic He, the interaction energy AE was calculated 
using the aug-, d-aug-, and t-aug-cc-pVnZ basis sets through sextuple zeta quality; 
for Ar2 only the results with the d-aug-cc-pVnZ sets are reported here. For He2, the 
energies were computed at 15 interatomic separations around the minimum, with the 
He-He distance ranging from 5.1 to 8.4 bohr. For Ar2, the energies were computed 
at 14 points with the Ar-Ar distance ranging from 6.1 to 1 1 .O bohr [for more details 
see (van Mourik, et al., 1997).] For the more strongly bound diatomics; N,, HF 
and HCl, the interaction energy was computed with the standard cc-pVnZ (N,, HF, 
and HC1) and the aug-cc-pVnZ (HF and HC1) basis sets through sextuple zeta 
quality at 7 interatomic distances, over the range -0.3 a, I (r - rexpt) I 4.5 a, [see 
(Wilson, et al., 1996), (Peterson and Dunning Jr., 1995a) and (van Mourik and 
Duiming Jr., to be published)]. Potential energy functions were obtained by fitting 
polynomials of eighth (He, and Ar,) or sixth (N2, HF, HCl) degree in (R-RJ 
through the computed interaction energies. A standard Dunham analysis (Dunham, 
1932) was used to derive the spectroscopic constants via second-order perturbation 
theory. 

For ArHF both the intermolecular Ar-H distance and the intramolecular HF 
distance have been explicitly optimized. The molecule is linear. The interaction 
energy as defined by Eq. (5) was calculated at a total of 93 symmetry-unique 
geometries with the aug-cc-pVDZ and aug-cc-pVTZ sets, and at a set of 73 
geometries with the aug-cc-pVQZ basis. The HF distance was varied from 1.46 to 
2.23 bohr, the Ar-H distance from 4.2 to 7.5 bohr, the Ar-F distance from 5.5 to 
8.8 bohr, and the Ar-H-F angle from 180" to 100". Polynomials in the two bond 
lengths and the bending angle were fitted through the computed interaction energies. 
The fits were carried out with the program SURFIT (Senekowitz, 1988). 
Additionally, the interaction energy was computed with the aug-cc-pV5Z basis set. 
In these calculations, only the Ar-H distance was optimized by fitting 5 or 6 points 
to polynomials in (R-Re). The Ar-H-F angle was held fned at 180", and the HF 
bond length was kept fixed at the estimated aug-cc-pV5Z distance. [For further 
details see (van Mourik and Dunning Jr., 1997).] 

The H-CO and H-CO- interaction energies were computed at a total of 59 
geometries, employing the augcc-pVDZ through aug-cc-pVQZ basis sets. For 
HCO, the CH distance was varied from 1.76 to 2.72 bohr, the CO distance from 
2.05 to 2.53 bohr, and the HCO angle from 94" to 154". For HCO, the CH 
distance was varied from 1.97 to 2.77 bohr, the CO distance from 2.23 to 2.55 
bohr, and the HCO angle from 95" to 125". Single point calculations at the estimated 
aug-cc-pV5Z geometries of HCO and HCO- were carried out with the aug-cc-pV5Z 
basis set. As for ArHF, polynomials in the two bond lengths and the bending angle 
were fitted through the computed interaction energies with the program SURFIT 
(Senekowitz, 1988). [For further details see (van Mourik and Dunning Jr., 1997).] 

For (HF), full geometry optimizations in all internal coordinates have been 
carried out with the aug-cc-pVDZ and aug-cc-pVTZ basis sets. With the aug-cc- 
pVQZ set just the F-F distance was optimized by fitting 5 points to polynomials in 
(R-Re). In these calculations, the two intermolecular angles were held fixed at their 
optimized aug-cc-pVTZ values, and the two HF bond lengths were held fixed at 
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estimated aug-cc-pVQZ values. [For further details see (Peterson and Dunning Jr., 
1995a).] 

IV.  DIATOMIC MOLECULES 

We first consider two very weakly bound molecules, He, and Ar2. for which 
BSSE is a well recognized problem and then consider the impact of the counterpoise 
correction on the strongly bound N2, HF, and HCI molecules. 

A .  Very Weakly Bound Molecules: He, and Ar, 

Figure 1 shows the counterpoise-corrected and uncorrected binding energies, 
D,, for the helium dimer (van Mourik and Dunning Jr., to be published), computed 
with the aug-cc-pVnZ, d-aug-cc-pVnZ, and t-aug-cc-pVnZ basis sets. Clearly, the 
uncorrected results do not smoothly converge. This is a discouraging observation, 
because it implies that the uncorrected results cannot be used to estimate the 
complete basis set (CBS) limits of various correlation methods despite the fact that at 
the CBS limit the BSSE is zero. In fact, it is not even clear that the sequence is 
converging, e.g., ADe from V5Z to V6Z is approximately the same as ADe from 
VQZ to V5Z. In striking contrast to the uncorrected D,’s, the corrected results 
converge smoothly to a well-defined limit, and therefore can be used to estimate 
CBS limits. 

The convergence behavior of the aug-cc-pVnZ sets might give rise to the illusion 
that the uncorrected De’s converge to the CBS limit faster than the counterpoise- 
corrected values. This is, however, due to a fortuitous cancellation of errors: BSSE 
which increases D, versus basis set incompleteness which decreases D,. The plots 
of the results obtained with the d-aug-cc-pVnZ and t-aug-cc-pVn2 sets (for which 
BSSE is larger than for the singly augmented sets) show that, for these sets, the 
uncorrected D,’s can be at least as far away from the CBS limit as the counterpoise- 
corrected results. It is well-recognized (Gutowski, et al., 1993; van Duijneveldt, et 
al., 1994) that the counterpoise correction may not produce results that are closer to 
the CBS limit than the uncorrected results. As in the present case, basis set 
incompleteness may compensate for the spurious attractive interaction caused by 
BSSE. The criterion for judging a counterpoise-corrected result should be whether 
it is close to (or perhaps identical to) the result that one can expect to obtain with the 
basis set and computation method employed. 
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Fig. 1. Counterpoise-corrected and uncorrected D, for the helium dimer. 
dashed lines represent the estimated CBS limit. 

The 

The BSSE at the counterpoise-corrected equilibrium bond length (optimized for 
each basis set), as defined by Eq. (3), is depicted in Figure 2. It is clear that BSSE 
cannot simply be eliminated by increasing the size of the basis set. While BSSE 
decreases with increasing n (from x-aug-cc-pVDZ to x-aug-cc-pV6Z), it increases 
when the basis set is improved along the x-coordinate (from aug-cc-pVnZ to t-aug- 
cc-pVnZ). This is not surprising, since it well-known that BSSE can either increase 
or decrease with increasing basis set size (Gutowski, et al., 1986). Compact (high- 
exponent) functions tend to improve the intramolecular correlation energy, and 
thereby reduce BSSE, while diffuse (low-exponent) functions tend to increase 
BSSE, because their large spatial extent makes them more accessible to the other 
atom. 



The Effect of BSSE on Molecular Properties Convergence 

- 

- 

- 

- 

- aug-cc-pVnZ 
0 d-aug-cc-pVnZ 
A t-aug-cc-pVnZ 

- 

I I I I I 

115 

0.0 

-10.0 

-20.0 

-30.0 

-40.0 

-50.0 

Fig. 2. AE,,,, (in pEh) for He, at 5.6 bohr, computed at the equilibrium distance 
optimum for each basis set. 

Naturally, in the limit of using a complete basis set BSSE should vanish, and the 
BSSE curves in Figure 2 gradually approach zero for all sets considered. However, 
Figure 2 shows that, even for fairly large basis sets, BSSE may be non-negligible. 
At the t-aug-cc-pV6Z basis set level, BSSE is still 2.88 pE,, which is 8.6% of the 
total He, interaction energy. The increase in BSSE due to an additional set of 
diffuse functions decreases when the basis set is improved from TZ toward 62 
quality. For the DZ quality sets however, BSSE increases by 12.7 pE, when the 
basis set is improved from aug-cc-pVDZ to d-aug-cc-pVDZ, but then increases by 
only 3.4 pE, when the basis is further improved to t-aug-cc-pVDZ, indicating a 
saturation effect with increasing shells of diffuse functions. This effect is related to 
the zigzag pattern from t-aug-cc-pVDZ to t-augcc-pVQZ observed for the 
uncorrected De’s. 

It is well-recognized that the counterpoise correction is essential in the 
calculation of interaction energies of weakly bonded systems. However, D, is not 
the only molecular property affected by BSSE, other spectroscopic constants, like 
Re and a,, may be contaminated with BSSE. Van Duijneveldt et al. (van 
Duijneveldt, et al., 1994) have observed that the effect of BSSE on computed 
vibrational frequencies can be avoided by applying the counterpoise procedure. For 
AH.. .B hydrogen-bonded systems for example, BSSE tends to increase the vAH 
stretching frequency mode (Newton and Kestner, 1983; Bouteiller and Behrouz, 
1992; Bouteiller, 1992; van Duijneveldt-van de Rijdt and van Duijneveldt, 1992b), 
and leads to an imprecise prediction of the position of certain combination transitions 
(Bouteiller and Behrouz, 1992; Bouteiller, 1992). Figure 3 shows the 
counterpoise-corrected and uncorrected Re and we of He,, computed with the t-aug- 
cc-pVnZ basis sets through sextuple zeta quality. Again, the counterpoise-corrected 
Re and o, converge regularly, while the uncorrected values do not. Here we again 
see the typical zigzag pattern that is often observed for properties that are 



116 T. van Mourik eta/. 

substantially affected by BSSE. The differences between the counterpoise-corrected 
and uncorrected Re and we do not decrease gradually with increasing basis set 
quality-for both Re and we the differences first decrease from t-augcc-pVDZ to t- 
aug-cc-pVTZ, then increase when the basis is improved to t-aug-cc-pVQZ, and then 
decrease monotonically when the basis is further improved to t-aug-cc-pV6Z. Figure 
3 does show that the corrected and uncorrected values do appear to be converging to 
approximately the same limit. 
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Fig. 3. Counterpoise-corrected and uncorrected Re and we for the helium dimer, 
computed with the t-aug-cc-pVnZ sets. The dashed lines represent the estimated 
CBS limit. 

D,, Re, and we for the argon dimer (van Mourik and Dunning Jr., to be 
published) are plotted in Figure 4. The results are similar to the corresponding He2 
curves (see Figures 1 and 3), although there are now easily recognized oscillations 
in the uncorrected results. As in He2, the counterpoise-corrected curves are well 
behaved and can be used to establish the CBS limit with some confidence. 
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Fig. 4. Counterpoise-corrected and uncorrected Re and me for the argon dimer, 
computed with the d-aug-cc-pVnZ sets. The dashed lines represent the estimated 
CBS limit. 

B .  Strongly Bound Molecules: N2, HF, and HCI 

For strongly bound molecules, it is frequently stated that BSSE has an 
insignificant effect on the computed binding energies. However, we have found 
(Wilson, et al., 1996) that, even for strongly bound molecules like N, and HF, 
BSSE may be non-negligible, particularly for the smaller sets (cc-pVDZ and cc- 
pVTZ). For N,, for example (Wilson, et al., 1996), BSSE is about 5 kcdmol at the 
cc-pVDZ basis set level, compared to a total D, of 196 kcdmol. Although BSSE is 
certainly significant in N,, it is small compared to the basis set effect, which is the 
difference betweeen the computed value for the cc-pVDZ set and the CBS limit. For 
N,, D, for the cc-pVDZ set is 31 kcdmol from the CBS limit. However, for 
estimating the CBS limit of the N, binding energy, BSSE causes no problem, 
because it decreases rapidly with increasing basis set size and both the counterpoise- 
corrected and uncorrected De converge smoothly to the same limit. At the cc-pV6Z 
basis set level, BSSE is just 0.3 kcal/mol, and the CBS limits obtained by 
extrapolation of the corrected or uncorrected De’s are 226.9 and 227.0 kcaumol, 
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respectively, well within the error limits of the extrapolation procedure itself. The 
D,, Re and co, of N,, computed with the cc-pVnZ sets through sextuple zeta quality, 
are depicted in Figure 5. 

230.0 

225.0 

220.0 

215.0 

210.0 

205.0 

200.0 

195.0 

190.0 

L 

VDZ VTZ VQZ V5Z V6Z 

2365.0 

2355.0 

2345.0 

2335.0 

2325.0 

2315.0 

1.125 

1.120 

1.115 

1.110 

1.105 

1.100 

1.095 t I I I I 

VDZ VTZ VQZ V5Z V6Z 

0 counterpoise corrected 
0 uncorrected 

VDZ VTZ VQZ V5Z V6Z 

Fig. 5. Counterpoise-corrected and uncorrected D,, Re, and o, for N,, computed 
with the cc-pVnZ basis sets. The dashed lines represent the estimated CBS limit. 

The effect of BSSE on the computed Re’s is very small as well, and, again, both 
the counterpoise-corrected and uncorrected Re converge smoothly to the same limit. 
The uncorrected co,’s, on the other hand, do not converge regularly. This is not 
unexpected, since it has been observed before (Woon and Dunning Jr., 1993b; 
Peterson, et al., 1993b; Peterson, et al., 1993a) that harmonic frequencies do not 
always converge regularly. Generally, the convergence behavior of computed 
properties becomes less regular as the quantities become less related to energies 
(Woon and Dunning Jr., 1993b). However, Figure 5 also shows that the 
counterpoise correction markedly improves the convergence behavior of the 
frequencies. The counterpoise-corrected 0,’s converge smoothly to a well-defined 
limit (which is the same as the uncorrected limit), although the variation is not well 
represented by a simple exponential function like Eq. (6). 
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For HF the situation is slightly different (Wilson, et al., 1996), see Figure 6. 
As for N,, the effect of BSSE on the computed D, is small, and both the 
counterpoise-corrected and uncorrected results converge smoothly to essentially the 
same limit. The uncorrected Re’s, however, do not. The uncorrected Re’s first 
decrease from cc-pVDZ to cc-pVQZ, and then increase if the basis set is further 
improved to cc-pV5Z and cc-pV6Z. The convergence behavior is again much 
improved by applying the counterpoise procedure, though the variation is not strictly 
exponential. The counterpoise-corrected Re’s decrease rapidly from cc-pVDZ to cc- 
pVQZ and then remain essentially constant from cc-pVQZ to CC-PV~Z, i. e., Re is 
apparently converged at the cc-pVQZ basis set level and the variations observed in 
the uncorrected Re’s beyond this level are due to BSSE. 
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Fig. 6. Counterpoise-corrected and uncorrected D,, Re, and 0, for HF, computed 
with the cc-pVnZ basis sets. The dashed lines represent the estimated CBS limit. 

Turning to the basis set dependence of the harmonic frequencies of HF, we see 
that the uncorrected we’s first increase, and then decrease with increasing basis set 
quality. Although the frequencies are improved by applying the counterpoise 
correction, the counterpoise-corrected results show the same general convergence 
behavior as the uncorrected results. Note the fortuitous cancellation of errors in the 
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uncorrected 0, with the cc-pVDZ set. Because the basis set superposition error 
approximately cancels the basis set convergence error for this set, o,(cc-pVDZ) is 
closer to the CBS limit than those from the calculations with the cc-pVTZ, cc-pVQZ, 
and cc-pV5Z sets 

We also computed the HF potential energy curve with the augmented correlation 
consistent basis sets through sextuple zeta quality. Because of the highly ionic 
nature of HF, use of the augmented sets substantially improves the convergence 
with n (Peterson, et al., 1993b; Martin and Taylor, 1994; Wilson, et al., 1996). 
The counterpoise-corrected and uncorrected D,, Re, and 0, are shown in Figure 7. 
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Fig. 7. Counterpoise-corrected and uncorrected D,, Re, and we for HF, computed 
with the aug-cc-pVnZ basis sets. The dashed lines represent the estimated CBS 
limit. 

The “dip” in the uncorrected Re (as observed for the cc-pVnZ sets) has 
disappeared, but the results still do not converge very regularly: the change in Re is 
0.0031 8, when the basis set is increased from aug-cc-pVDZ to aug-cc-pVTZ, and 
this change gets slightly larger (0.0033 A) when the basis is further improved to 
aug-cc-pVQZ. The counterpoise-corrected Re are better behaved, although the 
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variation is still not well represented by a simple exponential function. In addition, 
Re now decreases by an additional 0.0012 8, as the set is expanded from QZ to 62. 

The convergence behavior of the uncorrected as well as the corrected we is 
improved substantially by including diffuse functions in the basis set. The 
counterpoise-corrected values are again slightly better behaved. 

Figure 8 shows the BSSE in D, for HF, computed at the counterpoise-corrected 
equilibrium bond length (optimized for each individual basis set). While for He, the 
BSSE increases with the addition of diffuse functions to the basis set (see previous 
section), for HF the BSSE is slightly smaller for the aug-cc-pVnZ sets than for the 
cc-pVnZ sets. 

0.0 

-1 .o 

-2.0 

-3.0 

4 . 0  

VDZ VTZ VQZ V5Z V6Z 

Fig. 8. BSSE for HF (in kcaYmol), computed at the equilibrium distance 
optimum for each basis set. 

As seen above, application of the counterpoise procedure or the addition of 
diffuse functions may result in Re(nZ) or we(nZ) curves which are better behaved. 
As another example, Figure 9 shows the harmonic frequency of HCI, computed 
with the cc-pVnZ and aug-cc-pVnZ basis sets. As for HF, application of the 
counterpoise correction improves the convergence behavior of we computed with the 
regular sets, although the convergence behavior of the corrected we’s is far from 
simple. Addition of the set of diffuse functions to the basis as well as use of the 
counterpoise correction results in a very smooth dependence of we on basis set. 
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Fig. 9. Counterpoise-corrected and uncorrected we for HCI, computed with the cc- 
pVnZ and aug-cc-pVnZ basis sets. The dashed lines represent the estimated CBS 
limit. 

As mentioned earlier in this section, the convergence behavior of computed 
properties generally becomes less exponential as the quantities become less related to 
energies. By way of illustration, neither the application of the counterpoise 
procedure nor the addition of diffuse functions to the basis set improves the 
convergence behavior of the computed anharmonicities wexe of the HF molecule (see 
Figure 10). Even in this case, however, both the uncorrected and corrected curves 
appear to be converging to the same limits. 
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Fig. 10. Counterpoise-corrected and uncorrected O,X, for HF, computed with the 
cc-pVnZ and aug-cc-pVnZ basis sets. The dashed lines represent the estimated CBS 
limit. 

V. TRIATOMIC MOLECULES 

We now turn our attention to the interaction of an atom with a diatomic 
molecule. We consider three examples: (i) Ar-HF, which is a traditional weakly 
bound system with a binding energy DJAr-HF) of just 21 1 cm-l (0.6 kcaUmo1); ( i f )  
H-CO-, which is also weakly bound, DJH-CO-) = 8 kcaUmol, but results in large 
changes in the CO distance; and (iii) H-CO, a molecule whose bond strength is 
intermediate between the other atom-diatom systems considered and more 
traditional, strongly bound molecules (the H-CO bond strength is just 19 kcal/mol). 

A .  Weakly Bound Triatomic Molecules: ArHF and HCO- 

Figure 11 shows the counterpoise-corrected an'd uncorrected D,, &(Ar-H) and 
r,(HF) of the primary minimum of the ArHF complex. (van Mourik and Dunning 
Jr., 1997) Again, the uncorrected D, and R,(ArH) do not show regular 
convergence, while the counterpoise-corrected results converge smoothly to well- 
defined limits. The convergence behavior of the uncorrected D, and Re is 
reminescent of the zigzag convergence patterns observed for the rare-gas dimers [see 
(van Mourik, et al., 1997) and Figs. 1 and 31. The uncorrected results obviously 
cannot be used for extrapolation to the complete basis set limit. Except for the 
results with the aug-cc-pVDZ set, the uncorrected values are further from the 
empirical results than the counterpoise-corrected values. In the present case there is 
no cancellation of basis set incompleteness and basis set superposition errors as 
observed for the aug-cc-pVnZ results for He2 (see Fig. 1) In this case the BSSE is 
larger than the basis set incompleteness. 
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Fig. 11. Counterpoise-corrected and uncorrected D,, &(ArH) and r,(HF) for 
ArHF, computed with the aug-cc-pVnZ basis sets. The dashed lines represent the 
estimated CBS limit. 

Often the counterpoise correction for De is only applied at the uncorrected 
geometry. Figure 11 shows that the Ar-H distance will be significantly too short if 
BSSE is not corrected for. This is in agreement with our results on the diatomics, 
where BSSE also leads to equilibrium distances that are too short (see Figs. 4, 5,  6, 
and 7). Similar errors have been reported for other molecular complexes, like (CO), 
(Eggenberger, et al., 1991), and the water dimer (Newton and Kestner, 1983; van 
Duijneveldt-van de Rijdt and van Duijneveldt, 1992a; Xantheas, 1996). The 
intramolecular HF bond length in Arm, on the other hand, is slightly shortened 
upon applying the counterpoise correction. Generally, intermolecular distances are 
increased and intramolecular distances are decreased by the counterpoise piocedure 
(see for example (Bouteiller and Behrouz, 1992; Bouteiller, 1992; Peterson and 
Dunning Jr., 1995a). However, it must be noted that Eq. (5) only describes the 
effect of the “ghost functions” positioned on Ar on the intramolecular HF distance r. 
The effect of BSSE on the HF distance would normally refer to the placement of 
ghost functions on the H and F atoms (as in the previous section). Therefore, the 
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changes with basis set of the HF distance in ArHF are more similar to the 
uncorrected than to the counterpoise-corrected re of a free HF (compare Figs. 7 and 
11). In HF itself, BSSE decreases the bond distance (see Figures 6 and 7). 

Table I shows the HF deformation energy AUdef [as defined by Eq. (4)] as a 
function of the HF distance r. Also listed are the counterpoise-corrected and 
uncorrected interaction energies, AECP [cf. Eq. (5)] and AE"" cp [Eq. (l)], 
respectively. The energy term labeled AE~: is the energy gained to bring an HF 
molecule (deformed to the same HF distance as in the particular Ar-HF geometry 
one is studying) and an Ar atom together. AUdef is the energy required to bring HF 
to this deformed geometry. The sum of AUdef and A E : ~  is the total counterpoise- 
corrected interaction energy. AU energy terms are computed with the CCSD(T) 
method and the aug-cc-pVTZ basis set. The Ar-HF molecule was kept linear, and 
the Ar-H distance was kept fixed at the CCSD(T)/aug-cc-pVTZ optimized value 
( i e . ,  2.602 A). 

TABLE I. 

INTERACTION ENERGY, CALCULATED WITH CCSD(T) AND AUG-CC-PVTZ 
(IN CM-l). 

CONTRJBUTIONS TO THE COU"OISE-CORRECTD AR-HF 

r (4 A E ~ ~  AE"O CP AEEf AUdef 

0.773 7670.72 755 1.68 -13 1.69 7802.40 
0.810 3826.08 3710.33 -143.89 3969.97 
0.847 1446.71 1333.12 -156.63 1603.33 
0.884 196.98 84.8 1 - 1 69.74 366.73 
0.92 1 -183.09 -294.33 -183.10 0.01 
0.92171 -183.31 -294.52 -183.44 0.14 
0.958 103.96 -6.61 -196.55 300.5 1 
1.032 207 8.87 1969.21 -223.08 2301.96 
1.106 5214.51 5105.95 -248.17 5462.68 
1.180 8942.52 8835.87 -270.50 9213.02 

By its very definition, the AUdef potential has the same shape as the potential 
energy curve of a free HF. At the equilibrium distance of a free HF molecule 
(which is 0.9210 A for the present method and basis set) AUdef equals zero. If HF 
is distorted from its optimal distance, the deformation energy increases steeply. 
AE~: gradually becomes more attractive with increasing HF distance, but this 
energy term changes at a much slower rate than AUd" . Thus, the interaction of the 
HF molecule with the Ar atom has only a minor effect on the HF distance, and the 
optimal HF distance in Ar-HF is mainly determined b the deformation energy. At 
the equilibrium ArHF geometry [r,(HF) = 0.92171 H 1, AUd" equals 0.14 cm-1, 
which is only about 0.1% of the total interaction energy. Neglect of the deformation 
energy at the equilibrium ArHF geometry therefore will not affect the computed 
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interaction energy substantially. However, as noted in Section 11, the deformation 
energy is essential in counterpoise-corrected geometry optimizations (if one also 
optimizes the intramolecular structural parameters), because then HF distances 
further from the equilibrium value are considered. 

The deformation energy will be larger if the monomer geometry is substantially 
different in the complex than in the free monomer. We have encountered this in 
studies of HCO- (van Mourik and Dunning Jr.). Although the C-H bond is weak 
(the equilibrium bond dissociation energy, D,, is approximately 8.2 kcdmol 
(Berkowitz, private communication), the addition of H- to CO has a pronounced 
effect on the CO distance. The CO distance in HCO- is calculated [CCSD(T)/aug-cc- 
pVQZ ] to be 1.2403 A, while it is 1.1318 

Figure 12 shows AUdef, AECP, and AE::, computed with the aug-cc-pVDZ basis 
set, as a function of the CO distance. The CH distance and the HCO angle are kept 
at the aug-cc-pVDZ optimized values (1.2544 8, and 109.26", respectively). 
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Fig. 12. Dependence on the CO distance of AUdef, AECP, and AE::, computed 
with aug-cc-pVDZ, for the HCO- molecule. Also shown is the basis set dependence 
of AUdef. 

The deformation energy increases rapidly if the CO molecule is distorted from its 
optimal distance (which is 1.1473 A for aug-cc-pVDZ) to the distance it has in HCO- 
(1.2552 A). AE:: on the other hand becomes more attractive with increasing CO 
distance and now varies at a similar rate as AUdef, partially outweighing the energy 
loss related to the elongation of CO. The minimum value of AECP is therefore at a 
significantly longer CO distance than the equilibrium distance of a free CO molecule, 
as can be clearly seen in Figure 12. The deformation energy is 11.7 kcdmol at the 
augcc-pVDZ optimized geometry, several times larger than the total counterpoise- 
corrected interaction energy of 3.33 kcdmol [computed with CCSD(T) and aug-cc- 
pVDZ]. Also shown in Figure 12 is the variation of AUdef with increasing basis set 
size. The deformation energy increases when the basis set is improved from the 
aug-cc-pVDZ set to the aug-cc-pVQZ set, and appears to be nearly converged for the 
aug-cc-pVQZ set. 
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Figure 13 shows the counterpoise-corrected and uncorrected De, &(CH) and 
re(CO) of HCO- as a function of basis set size. Also shown in Figure 13 is the 
difference of the uncorrected and counterpoise-corrected De's, previously (Wilson, 
et al., 1996) termed BSSE(D,), which is a measure of the basis set superposition 
error. [As explained in (Wilson, et al., 1996), BSSE(D,) differs slightly from the 
commonly employed definition of BSSE, Le.,  Eq. (3).] Although the effect of 
BSSE on the computed De and &(CH) is certainly not negligible, both the 
counterpoise-corrected and uncorrected curves smoothly converge to the same limit. 
BSSE(D,) decreases regularly with increasing basis set quality. It decreases from - 
1.60 kcaVmol for aug-cc-pVDZ to only -0.16 kcaVmol for aug-cc-pV5Z. As for 
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Fig. 13. Counterpoise-corrected and uncorrected De, Re, and 0, for HCO-, as well 
as BSSE(D,), computed with the aug-cc-pVnZ basis sets. The dashed lines 
represent the estimated CBS limit. 

B . More Strongly Bound Molecules: HCO 

molecule (van M o d  and Dunning Jr.) is illustrated in Figure 14. 
The convergence behavior of De, Re(CH), re(CO), and BSSE(De) of the HCO 
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Fig. 14. Counterpoise-corrected and uncorrected D,, Re, and O, for HCO, 
computed with the aug-cc-pVnZ basis sets. The dashed lines represent the estimated 
CBS limit. 

At the aug-cc-pVQZ basis set level, the counterpoise-corrected CH bond energy 
is calculated to be 18.7 kcal/mol, approximately 10 kcdmol larger than the CH 
bond energy in HCO-, but several times smaller than the CH bond energy in more 
traditional, strongly bound molecules. In spite of the small CH bond strength in 
HCO, the CH bond distance (computed to be 1.120 8, with aug-cc-pVQZ) is not all 
that different than the CH bond length in strongly bound molecules. 

As in the case of HCO-, both the counterpoise-corrected and the uncorrected 
properties converge smoothly towards the same limit. Although the CH bond 
energy in HCO is nearly twice as large as in HCO, the convergence patterns of the 
counterpoise-corrected and uncorrected De, &(CH), and re(CO) are very similar for 
HCO and HCO-. BSSE(D,) is of the same order of magnitude as for HCO-, 
decreasing from -1.37 kcdmol for aug-cc-pVDZ to -0.13 kcdmol for aug-cc- 
pV5Z. BSSE has only a very small effect on the CO bond length, hardly visible in 
Figure 14. 

At the aug-cc-pVQZ optimized geometry, AUdef equals 2.64 kcdmol, 
substantially smaller than AUdef in HCO-, but still a significant fraction of the total 
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D, of 18.65 kcal/mol. The CO distance equals 1.178 A, shorter by 0.06 A than the 
CO distance in HCO-. 

VI.  TETRATOMIC MOLECULES 

In this section we focus on the weakly bound HF dimer (Peterson and Dunning 
Jr., 1995a), a prototypical hydrogen-bonded system. Figure 15 depicts the 
counterpoise-corrected and uncorrected D,, R,(FF) and r,(HF) of the HF dimer. 
[The r,(HF) shown is the HF distance for the proton donor monomer and is labeled 
r, in (Peterson and Dunning Jr., 1995a).] The De’s obtained by applying the 
counterpoise procedure at the uncorrected geometry are shown as well. 
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Fig. 15. Counterpoise-corrected and uncorrected D,, R,(FF) and r,(HF) for the HF 
dimer, computed with the aug-cc-pVnZ basis sets. The dashed lines represent the 
estimated CBS limit. 

As expected, the F-F distance is too short if the geometry optimization is not 
carried out on the counterpoise-corrected surface. The corrected and uncorrected 
R,(FF) are much different at the aug-cc-pVDZ basis set level, but the differences 
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decrease dramatically with increasing basis set size, becoming 0.013 A for the QZ 
set. Although the uncorrected distances do not show exponential convergence, the 
corrected and uncorrected Re(FF) seem to be converging to approximately the same 
limit. 

As in the case of ArHF, the uncorrected D, first increases and then decreases 
when the basis set is improved from aug-cc-pVDZ to aug-cc-pVQZ. The corrected 
results converge much more regularly. Similar patterns have been observed for 
other systems as well, including F(H,O) and Cl-(H,O) (Xantheas, 1996). The 
posthoc counterpoise-corrected De's are very close to the results obtained by 
optimizing the dimer geomeuy on the counterpoise-corrected surface; only for the 
aug-cc-pVDZ set is the result significantly different. This is due to the fact that the 
uncorrected F-F distances are too short, an effect that is largest for the aug-cc-pVDZ 
set. 

The convergence behavior of the corrected and uncorrected intramolecular 
re(HF) is very similar to Arm (see previous section). The monomer deformation 
energies are small for this system as well. At the CCSD(T)/aug-cc-pVQZ level, 
AUZ'(rA)+AUEf(rg) is just 0.03 kcdmol. However, as we have seen in the 
previous section, for systems in which the monomers are strongly distorted from 
their uncomplexed geometries the deformation energy can be significantly larger [see 
also (Xantheas, 1996)l. 

VII. CONCLUSIONS 

We 'have investigated the effect of BSSE on the convergence of molecular 
properties calculated with the correlation consistent basis sets (for both standard and 
augmented cc-pVnZ sets). It is shown that in a number of cases BSSE destroys the 
well behaved convergence patterns of the computed quantities. Not surprisingly, 
the effects are largest for pure van der Waals systems. Our results on He, and Ar, 
show a dramatic improvement in the convergence behavior of D,, re, and me by 
application of the counterpoise correction. While the uncorrected values behave 
erratically and cannot be reliably extrapolated to the complete basis set (CBS) limit, 
the counterpoise-corrected results converge smoothly towards well-defined limits. 
Although BSSE decreases upon improving the basis across the n coordinate (from 
DZ, TZ, . . . to 6Z), it increases by the addition of more diffuse functions to the basis 
set (from aug-cc-pVnZ to d-aug-cc-pVnZ to t-aug-cc-pVnZ), and is small, but non- 
negligible even for fairly large basis sets like the t-aug-cc-pV6Z set. 

For strongly bound diatomics like N,, HF, and HC1, the counterpoise procedure 
can improve the convergence behavior of re and me (although the counterpoise- 
corrected values are not always well represented by a simple exponential formula). 
For highly ionic molecules like HF and HCI, it was found that addition of diffuse 
functions to the basis set in addition to the counterpoise correction also improves the 
convergence of re and me. 

In some cases the uncorrected results seem to converge more rapidly to the 
estimated CBS limit than the counterpoise-corrected values. For example, this is 
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observed for the well depth of the helium dimer computed with the aug-cc-pVnZ 
sets. However, this is due to a fortuitous cancellation of errors-the basis set 
superposition error counterbalancing the basis set convergence error. For He, we 
have shown that improving the basis set by addition of diffuse functions (thereby 
increasing the BSSE and decreasing the basis set incompleteness) causes the 
uncorrected D, to overestimate the exact value, and results in differences relative to 
the CBS limit that are as large as those for the counterpoise-corrected results. 

Potential energy surfaces of polyatomic molecules may also be distorted if BSSE 
is not corrected for, especially for weakly bound systems. For ArHF and (HF), we 
found that the uncorrected binding energies as well as the equilibrium structures 
varied erratically with basis set and could not be directly used to estimate the 
complete basis set limit; the corrected values were much better behaved. Optimizing 
the structure of these complexes without the counterpoise correction yields 
intermolecular distances that are too short, while the intramolecular bond lengths are 
slightly too long. These distortions will affect other spectroscopic constants as well. 
Although the deformation energy was found to be small for ArHF and (HF),, this 
energy term is essential in counterpoise-corrected geometry optimizations. For 
systems in which the monomer structure is strongly distorted from the uncomplexed 
geometry [HCO-, see also (van Mourik and Dunning Jr., ) or F(H,O) (Xantheas, 
1996)], the deformation energy may be large, even at the equilibrium geometry of 
the complex. 
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I. Physical nature of nonadditivity and the definition of m-body 
forces 

Most physical laws established for many-particle systems are additive. The 
well-known examples are the Coulomb law: 

V=C- qaqb 

a<b ' a b  

and the Newton gravitational law: 

where Tab  is the distance between two interacting objects. These laws imply 
that the charges or bodies can be described as point objects. The interaction 
of point objects is always characterized by the pair additivity. We also have an 
additivity for space-extented objects if they are rigid. In general, the potential 
energy of a rigid-particle system can be always represented as a sum of pair 

a<b 

irrespectively of an interaction law. 
However, in quantum mechanics, the charges are not point and not rigid. 

The interacting atoms (molecules) have an internal electronic structure which 
is modified in different environments. There are two kinds of interatomic forces 
which lead to nonadditivity: polarization and exchange forces'. 

The nonadditivity arising from the polarization forces is the most evident. 
The interaction energy of two atoms depends upon the location of other atoms 
because the latter polarize the electronic charge distribution of both interacting 
atoms. For a three-atom system each pair interaction depends on coordinates 
of all three atoms, 

V(rl, r2, r3) = h 2 ( T 1 2 ,  T13, T23) + v13(T13,T12, T23) + v23(r23 ,  TIZ, T13). (4) 

So, Fj in Eq. (4) cannot be considered as a pure two-body interaction. But 
we can always represent the energy (4) as a sum of two-body interactions of 
isolated pairs and a remainder depending upon coordinates of three atoms, 

V ( r 1 ,  r 2 ,  r 3 )  = &2(7-12) + &3(r13)  + v23(r23)  + & 2 3 ( ~ 1 2 ,  ~ 1 3 ,  ~ 2 3 ) .  ( 5 )  

This additional to the two-body interaction energies term originates from 
three-body interactions and is called the three-body interaction energy. 
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A second type of interparticle forces which leads to nonadditivity comprises 
exchange forces of two kinds. The first kind has its origin in the Pauli princi- 
ple which requires the antisymmetrization of the many-electron wave function. 
The exchange of electrons belonging to three or more atoms results in nonad- 
ditive terms in the interaction energy. The second kind is connected with the 
direct exchange through transverse photons. It results in the nonadditivity 
of electrodynamical interactions in many-atom systems (the Casimir-Polder 
retardation forces '). The physical picture in the case of three atoms is the 
following: atom A emits a photon which is scattered by atom B and then 
absorbed by atom C. 

One of the necessary conditions for a many-body description is the va- 
lidity of the decomposition of the system under consideration on separate 
subsystems. In the case of very large collective effects we cannot separate the 
individual parts of the system and only the total energy of the system can be 
defined. However, in atomic systems the inner-shell electrons are to  a great ex- 
tent localized. Therefore, even in metals with strong collective valence-electron 
interactions, atoms (or ions) can be identified as individuals and we can de- 
fine many-body interactions. The important role in this separation plays the 
validity for atom- molecular systems the adiabatic or the Born-Oppenheimer 
approximations which allow to describe the potential energy of an N-atom 
system as a functional of the positions of atomic nuclei. 

The interaction energy of N-atom (N-molecule) system can be presented 
as a finite sum of m-body interaction energies '7' 

& t ( N )  = & ( N )  + & ( N )  + . . . + E N ( N ) .  

In the general case, we cannot expect that the terms in Eq. (6) have diminish- 
ing values and we must not be surprised if the decomposition (6) not converges 
entirely, as was shown by Heine et  al in the case of solids. For metal clusters, 
as was shown some time ago 5 @ ,  the 3-body and even the 4-body interaction 
energies can be larger then the 2-body ones. This was confirmed recently in 
more precise calculations 7,8. Nevertheless, instead of the full decomposition 
(6), the truncated ( to  the 3-body or even only to the 2-body terms) decompo- 
sition of semiempirical potentials is successfully used. The reason is that the 
potentials of such kind have fitting parameters. So it is not real potentials but 
effective ones. 

There are many empirical and semi-empirical pair potentials which de- 
scribe quite satisfactorily the properties of liquids and solids, see chapter 5 
in book '. The parameters in these potentials are not real parameters of a 
true two-body interaction, their values depend upon properties of a medium. 
So these effective two-body potentials include nonadditive interactions through 
their parameters. The latter can not be directly related to the definite physical 
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properties '. For instance, the coefficient of the term R-6 in the Buckingham 
or the Lennard-Jones potentials is not equal to the dispersion constant Ce. 
In many cases for obtaining a goocl agreement with experimental data the 
effective potentials for clusters and liquids, must be constructed with 3-body 
terms. Effective potentials which take into account many-body interac- 
tions and satisfactorily describe properties of solid materials, are discussed in 
the review by Carlsson.'* 

Note that the decomposition (6) is exact, but the relative weights of m- 
body contributions are method-dependent. For obtaining the reliable values 
of mibody interaction energies, the calculation method must be as precise as 
possible. 

The analytical expressions for many-body interaction energies are defined 
in a recurrence manner: 

tN1 
E'Z(N) = c a b ,  (7) 

a<b 

The notation { N }  in Eq. (7) means that the summation is carried over all 
pairs of the N-atom system. The number of pairs is equal to C& = N(N-1)/2. 

etc. up to  E N ( N ) .  In Eqs. (7) and (9), E , ( N )  designates the sum of m- 
body interactions for all CE = N ! / ( N  - m)!m! m-atom clusters, which can 
be separated in the original N-atom cluster; E,b...m is the m-body interaction 
energy in a concrete m-atom cluster. These m-atom clusters are treated as 
isolated with the geometry taken from the original N-atom cluster. 

For N 2 4 the recurrence procedure becomes rather cumbersome. Instead 
of the algorithm (7)-( 10) a closed recurrence formula for the energy of m-body 
interactions can be obtained': 

{N) m-1 

E , ( N )  = C E ( U b . .  .m) - C aiNEk(N), (11) 
a<b< ... <m k= 1 

k ( N  - k)! 
( N  - m)!(m - k)!. 'rnN = 

The expressions ( l l ) ,  (12) were used in variational calculations of the many- 
and BeN, LiN ( N  = 2 to  body partition in the case of AgN(N = 2 to 6) 

4) clusters. 
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11. Many-body interaction energies and correlation contributions in 
the PT formalism 

At distances where the magnitude of the interaction energy of a system under 
consideration can be considered sinall in comparison with the sum of the en- 
ergies of the isolated subsystems, the interaction energy may be decomposed 
in a series over various orders of the perturbation theory (PT): 

The first order energy, EL:), is the classical electrostatic energy for an interaction 
of space-distributed charges, 

et = ($a (0) G b  ( O ) .  . , ?&)pq$y&) ...I&'). (14) 

It is evidently additive: the additive operator V is calculated over unperturbed 
wave'functions, which means that at this approximation the interacting charges 

electrons of three or more atoms. 
As the exchange energy, the polarization-exchange energy 6pol-ezch is also 

nonadditive. The standard P T  cannot be applied to the calculation of the 
cpol-ezch. The reason is that the antisymmetrized functions of zeroth order 
(A$:@. . .) are not eigenfunctions of the unperturbed Hamiltonian Ho as 
long as the operator Ho does not commute with the antisymmetrizer operator 
A. Many successful approaches for the symmetry adapted perturbation theory 
(SAPT) have been developed; for a detailed discussion see chapter 3 in book', 
the modern achievements in  the SAPT are described in reviews l4-l6. 

At large distances where the overlap of interacting charges becomes negli- 
gible, the expression for Eint (13) reduces to 

are rigid. The exchange energy, cexchr (1) is nonadditive for all exchanges mixing 

00 

(15) (n) - (1) 
Eint.asymp = 6:;)  + C cpo/ = cet +  pol. 

n=2 

E:/ is the polarization energy of the nth order of the standard PT, it comprises 

the induction, ciri, and the dispersion, tcj,, energies. These energies are 

nonadditive in all orders of PT; the only exception is &lp, see proofs in books 
'y3. For example, for a three-atom system 

c g p ( U b c )  = €g!p(ub)  + €g; , (ac)  + E g p ( b C ) .  (16) 

Thus, in the energy partition (13) only two terms are additive: cLi) and 
ez!p. If we subtract them from Eint, the remaining part will contain only 
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nonadditive contributions, E;nnotnadd, 

(17) 

(18) 

Enonadd = (1) nonadd 
tnt + Epol-ezch + Epol  7 

m 
where 

nonadd - Epol - Epoi - $lp.  ( n )  
EpoI-ezch = fpol-exchr 

n=2 

Now we can decompose the m-body interaction energies, defined in previous 
section, into the PT series. For the two-body interaction energy, the expression 
directly follows from Eqs. (7), (8) and (13). 

a<b 

For m 2 3, the expressions for m-body energies contain only E;nn4nodd as all 
additive terms are cancelled. For example, in Eq. (10) 

{abc} 

a<b 

t a b c  = E y y d d ( a b c )  - c E r d d ( a b )  ". (20) 

The sum in the right-hand side of Eq. (20) contains Ci = 3 terms, the 
sum in Eq. (9) contains C i  = N ! / ( N  - 3)!3! terms. If we substitute Eq. (20) 
into Eq. (9) and subdivide C& . Ci 2-body terms on C i  -membered sets, 
each corresponding to the nonadditive part of the 2-body interaction energy 
of N-atom system (denote it as & ( N ) ) ,  we obtain 

a<b<c 

where 

a<b 

In Eq. (19) and (21) the atom-atom distances in two- and three-atom clusters 
are taken the same as in the original N-atom cluster. 

In the general case, the energy of m-body interactions in a PT approach 
is expressed through the energy of k-body ( k  5 rn - 1) ones by the following 
recurrence formula lS: 

{W m-1 

E , ( N ) =  c E r d d ( U b  . . . m ) -  a k ~ & ( N ) -  c U L N E k ( N ) .  (23) 
a<b< ... <m k= 3 
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The term & ( N )  is separated, in so far as it differs from the energy of 2- 
body interactions in a N-atom system, given by Eq. (19). The expression 
for the coefficients is giving by Eq. (12). For clusters with number 
of monomers N 2 4 formula (23) is more convenient and efficient than the 
ordinary recurrence procedure. 

Let us turn to the electron correlation energy. According to  its definition 
*', the correlation energy is the difference between the exact eigenvalue of the 
Hamiltonian describing the system under consideration and the Hartree-Fock 
(SCF) value. But except for the smallest systems, we cannot obtain the exact 
energy. So, the magnitude of the computed correlation energy depends upon 
the approximation used. For the energy of m-body interactions, the correlation 
contribution is defined as 

A E T ( N )  = E,(N) - E 2 C F ( N )  (24) 

and depends upon the method which is applied for a calculation of E , ( N ) .  
The SCF interaction energy can be decomposed as 20~21 

The deformation energy, E i Y ,  is the correction to the first order of PT due 
to the relaxation of orbitals in the self-consistent field. It originates from the 
induction-exchange interactions. On the distances where exchange effects can 
be neglected, Ed",CrF is the classical induction energy. 

Certainly, we can took into account only a finite number of terms in the 
perturbation series (13). Let us assume that we perform calculations to the 
pth order of PT. If we use the Mdller-Plesset P T  then p 5 4. The expression 
for AE,"""(N) is easily obtained from Eqs. (19), (24), and (25) 

{NI P 

AE,"""(N) = [ ~ [ ~ z / _ , , , , , ( a b )  + $/ (ab)]  - @SF(ab)] .  (26) 
a<b n=2 

Eq. (26) can be written in a more compact notations: 

tN1 

a<b 
A E F ( N )  = C b p o i - e r c h ( a b )  Epol(ab) - E f S F ( a b ) ] .  (27) 

The contributions of the induction energy to the energy difference in brack- 
ets in Eq. (27) are almost cancelled. To some degree the same happens to 
the exchange energy. At large distances, the exchange terms can be totally 
neglected and the main contribution to A E F  will be given by the dispersion 
energy to second order, 
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The expression for the correlation contribution to the energy of 3-body 
interactions can be represented as follows: 

{N} 

a<b<c 
AEj""(N) = [Epol-..,h(~b~) + E;Tadd(abc) - E;sF(ubc)] 

Similar expressions can be obtained for the correlation contribution to the 
m-body energy for m > 3. At large distances, the exchange terms can be 
neglected and, as in the case of AEY', the expression for A E T  will contain 
only the dispersion terms in which the leading terms are the 111 order dispersion 
energies: the Axilrod-Teller dispersion energy, e$lP(ubc), and the I11 order 
dispersion energy for dimers, fdiap(ab), (3) 

a<b<c a<b 

III. Resul ts  of calculations for B e N  and LiN clusters 

The interaction energy and its many-body partition for BeN and LiN(N = 2 
to 4) were calculated in8 by the SCF method and by the Wler-Plesset pertur- 
bation theory up to the fourth order (MP4), in the frozen core approximation. 
The calculations were carried out using the triply split valence basis set [6- 

In Table I, the calculated m-body energy decomposition ( 6 )  of the inter- 
action energy of BeN and LiN clusters is presented. For an estimation of the 
convergence of the m-body expansion, the latter is often expressed as the ratios 
of m-body to 2-body energies 

311+G(3df)]. 

Eint(N) = IE2(Ar)l(a2(2,n') + (&3(2rN) + *. .  +aN(2rN)),  (31) 

where 

From' Table I ,  the following decompositions (31) for BeN clusters are obtained 

Eint(Be3) = IE2(Be3)1(-1 - 53.9) 
Eint(Be4) = IEz(Be,)I(l - 6.69 + 1.03). 

(33) 
(34) 
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Table I 

Many-body energy decomposition of the interaction energy of BeN and LiN 
clusters, calculated at the MP4 level8, in a.u.. 

-0.00075 
0.03150 

-0.00289 
-0.041 15 
-0.14672 

-0.03509 
-0.04842 
-0.101 66 

-0.04040 -0.04040 
-0.21080 0.03258 -017822 

5 Ern") 
m=3 

-0.00289 

It is evident that for Be3 and Be4 clusters the 3-body energy is not only the 
dominant term of the m-body decomposition but it is the single stabilization 
factor. The extremely large magnitude of a3(2,3) for Be3 does not follow 
from physics of many-body interactions. It is due to the almost zero value 
of Ez(Be3) because the equilibrium distance in the Be, triangle is located in 
the vicinity of the intersection of the Bez potential curve and the abscissa 
axis. The fact that the Be3 and Be4 clusters are stabilized by the three-body 
interactions and the flatness of the two-body potential explain the decrement 
in the interatomic distances as the size of the cluster increases": the attractive 
three-body forces become larger with decreasing Be-Be distance while the two- 
body forces undergo small changes until the Be-Be distance becomes smaller 
than 4Uo (ao is the Bohr radius). 

For LiN clusters the decompositions (31) are the following: 

E;,,(LL3) = IE2(Li3)1(-l  4- 0.45) 
Eint(Li4) = IEz(Li4)1(-1 + 1.03 - 0.74) 

(35) 
(36) 

The physical picture is opposite to the beryllium cluster case. The 2-body 
interaction energies are large and stabilizing while the 3-body forces play a 
destabilizing role. The attractive 4-body forces are decisive for formation the 
Liq cluster since the 2-body attraction in the Li4 is smaller than the 3-body 
repulsion. It means that all terms in the m-body decomposition of the Li4 
interaction energy are important. The same was demonstrated in the accurate 
calculation of the He4 and Ned clusters by Wells and W i l s ~ n ~ ~ ~ ~ ~ .  
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The calculations at the SCF and the MP4 levels, performed in8 allow to 
estimate the role of the electron correlation in the cluster formation and in 
many-body interactions. 

It is well known 25*5 that i n  the SCF approximation the BeN clusters are 
stable only for N 2 4.The inclusion of the electron correlation makes stable the 
Bez(EFP4 = 1.8 kcal/mol) and the Be3(ErP4 = 25.8 kcal/mol) clusters and 
increases the binding energy of the Be4 cluster from EfCF = 41.9 kcal/mol to 
EYp4 = 92.0 kcal/mol. Although for LiN clusters, the inclusion of the electron 
correlation does not lead to qualitative changes, the quantitative changes even 
larger then in the BeN case: the ratio EYP4/EfCF is equal to 5.65 (Liz), 2.55 
(Li3), and 3.26(Li4). 

For calculations at the MP4 level , the correlation contributions to the 
m-body interaction energy, according to Eq. (24), is equal to 

A E F ( N ) =  E, M P 4  ( N ) -ESCF , (N).  (37) 

Table 11 

Relative contributions of electron correlat.ion into many-body interaction 
energies for Bt?N and LiN clusters; p, and 7, are defined by Eqs. (38) and 

(XI), respectively. 

I I I I 

Be3 I 40 I 28 I 
I Be4 I 55 I 36 I 171 I 63 

549 1280 

The relative correlation contribution is defined as 

In the cases when the correlation contributions are much larger than E:cF, as 
for Li4 clusters, &(N)  will be close to 1 and it is more instructive to  use the 
relative correlation contribution to the E i c F ,  
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In Table I1 we present for comparison both kinds of correlation contribu- 
tions. As follows from these data, the contributions of the electron correlation 
is essential for both BeN and LiN cluster. In particular for Li4 cluster its 
magnitude is surprisingly large. 

As was shown by Habitz et al. 26 and confirmed recently in more precise 
calculations 2 7 7 2 8 ,  for finding the nonadditive contribution to the interaction 
energy of ( H 2 0 ) ~  clusters it is enough to perform calculations at the SCF level. 
The electron correlation corrections to many-body interaction energies of water 
clusters are very small. For example, according to the data27, 73((H20)3)=4% 
and becomes even smaller, - 1%, if we use the data of Ref. 28. For small metal 
clusters, the situation is contrary to the (H2O)N case, nonadditive interactions 
in BeN and LiN clusters cannot be studied without taking into account the 
electron correlation. It is interesting to note that the contributions of the 
electron correlation to nonaddittive energies of rare-gas atom clusters is also 
large29-30: 73(He3) =49% for the D3,L symmetry conformation and 100% for 
the linear geometry2'. 

IV. A b  initio model potentials for small metal clusters 

In this section we discuss model potentials for small metal clusters with pa- 
rameters fitted to ab initio calculated potential surfaces. We named such 
potentials as ab initio model potentials 31. This approach was first elaborated 
by Clementi and coworkers 32-34 and used for the MonteCarlo simulation of 
biological systems in liquid water 35,36. 

As was shown in previous section, the many-body forces play a crucial 
role in metal cluster stability. So, a model potential must include many-body 
terms, a t  least 3- and, sometimes, 4-body ones. For clusters of larger size, the 
fitted parameters in these terms will include ("absorb") many-body effects of 
higher orders. 

The model potential composed of 2-, 3-, and 4-body terms was elaborated 
in3193' for study of the AgN clusters. The same form of potential can be 
recommended for other small metal clusters with atoms having only s-type 
valence electrons. The atoms with closed electronic shells and the ns valence 
subshell do not possess any multipole moments. In this case, the electrostatic 
and induction interactions contribute only in the overlap region and decrease 
exponentially with the interatomic distance. So, they can be included into 
exchange terms. This allows to represent the m-body interaction energy as a 
sum of the exchange and dispersion terms: 

4 4 

v = c v m  = c (v;c"v$), 
m=2 m=2 
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a<b 

a<b<c ab' ac' bc 

{abcd] 

a<b<c<d a<b 

{ N }  

vqdisp = c Cl' [ f (nbcd)D(abcd)  + f (abdc)D(abdc)  
a<b<c<d 

+f(acbd)D(acbd)  , 1 

where pn and /In are free parameters and r0 is the equilibrium distance for 
the dimer. In some cases it is useful to construct a two-exponential exchange 
potentials, which can change sign for certain geometries. 

The expression of the three-body exchange energy was proposed in3',%. For 
the four-body exchange energy we used a similar term. The analytical form of 
the dispersion terms was taken from perturbation theory up to fourth order. 
For the two-body dispersion energy, the dipole-dipole ( T - ~ ) ,  dipole-quadrupole 
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(T - ' ) ,  and dipole- octopole plus quadrupole-quadrupole (T-" )  interactions 
were taken into account. For the three- body dispersion energy, we used the 
well-known Axilrod-Teller expres s io~ i~~ ,  whereas for the four- body dispersion 
energy the expression derived by Bade 41 was incorpored. The angular part 
of the Vqdisp, Eq. (47), contains many terms which have a strong tendency to 
cancel each other because of the nature of their angular dependence. So, in 
some cases i t  is sufficient to use onIy V y h .  

We included to all dispersion terms the damping function &(Tab).  The 
reason for this is the following. At intermediate distances, the expressions for 
the dispersion energy given by standard perturbation theory are not valid. At 
these distances, the exchange effects must be taken into account. Also, the 
multipole expansion is not valid at distances where the overlap of the wave 
functions of interacting atoms becomes important '. As was shown in Refs. 
42-44, the corrections are large enough. For Gdisp, the dipole-dipole expression, 
c6/rzb, overestimates the SAPT values calculated in4' for the H - H system 
by 2.8 times at T = 4ao and by 1.6 times at T = 5ao. For the H3 trimer, in 
the equilateral triangle structure with sides equal to 5 U o ,  the Axilrod-Teller 
energy is more than two times larger than in calculations taking into account 
the overlap effect 44. The damping functions have to improve the behavior of 
dispersion terms at intermediate and short distances. 

In31137, the two-step optimization procedure was elaborated for a construc- 
tion of the ab initio model potential for the Ag6 cluster. On the first step, 
the parameters in  the 2-body, V,, and the 3-body, V,, potentials are optimized 
separately, using for V, the calculated ab initio potential curve of Ag2 and for 
V3 the calculated ab initio potential surfaces of Ag3. On the second step, the 
sum & + v4 is fitted to the nonadditive ab initzo energy E n o n a d d ( A g N ) ,  

For V3, the parameters found at the first step are used as the initial set. In 
the fit of V, + V,, for the better reproduction of the three-body energy it was 
found more effective to add to the E n o n a d d ( A g N ) ,  the E3(Ag3) for triangles not 
presented in the AgN geometry. 

The ab initio model potential for Ag6 was used in molecular dynamics 
(MD) simulation of the thermal behavior of different isomers of Agc in our 
s t ~ d i e s ~ ~ ~ ~ ' .  The advantages of using such kind of potential in MD siinulation 
studies are related to  the reliability of the quantitative predictions obtained, 
due to the use of an accurate model potential at the electron correlation level 
and to  the extended length of the simulation time (comparing with other ab 
initio MD approaches) during which a good statistics is collected. 

The ab initio model potentials is useful not only for a MD simulation. 
When the model potential is found, we obtain the explicit expressions for the 
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interaction energy and its many-body decomposition via exchange and disper- 
sion energies. We have possibility to study the dependence of all these physical 
quantities via atom-atom distances and cluster geometry. We illustrate this 
on the example of the ab initio model potential for the Be3 cluster, obtained 
in45. 

In a three-atom clusters, the nonadditive effects are completely described 
by the 3-body forces, 

(50) V(Be3) = Vab + Vabe = VTCh + vFsp + V F h  + VFSP. 
a<b 

The analytical expressions for all terms in Eq. (50), except V y h ,  were used 
as for AgN, see Eqs. (41), (42) and (44). For 3-body exchange potential, a 
more sophisticated form was used. It is expressed in symmetry coordinates 
(Q1, Q2, Q3) originally developed for elemental solids by Murrel and coworkers 
4714s. These coordinates are related to the three sides of a triangle by 

The 3-body exchange potential contains 16 parameters and has the follow- 
ing form: 

VYh(Qi,  Q21 Q 3 )  = [(bz + b3Q1 + hQ:) + 
(Q,” t Qi)(bi + bsQi + b7Q:) + 
(Q: - 3Q3Qi)(bs + ~ Q I  + ~ O Q : )  + 

(Q,” t Q,’)(QZ - 3Q3Q;)(b14 + b15Q1 + hQ:) x e-blQ1- 

(Qi + Q : ) 2 ( b ~ ~  + ~ Z Q I  + b13Q:) + 
(52) 

The parameters of the model potential (52) have been fitted (separately 
for V2 and V3) to ab initio energy surfaces calculated at the MP4 level and 
corrected for the basis set superposition error. The parameters of the additive 
potential V2 were fitted to 65 calculated points on the potential curve of Be?, 
the parameters of the 3-body potential V3 were fitted to the Es(Be3) potential 
surface with total number of calculated points equal to 108. It is important to 
note that in the fitting procedure we find the sum (or difference) of exchange 
and dispersion terms for each m-body potentials V,. This sum is correct for 
all distances considered. But we cannot expect the same from the absolute 
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V2ezch 

1.251 
0.791 
0.501 
0.317 
0.200 
0.127 
0.080 
0.051 
0.032 
0.020 
0.013 
0.008 

Table 111 

Physical contributions to the m-body interaction energies (in u.u.) of the Be3 
cluster for different distances in the equilateral triangle geometry, according 

to the model potential (50). 

VZdrsp v3 v3e"ch 

-1.147 -0.093 -0.221 
-0.759 -0.061 -0.174 
-0.498 -0.043 -0.126 
-0.324 -0.030 -0.085 
-0.209 -0.020 -0.055 
-0.134 -0.013 -0.034 
-0.086 -0.007 -0.020 
-0.056 -0.004 -0.012 
-0.036 -0.002 -0.007 
-0.024 -0.001 -0.004 
-0.016 0.000 -0.002 
-0.011 0.000 -0.001 

1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 
3.4 
3.6 
3.8 
4.0 

v2 

0.103 
0.032 
0.002 
-0.007 
-0.009 
-0.008 
-0.006 
-0.005 
-0.004 
-0.004 
-0.003 
-0.003 

0.010 
-0.029 
-0.041 
-0.037 
-0.029 
-0.020 
-0.013 
-0.009 
-0.006 
-0.005 
-0.004 
-0.003 

- 
$iG 
- - 

0.128 
0.113 
0.083 
0.055 
0.034 
0.021 
0.013 
0.008 
0.005 
0.003 
0.002 
0.001 - 

values of exchange and dispersion terms. They can differ from the exact E F h  
and EE'P, see48. However, because of a reliable distance behavior of exchange 
and dispersion parts of m-body model potentials, the decomposition (50) is 
useful for a comparative study of the distance dependence of different terms 
in it and their relative contributions to the binding energy of different cluster 
isomers. 

The dependence of distance of the m-body interaction energies and their 
physical contributions into the ab initio model potential (50) for an equilateral 
triangle geometry of the Be3 cluster are presented in Table 111. For intermediate 
and equilibrium distances is less or much less than IKI, however the main 
contribution to the total exchange, Vexch, and dispersion, Vdisp, energies 

(53) Vexch - - V F h  + V F h ,  Vdisp - - v ? S P  + ~ 3 d i s p ,  

comes from the 2-body interactions. On the other hand, VZeXch and VFsp have 
opposite sign (VFch is repulsive and V F  is attractive potentials) which leads 
to a compensation. 

In the case of the 3-body forces, the physical picture is opposite: vh is 
attractive and V3disp is repulsive. It is important to note that for all calculated 
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distances IVyhI > IV3dispI. Thus, in contrary to the Barker approach4', for the 
Be3 cluster the 3-body forces cannot be approximated solely by the Axilrod- 
Teller term. The reasons for the satisfactory approximation of many-body 
energy by the Axilrod-Teller term in the bulk phases of the rare gases were 
discussed by Meath and Azizm. As follows from precise calculations of the 
3-body interaction energy in the Ne,30 and Ar3 2o trimers, both the 
Axilrod-Teller and the exchange energies are important. Nevertheless, in some 
studies of many-body interactions, the exchange effects are still neglected and 
the many-body contribution is approximated by only dispersion terms, for 
example see ". 

Table IV 

The physical contributions to the binding energy of Be3 and Ar3 clusters, 
equilateral triangle geometry. 

The discussion of the Be3 formation within the scope of m-body forces leads 
to  the conclusion that it is the 3-body forces that stabilize the Be3 cluster and 
it is right. The attractive part of the 3-body potential is V3eZch and we could 
make a conclusion that it is the exchange 3-body forces that stabilize the Be3 
cluster. But this conclusion would be wrong. We must consider all physical 
contributions to  the model potential (50). In total, we have two contributions 
to the repulsive part: V F h  and V p s p ,  and two contributions to the attractive 
part:. V t s p  and V Y "  52. Hence, we should conclude that there are two sources 
of the binding in the Be3 cluster: the additive (2-body) dispersion forces and 
the nonadditive (3-body) exchange forces. 
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In Table IV, the results of the decomposition of the model potential (50) for 
the equilibrium triangle geometry of the Be3 cluster is presented. For compar- 
ison, the SAPT results for the Ar3 cluster are also included. As follows from 
Table IV, the main contribution to the Be3 binding energy give the 2-body 
dispersion interactions although about 20% of the total attraction interaction 
comes from the 3-body exchange interactions (according to the SAPT calcu- 
lations, see48, E T h  contributes 35% to the total attraction energy). In the 
Ar3 cluster, E T h  contributes only 1.3% to the total attraction energy. So, 
the Ar3 is a pure van der Waals molecule while the binding in the Be3 cluster 
has a mixed nature: it is provided by the additive local van der Waals forces 
and the nonadditive delocalized exchange forces. These kind of forces have 
to be responsible for the formation of more large BeN clusters. The binding 
energy for the Be3 cluster is equal to 41.2 mh=25.8 kcal/mol. This is not much 
less than in some covalent molecules. In the Be4 cluster the binding energy 
becomes even larger, 92.0 kcal/mo18, as in tightly bound covalent molecules. 
In spite of that, in the BeN case (as in the case of rare-gas atom clusters) we 
cannot speak about the covalent bonding because the latter means that the 
formation of a bond is caused by the 2-body exchange interaction, while in the 
Be systems, the 2-body exchange interactions are always repulsive. 
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Abstract 

The use of distributed basis sets of s-type Gaussian functions in electron 
correlation energy studies is investigated for the ground state of the hydro- 
gen molecule at its equilibrium nuclear geometry. Empirical schemes are 
developed both to generate the exponents defining the basis functions and 
to define their distribution in space. The matrix Hartree-Fock reference 
energy obtained with the largest distributed basis set developed in this 
work is in error by less than N 0.1 pHartree. The second-order many-body 
perturbation theory correlation energy component is determined and, for 
the largest of the distributed basis sets studied in the present work, is in 
error by N 0.6 mHartree. Our previous study of the hydrogen molecule 
ground state has demonstrated that the error in the matrix Hartree-Fock 
and second-order correlation energies can be reduced to N 3 pHartree and 
N 0.15 mHartree, respectively, by using a systematically generated se- 
quence of atom-centred, even-tempered basis sets containing functions of 
s, p ,  d and f symmetry. 
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1 Introduction 

The aim of this paper is ascertain whether it is possible to determine the ground 
state second-order correlation energy of the hydrogen molecule to sub-millihartree 
accuracy using a basis set containing only s-type Gaussian functions with expo- 
nents and distribution determined by an empirical, but physically motivated, 
procedure. 

Almost all contemporary ab initio molecular electronic structure calciilations 
employ basis sets of Gaussian-type functions in a pragmatic approach in which no 
error bounds are determined but the accuracy of a calciilation is assessed by com- 
parison with quantities derived from experiment[l] [2]. In this qiiasi-empirical[3] 
approach each basis set is calibrated[4] for the treatment of a particular range of 
atoms, for a particular range of properties, and for a particular range of methods. 
Molecular basis sets are almost invariably constructed from atomic basis sets. In 
1960, Nesbet[5] pointed oiit that molecular basis sets containing only basis sets 
necessary to reach to atomic Hartree-Fock limit, the isotropic basis set, cannot 
possibly account, for polarization in moleciilar interactions. Two approaches to 
the problem of constricting molecular basis sets can be identified: 

i )  the addition of atom-centred polarization fiinctions to the atomic 

ii) the addition of off-centre functions of the same symmetry as 
basis sets, 

the atomic Hartree-Fock basis set. 

In the early sixties, Reeves et a1[6]-[8] established important elements of current 
"mainstream" usage of Gaiissian basis sets. They concluded that[9] no significant 
advantage was gained by  letting the basis functions float away from the nuclear 
centres. These concliisions were drawn from matrix Hartree-Fock calculations 
using small basis sets. Today, it is recognized that large basis sets are required 
for accurate studies particularly when the effects of electron correlation are con- 
sidered. Calculations wing in excess of lo3 basis functions can be carried oiit on 
a present day workstation and calculations using basis sets of a size approaching 
lo4 can be serioiisly contemplated. The "direct" algorithms[lO] avoid the need to 
store integrals over two-electron integrals and thereby facilitate the use of such 
large basis sets. It is, therefore, timely to consider approaches z) and ii) in the 
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light of recent algorithmic and technical developments. In the present, work ap- 
proach ii) is considered. Approach i) has been elsewhere[ll]. It should be noted 
that these two approaches are not mutually exchisive[ll]. 

Building on atomic studies using even-tempered basis sets, universal basis sets 
and systematic seqiiences of even-tempered basis sets, recent work has shown that 
molecular basis sets can be systematically developed until the error associated 
with basis set triincat,ion is less that some required tolerance. The approach has 
been applied first to diatomic molecules within the Hartree-Fock formalism[l2] 
[13] [14] [15] [16] [17] where finite difference[l8] [19] [20] [21] and finite element[22] 
[23] [24] [25] calculations provide benchmarks against which the results of finite 
basis set studies can be measured and then to polyatomic molecules and in cal- 
culations which take account of electron correlation effects by means of second 
order perturbation theory. The basis sets employed in these calculations are even- 
tempered and distributed, that is they contain functions centred not only on the 
atomic nuclei but also on the midpoints of the line segments between these nuclei 
and at other points. Functions centred on the bond centres were found to be 
very effective in approaching the Hartree-Fock limit but somewhat less effective 
in recovering correlation effects. 

The concept of t,he distributed basis set, has been introduced. For the hydre 
gen molecular ion a total electronic energy of sub-pHartree accuracy has been 
determined by employing a distributed basis set of s-type Gailssian functions in 
three different approaches:- (a) based on a physically motivated distribution of 
the functions along t2he interniiclear axis[26] [27] [28] [29], (ii) using a general- 
ization of the Gaussian cell model[30] [31] [32] of Haines et  a1[33], and (iii) by 
means of a distribution generated by exploiting a Laplace transform[34] [35]. 

The exact, Hartree-Fock energy for the ground state of the hydrogen molecule 
with a nuclear separation of 1.4 bohr is -1.13362957 Hartree[36]. An estimate 
of the exact second order correlation energy component at the same geometry 
is -0.033877731 Hartree[ll]. Kolos and Wolniewicz[37] find the exact non- 
relativistic electronic energy for the ground state of the hydrogen molecule at 
a nuclear separation of 1.4 bohr to be -1.17447 Hartree so that the exact elec- 
tron correlation energy is -0.04084 Hartree. The exact second order energy 
corresponds to N 83% of the exact electron correlation energy and is in error by 
-6.96 mHartree. 

Traditionally, electron correlation in diatomic molecules in general and the 
hydrogen molecule in particular are analyzed in terms of longitudinal, axial and 
angular correlation effects[38]. Qualitatively, longitudinal correlation in the hy- 
drogen molecule ground state describes the tendency of the two electrons to 
asslime positions at the opposite ends of the internuclear axis. Axial correlation 
arises from the tendency for one electron to be far from the internuclear axis when 
the other is close. The term angular correlation describes the tendency for the 
two electrons to adopt a configuration which increases the angle between the per- 
pendiciilars drawn from the electrons to the internilclear axis when viewed along 

159 
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the internuclear axis. The qualitative concepts of longitudinal, axial and angular 
correlation effects provide a physical motivation for the spatial distribution of the 
basis set. 

2 Basis set development 

2.1 Basis subsets 

The total distributed molecular basis set, x, is constructed from A4 basis subsets, 

XP, 
M 

P=l 
x = n [XP@] 

The Gaussian functions which comprise the basis subset xp are centred on the 
point labelled p .  

where, in this work, xp) will be taken to be an s-type Gaussian function 

xP = (xr); k = 1,2, ..., N }  (2) 

where I& is an exponent. 
Off-atom functions effectively include higher harmonics on the atom. Partial 

wave expansions of an off-centre 1s-type Gaussian function have been discussed, 
for example, by Christoffersen et a1[40] and by Kaufmann and Baumeister[41]. 

Consider the expansion about the origin of the coordinate system of a simple 
Gaussian function. We introduce a modified form of the Rayleigh expansion[42] 

in which i e  (z) is a modified Bessel function and Pe (COST) is a Legendre poly- 
nomial of order C. y is the angle between the directions rl and r2. Using the 
expansion (4) in an s-type Gaussian function, (3), with rl assigned to r and r2 
assigned to rp  and ignoring normalization gives 

2 
exP (-c lr - rpl ) = 

m 

eXP [-<(r2 + ';5)] (21 + 1) ie@< T rp) PdCoSy) ( 5 )  

where the normalization factor has been omitted. The addition theorem for 
surface spherical harmonics allows equation (5) to be written 

exp (-5 lr - rJ) = 4n exp [-c(r2 + T;)] 

e=o 
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5 2 ie(2C r rp)  Ye, (a2,) J'%(Q,,) 
e=o m=-e 

(6) 

which is the expansion of an off-centre Gaussian function about the origin. 

2.2 Distribution of basis subsets 

The Hartree-Fock limit for the ground state of the hydrogen molecule can be 
achieved in principle by using a basis set of s-type Gaussian functions distributed 
along the internuclear axis. Such a basis set will be termed an axis basis set. 

The atom-cent,red basis functions, designated (ac),  are located on the points 

where R is the internuclear distance. In the majority of contemporary molecular 
electronic structure studies these are the only centres employed in the basis set 
development. (UC) basis sets capable of describing atomic systems are supple- 
mented by polarization functions in the molecular environment. 

The bond-centred basis functions, designated (bc) ,  are located at the point 

( O , O , O )  (8) 

There has been continued interest in the effectiveness of such functions for more 
than forty years. Such functions are known to be very effective in matrix Hartree- 
Fock calculations describing the build up of charge in the bond region. They are 
not so effective in electron correlation studies. 

the bond-axis functions, designated (ha) ,  lie midway between the (ac) and (bc) 
centres having the coordinates 

Two further types of centre on the axis passing through the nuclei are introduced:- 

and the off-centre functions, designated (oc),  lie beyond the interniiclear axis 
having the coordinates 

m 
where m is an integer which is to be determined. The bond axis basis subsets 
supplement the bond centre subset in describing the build up of charge in the 
internuclear region. The off-centre basis subsets provide the flexibility required 
to account for the depletion of charge in t,he regions beyond the nuclei. 

A basis set containing only s type Gaussian functions distributed along the 
line passing through the nuclei is formally capable of describing the Hartree-Fock 
ground state of the hydrogen molecule exactly since the occupied orbital is of (T 
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symmetry. However, the exact description of the second order correlation energy 
requires the addition of functions centred on points off the straight line passing 
through the nuclei. F’urthermore, if a basis set containing functions centred only 
on the line through the nuclei but not supporting the Hartree-Fock limit for 
the ground state energy is supplemented by functions centred on off axis points 
then not only will an increased fraction of the correlation energy be recovered 
but the matrix Hartree-Fock energy will be improved. The primary off axis basis 
fiinctions in the planes perpendicular to the internuclear axis and passing through 
the atom-centres, designated (oalac), are located at the points 

D. Moncrieff and S. Wilson 

(k-, R 1  0 ,  i - R )  , (0, f-, R 1  *-R) 
n1 2 n1 2 

where nl is an integer which is to be determined. The primary off axis basis 
functions in the planes perpendicular to the internuclear axis and passing through 
the bond-centre, designated (oalbc), are located at the points 

where ni is another integer to be determined. The primary off axis basis functions 
in the planes perpendicular to the internuclear axis and passing through the bond- 
axis, designated (oalba), are located at the points 

where the integer ny is to be determined. The secondary off axis basis functions 
in the planes perpendicular to the internuclear axis and passing through the 
atom-centres, designated (oa’lac), are located at the points 

where n.2 is an integer to be determined. The secondary off axis basis functions 
in the planes perpendicular to the internuclear axis and passing through the 
bond-centre, designat-ed (oa’lbc), are located at the points 

where na is again an integer to be determined. 



Distributed Gaussian Basis Sets in Correlation Energy Studies 163 

2.3 Exponents for basis subsets 

Now it has been observed that exponents which have been carefully optimized 
for atoms often form a good approximation to a geometric progression 

& = O D k ,  P >  1, k = 1 , 2  ,... , N  (16) 

Conversely, if it is assumed that the exponents do form a geometric progression 
and the parameters a and P are optimized for atoms then there is found to be 
little lost in accuracy. Basis sets developed in this way are termed even-tempered 
basis sets (for a discussion see [2]) and open up the possibility of constructing the 
large and flexible basis sets that are inevitably required for calculations of high 
precision. 

As the number of basis fiinctions, N ,  is increased we require that ow basis 
set approach a complete set. The generalized Miintz-Szisz theorem[43] [44] [45] 
can be used to show that this is not, the case if a and P are held fixed as N is 
increased. One possible choice which does lead to a complete set as N - 00 is 

and these limits can be guaranteed by generating successive basis sets according 
to the following empirical recursions [2] 

lnPN = "7 - l]blnPN-l, -1 < b < 0 

However, it should be emphasized that when these recursions are applied to a 
set of s-type Gaussian fiinctions centred on some point, they generate a complete 
set of functions of s-symmetry, which should be supplemented by complete sets 
of functions of higher symmetry centred on the same point and/or complete sets 
of fiinctions centred on other points. 

2.4 

Near computational linear dependence in the basis set was monitored in all cal- 
culations reported in this paper by diagonalizing the overlap matrix. A 30s basis 
subset was centred on each of the points defining a particular distributed ba- 
sis set. Diffise basis fiinctions were deleted from off-atom basis sets until the 
smallest eigenvdue of the overlap matrix, E ,  satisfied the condition E < lo-'. So, 
for example, the basis set designated 30s ac;28s ou(uc) [n,~ = 51 which arises in 

Control of computational linear dependence 
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Table 1 consists of a 30s subset centred on each of the atoms supplemented by 
28s subsets, obtained by deleting the two most diffuse fiinctions from the 30s set, 
centred on the eight off axis atom centre, oa(ac), positions defined by (8) with 
nl = 5. 

3 Results and Discussion 
The results of a series of calciilations in which off axis basis subsets were added 
to an axis basis set consisting of only atom-centred basis function are summa- 
rized in Table 1. In this Table  em^^ denotes the matrix Hartree-Fock energy 
obtained with the specified basis set. The difference between the energy obtained 
with a given basis set and the exact Hartree-Fock energy is given in parenthesis. 
E2 denotes the second-order many-body pertiirbation theory electron correlation 
energy component obtained with a given basis set and the difference between the 
given value and the estimate of the exact value is given in pHartree in parenthesis. 

For the basis set designated 30s, which can be regarded as a "nearly-saturated", 
atom-centred basis set, the matrix Hartree-Fock energy is in error by N 5 mHartree 
whilst the error in the second order correlation energy component is more than 
three times larger at 15 mHartree. The results obtained with this atom centred 
basis set are taken as a reference with respect to which other results in Table 
1 are analyzed. The addition of four sets of off axis basis subsets in the planes 
perpendicular to the internuclear axis and passing through each of the atomic 
centres reduces the error in the matrix Hartree-Fock energy by 2264.0 pHartree, 
when nl = 3, to N 2.8 mHartree, which is 55.5% of the error associated with the 
reference calciilation. The error in the second order correlation energy is reduced 
by 11500.6 pHartree, when n1 = 4, to N 3.9 mHartree or 25.2% of the error in 
the reference calciilation. The error in the second order correlation energy is less 
than N 1.4 times that in the matrix Hartree-Fock energy. Off axis basis subsets 
are more effective in recovering correlation effects than are the axis basis subsets. 
This is a reflection of the relative importance of angular correlation effects. 
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Table 1 
The addition of off axis basis functions in the planes perpendicular to 
the internuclear axis and passing through the atomic centres to an axis 
basis set containing only atom-centred basis fiinctions. The differences 
between the calculated and exact energy values are given in parentheses. 

(5087.4) 

(3614.3) 
-1.130 015 240 

-1.130 765 717 
(2863.9) 
-1.130 806 204 
(2823.4) 

(2825.8) 

(2876.0) 

-1.130 803 723 

-1.130 753 573 
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(15370.546) 

(8725.975) 
-0.025 151 756 

-0.029 434 182 
(4443.549) 
-0.029 924 482 
(3953.249) 

(3869.967) 

(3871.758) 

-0.030 007 764 

-0.030 005 973 

I Basis set mecification 

I 30s ac 

30s ac; 30s oa(ac) [n, = 11 

30s UC, 30s O ~ ( U C )  [nl = 21 

I 30s ac; 30s oa(ac) [n1 = 31 

30s ac; 29s OU(UC) [711 = 41 r-- 
30s UC; 28s O ~ ( U C )  [RI = 51 

J%HF 1 %  
-1.128 542 133 I -0.018 507 185 

The addition of off axis basis fiinctions in the plane perpendicular to the inter- 
nuclear axis and passing through the bond centre t,o an axis basis set consisting 
of both atom-centred and bond-centred basis fiinctions is explored in Table 2. 
Comparing the errors associated with the 30s ac; 30s bc basis set with those of 
the 30s ac set presented in Table 1, it can be seen that the error in the matrix 
Hartree-Fock energy is reduced by 5013.3 pHartree to only 1.5% of the error 
measiired for the 30s ac set whereas for the electron correlation energy the error 
is reduced by only 1474.6 pHartree to 90.4% of the reference value in Table 1. 
This illustrates the effectiveness of bond centred basis subsets in reducing the 
errors matrix Hartree-Fock energies but the relative ineffectiveness of such sub- 
sets in significantly reducing the errors in calculated correlation energies. The 
energies presented in Table 2 should be compared with those obtained with the 
30s ac;30s bc basis set which is regarded as a reference in this table. The ma- 
trix Hartree-Fock energy is reduced by 65 pHartree on adding four off axis basis 
subsets in the plane perpendicular to the internuclear axis and passing through 
the bond centre to the 30s ac;30s bc basis set. Thus, for ni = 5, the error in 
the matrix Hartree-Fock energy is N 12.0% of that in the reference energy in 
Table 2 and 0.2% of the error in the reference energy in Table 1. For the second 
order correlation energy the error is reduced by 9799.3 pHartree wit,h respect to 
the reference energy in Table 2 when ni = 4. The corresponds to 29.5% of the 
error in the reference in Table 2 and 26.6% of the error in the reference in Table 
1. However, the oa(ac) fiinct,ions are more effective than the oa(bc) in recovery 
of the correlation energy. The oa(bc) functions are very effective in recovery of 
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Basis set specification 

30s ac; 30s bc 

30s ac; 30s bc; 30s oa(bc) [n; = 11 

30s ac; 30s bc; 29s oa(bc) [ni = 21 

30s ac; 30s bc; 27s oa(bc) [n: = 31 

30s ac; 30s bc; 27s oa(bc) [ni = 41 

30s ac; 30s bc; 26s oa(bc) [ni = 51 

the matrix Hartree-Fock energy, the error being reduced to less than 9 pHartree 
when ni = 5. 

E ~ H F  3 
-1.133 555 451 -0.019 981 777 
(74.12) (13895.954) 

(71.45) (8172.458) 

(50.36) (4618.141) 

(4188.411) (21.80) 

(12.20) (4096.611) 

(8.861 (4613.221 

-1.133 558 116 -0.025 705 273 

-1.133 579 210 -0.029 259 590 

-1.133 607 768 -0.029 689 320 

-1.133 617 370 -0.029 781 120 

-1.133 620 710 -0.029 264 511 

Table 2 
The addition of off axis basis functions in the plane perpendicular to the 
internuclear axis and passing through the bond centre to an axis basis set 
consisting of both atom-centred and bond-centred basis functions. The 
differences between the calculated and exact energy values are given in 
parentheses . 

The addition of off axis basis functions in the planes perpendicular to the in- 
ternuclear axis and passing through the atomic centres and the bond centre to an 
axis basis set consisting of both atom-centred and bond-centred basis functions 
is considered in Table 3. The reference energies with respect to which the results 
presented in Table 3 should be assessed correspond to the 30s ac; 30s bc basis 
set which is also used as a reference in Table 2. The addition of eight sets of off 
axis functions in planes passing through the atomic centres is not as effective as 
the four sets of off axis functions in the plane passing through the bond centre in 
reducing the error in the matrix Hartree-Fock energy. However, for the second or- 
der correlation energy the off axis functions in planes passing through the atomic 
centres are more effective than the corresponding bond centre functions reducing 
the error by 11365.1 pHartree when n{ = 4 to 18.2% of the error in the refer- 
ence second order correlation energy. Combining the use of off axis atom centre 
basis subsets with off axis bond centre subsets reduces the error in the matrix 
Hartree-Fock energy by 66.1 pHartree to N 10.8% of the reference value whereas 
for the second order correlation energy there is a reduction of 12470.2 pHartree 
or N 10.3% of the reference value; an error of N 1.4 mHartree, approaching the 
target accuracy of the present study. 
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Basis set specification E ~ H F  
-1.133 555 451 
(74.119) 
-1.133 590 993 
(38.577) 

(36.965) 

30s ac; 30s bc 

309 UC; 30s bc; 29s OU(UC) [nl = 31 

-1.133 592 605 30s UC; 30s bc; 27s OU(UC) [nl = 41 

30s UC; 30s bc; 28s OU(UC)   TI^ = 41 -1.133 621 535 
26s oa(bc) = 41 (8.035) 

Table 3 
The addition of off axis basis fiinctions in the planes perpendiciilar to the 
interniiclear axis and passing through the atomic centres and the bond centre 
to an axis basis set consisting of both atom-centred and bond-centred basis 
functions. The differences between the calculated and exact energy values are 
given in parentheses. 

3 
-0.019 981 777 
(13895.954) 
-0.031 265 198 
(2612.533) 

(2530.838) 

(1425.773) 

-0.031 346 893 

-0.032 451 958 

The effects of adding secondary off axis basis functions are summarized in 
Table 4. The results obtained with the largest. basis set considered in Table 3, 
30s ac; 30s bc; 28s oa(ac) [nl = 41 26s ou(bc) [ni = 41, are used as a reference 
with respect to which the results presented in Table 4 are analyzed. The addition 
of secondary off axis basis functions reduces the error in the matrix Hartree-Fock 
energy to N 4 pHartree. For the second order correlation energy the addition 
of secondary off axis basis subsets reduces the error to N 723 pHartree, thereby 
achieving the target accuracy of the present study. 
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Basis set specification 

Table 4 
The addition of secondary off axis basis functions in the planes perpendicular to the 
internuclear axis and passing through the atomic centres and the bond centre to an axis 
basis set consisting of both atom-centred and bond-centred basis functions. The 
differences bettween the calculated and exact energy values are given in parentheses. 

E ~ H F  5 

269 oa(bc) [n\ = 41 

269 OU(~C) [TI:‘ = 41; 23s o ~ ’ ( u c )  [n2 = 21; 
23s O U ’ ( ~ C )  [TI: = 41 

26s O U ( ~ C )  [ni = 41; 23s o~’(cx) [n2 = 31; 
23s oa’(bc) [n; = 41 

26s O U ( ~ C )  [ni = 41; 23s O U ’ ( ~ C )  [n2 = 41; 
23s ~ ~ ’ ( b c )  [TI; = 41 

26s oa(bc) [m = 41; 23s O U ‘ ( ~ C )  [m = 51; 
23s oa’(bc) Im = 41 

309 UC; 30s bc; 28s OU(UC)  [ T L ~  = 41; 

30s UC; 30s bc; 28s OCZ(~C)  [n1 = 41; 

309 UC; 30s bc; 28s O U ( ~ C )  [ T L ~  = 41; 

30s UC; 30s bc; 289 O ~ ( U C )  [VZ = 41; 

(8.035) ( 1425.773) 

-1.133 625 594 -0.033 021 570 
(3.976) (856.161) 

-1.133 625 727 -0.033 154 302 
(3.843) (723.429) 

-1.133 625 373 -0.032 932 991 
(4.197) (944.740) 

-1.133 625 193 -0.032 916 770 
(4.377) (960.961) 

In a previous study[27] of the matrix Hartree-Fock description of the hydrogen 
molecule ground state the addition of basis subsets at the off-centre and the 
bond axis positions has been found to be beneficial.. In Table 5, it is shown 
that supplementing the 30s ac; 30s bc;28s oa(ac) [n,l = 4];26s oa(bc) [ni = 
4];23s od(ac) [ n ~  = 5];23s oa‘(bc) [n; = 41 by two subsets in the off centre (OC) 

positions the accuracy of the matrix HartrwFock energy is increased to the sub- 
pHartree level. The corresponding second order correlation energy is improved 
by 282 pHaxtree to give an accuracy of better than 0.7 mHartree. Adding subsets 
at the two bond axis positions (ba) reduces the error in the matrix Hartree-Fock 
energy to less than one tenth of a pHartree but the addition of off axis bond 
axis functions yields no further improvement. The corresponding improvements 
for the second order correlation energy are 19.5 pHartree and 100.38 pHaxtree, 
respectively, so again, in the case of the bond axis subsets, the off axis subsets 
are more effective in recovering correlation effects than the on axis subsets. 
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Table 5 
The addition of off centre, bond axis and off axis/bond axis basis functions. The 
differences between the calculated and exact energy values are given in parenthese 

Basis set specification 
30s UC; 30s bc;28~ OU(UC)  [nl = 41; 
26s OU(~C) [T( = 41; 23s OU’(UC) [ T L ~  = 51; 
23s ~~‘(bc) In!, = 41 

GHF - EZ 

-1.133 625 193 -0.032 916 770 
(4.377) (960.961) 

-1.133 629 422 
30s UC; 30s bc; 28s OU(UC)  [nl = 41; 

(0.148) 
26s oa(bc) [TI; = 41; 23s OU’(UC) [ T L ~  = 41; 
24s oa’lbc) In!. = 31: 21s oc Im = 1211 

-0.033 198 818 
(678.913) 

~~ , ., , - , , ~ ~  - . ~~- 

30s UC; 30s bc; 28s OU(UC) [nl = 41; 
269 O U ( ~ C )  [n? = 41; 23s OU’(UC) [TIZ = 41; -1.133 629 476 -0.033 218 347 
24s OU’(~C) [.; = 31; 21s oc [m = 1211; 
21s ba 

(0.094) (659.384) 

30s UC; 30s bc; 28s OU(UC) [ T L ~  = 41; 
26s OU(~C) [ni = 41; 23s OU’(UC) [nz = 41; -1.133 629 476 -0.033 318 725 
24s ~~’(bc) [TI: = 41; 21s oc [m = 1211; 
21s ba; 219 ~ ~ ( b a )  [ny = 4]t 

(0.094) (559.006) 

It is instructive to compare the results of the present study with those re- 
ported in our previous work[ll] on the hydrogen molecule ground state in which 
the "traditional" approach to basis set construction was followed and higher har- 
monics centred on the nuclei were employed. A 20s basis set centred on each 
nucleus yields a matrix Hartree-Fock energy of -1.1284986 Hartree and a sec- 
ond order correlation energy of -18.496 mHartree. Thus the errors in the ma- 
trix Hartree-Fock energy and the second order energy are comparable with that 
recorded in Table 1 for the 30s ac basis set. A 20slOp basis set lowers the matrix 
Hartree-Fock energy by 5.026 mHartree to -1.1335251 Hartree and the second 
order correlation energy by 13.252 mHartree to -31.748 mHartree. The errors in 
the matrix Hartree-Fock energy and the second order energy are 104.4 pHartree 
and 2129 pHartree. A further lowering of 0.094 mHartree in the matrix Hartree 
Fock energy is observed on using a 20s10plOd atom centred basis set giving a 
total matrix Hartree-Fock energy of -1.1336197 Hartree, which is therefore in 
error by 9.9 pHartree. The corresponding reduction in the second order correla- 
tion energy is 1.361 mHartree giving a total second order correlation energy of 
-33.109 mHartree, corresponding to an error of 768 pHartree. Finally, adding a 
set of atom centred functions of f-symmetry giving a 20slOplOdlOf set on each 
atom gives a lowering of 0.006 mHartree to -1.1336260 Hartree for the matrix 
HartreeFock energy and a lowering of 0.617 mHartree to -33.726 mHartree for 
the second order component of the correlation energy. For the 20slOplOdlOf ac 
basis set, the errors in the matrix Hartree-Fock and second order correlation 
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energies are thus 3 pHartree and 151 pHartree, respectively. 

4 Conclusions 

It has been shown that the second order electron correlation energy for the ground 
state of the hydrogen molecule at its equilibrium nuclear geometry can be de- 
scribed to an accuracy below the sub-rnillisartree level using a distributed basis 
set of Gaussian basis subsets containing only s-type functions only. Each of the 
basis subsets are taken to be even-tempered sets. The distribution of the subsets 
is empirical but nevertheless physically motivated. 
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ABSTRACT 
Variational methods based on the use of explicitly correlated wavefknctions are 
reviewed. Different types of such functions are considered. Application of explic- 
itly correlated functions as basis functions in variational calculations on two-, 
three- and four-electrons molecules is presented. The state of art calculations and 
future perspectives are briefly discussed. 
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I. INTRODUCTION 

The basic equation for molecular quantum chemistry, the Schrodinger 
equation, was introduced in 1926 (Schrodinger, 1926) and already in the next year 
the new theory was applied to the smallest molecular systems, z.e. the hydrogen 
molecular ion (Burrau, 1927) and the hydrogen molecule (Condon, 1927; HeitIer 
and London, 1927). In that year another important paper dealing with nuclear mo- 
tion in molecules was published (Born and Oppenheimer, 1927). The early numeri- 
cal results for molecules obtained using the methods of quantum mechanics were 
of qualitative, or at the most semiquantitative character. Very soon it has been re- 
alised that inclusion of interelectronic distance into the wave finction is a powerful 
way of improving the accuracy of calculated results. This has been first demon- 
strated by Hylleraas (Hylleraas, 1929) for helium atom and by James and Coolidge 
(James and Coolidge,1933) for the hydrogen molecule. Today, methods based on 
explicitly correlated wave functions are capable of yielding the "spectroscopic" 
accuracy in molecular energy calculations (errors less than the orders of one phar- 
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tree). Such accuracy is already possible to achieve via some experimental tech- 
niques, but is not easily accessible in most theoretical methods. For example, the 
Configuration Interaction (CI) method is in principle a method approaching the 
exact solution of the nonrelativistic Schrodinger equation as closely as desired. 
However, in practice, the convergence to the exact solution is frustratingly slow 
and, therefore, this method is unable to yield results of the spectroscopic accuracy. 
Explicit inclusion of an ri, dependent term in the wave function leads to much faster 
convergence of the CI expansion. Several methods using different expressions of rij 
dependence have been proposed and developed. They can be divided into two 
groups depending on the form of the correlation factor used. In the first group the 
correlation factor has a form of T,” whereas in the second one the correlation factor 

has the exponential form of exp(-q;). All these methods give very accurate wave 

hnctions and energies, however, the area of their application is rather limited to 
small molecules. 
This paper presents a brief review of the use of explicitly correlated wave functions 
in molecular quantum chemistry computations. This review is restricted mainly to 
the direct variational approaches. Special attention will be given to two-electron 
molecular systems. The possible direction of extending the use of the correlated 
wave function for three- and four-electron molecular systems as well as the accu- 
racy of the results will be discussed. 

II.THEORY 

The direct variational solution of the Schrodinger equation after separation 
of the center of mass motion is in general possible and can be performed very accu- 
rately for three- and four- body systems such as H: (Kdos, 1969) and HZ (Kdos 
and Wolniewicz, 1963; Bishop and Cheung, 1978). For larger systems it is unlikely 
to perform such calculations in the near future. Therefore the usual way in quan- 
tum chemistry is to introduce the adiabatic approximation. The nonrelativistic 
hamiltonian for a diatomic N-electron molecule in the center of mass system has 
the following form (in atomic units). 

H = H,, + H ’ ,  

where 
N 

Ho = - (1/2)xA, ,  +V 
1 = I  

N N 

H’ = - ( 1 /  2p)AR - (1 / 8p)(Z V, )’ - (1 / 2 p , ) V R c  V, (3 1 
, = I  , = I  
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V represents coulombic interaction between all particles, q and R denote the posi- 
tion vector of the ith electron and the relative position vector of the nuclei respec- 
tively. p is the reduced mass of the nuclei and pi '  = Mi'  - M;' where M,  and 

Mb are the nuclear masses. 
In the adiabatic approximation the N-electron wave fknction is assumed in the form 
of a single product: 

(4) Y,"(1,2 ,..., f f ) = Y k ( r , , r 2  ,..., ~ , ; R ) x ? ( R )  

with Yk (r, ,r2, .. .,rN ; R )  being the kth solution of the electronic Schrodinger equa- 
tion : 

HClyk (rl ,r2. .. , rN;  R, = Ek ( R)yk (5 ,rz ' " 7  'N ; R, (5) 

for a fixed value of the internuclear distance R. Under this assumption the 
Schrodinger equation for nuclear motion is 

[-(1/2p)A, + Ek(R)+HLk(R)-E,"d]j$d(R) = 0 (6)  

where HL is so-called adiabatic correction term being the expectation value of the 
R operator calculated with the Yk ( I ; ,  rz, . . . r,; R )  function (Kdos, 1970) 

HL(R) = [Yk(I;,r2 ,... rN;R)HYk(I; , rz  ,... rN;R)dqdrzdrN (7) 

and can be decomposed into three parts : 

H' = H,'+ Hi + HS 
where: 

H,' = -(1/ 2p)A, 

Hi = -(1/4p)CV,V, 
1'1 
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H,' is the operator of the relative kinetic energy of the nuclei, Hi is a correction to 
the kinetic energy of the electrons, H; is a mass polarisation correction and p 
denotes the reduced mass of the nuclei. The explicit expression for H,'(R) in terms 
of elliptic coordinates is given in Ref.(Kdos and Wolniewicz, 1964). In the BO 
approximation the Hik term is neglected. 
The method of calculating adiabatic corrections described above involves ex- 
tremely cumbersome expressions and therefore this method has been applied for 
two-electron systems only. 
Another approach has been proposed and employed to a number of molecules by 
Handy et al. (Handy et al., 1986; Ioannou et al., 1996; Handy and Lee, 1996). In 
this method the adiabatic correction is computed without separation of center of 
mass motion and : 

HL (8 = y k  (rl ,rz 9 . .  . ,rN ; R) T"" (R, , R,)Yk (rl ,r,, . . . ,rN ; R)drl,di;. . .dr, (12) 

with 

where R, is the coordinate of ith nucleus in laboratory fixed system. This approach 
has been justified recently by Kutzelnigg (Kutzelnigg 1997) and applied, using the 
explicitly correlated gaussian wave functions with the correlation term of exponen- 
tial type, to HZ and H3+ (Cencek and Kutzelnigg, 1997; Cencek et al., 1997). 
Apart from the fully nonadiabatic variational approach mentioned above, the first 
typical step in molecular calculations is to solve the electronic Schrodinger equa- 
tion Eq.(5). Most of such ub initio calculations are performed for a fixed position 
of the nuclei, usually for the equilibrium geometry. Only some of them are done 
with the changes in the internuclear distances. In such a case a potential energy 
curve (or a surface in the case of polyatomic molecules) in the BO approximation 
can be obtained. Then for each internuclear distance the adiabatic correction can be 
calculated resulting in the adiabatic potential energy curve for a given electronic 
state. The nonadiabatic effects, being the result of the interaction between elec- 
tronic adiabatic states via perturbed operator of the form of H' Eq.(3), can be 
obtained as the correction to the adiabatic energy of a given rovibrational level 
using both the variational method and the perturbation theory. 
Two additional corrections should be mentioned here. First one is the relativistic 
correction which is of order of a' where a is the fine structure constant and the 
other is the radiative correction which can be derived from quantum electrody- 
namics. (Bethe and Salpeter, 1957; Kdos, 1993) 
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111. TWO-ELECTRON MOLECULES 
Kolos-Wolniewicz wave function 

The simplest molecular system exhibiting effects of electron correlation is 
the hydrogen molecule. For this molecule the explicitly correlated wave function 
has been applied in the early days of quantum mechanics (James and Coolidge, 
1933). It was later generalised by Kdos and Wolniewicz (Kdos and Wolniewicz, 
1965) and successfully used to solve variety of problems in the ground and excited 
states of the hydrogen molecule. This wave function, called there the Kdos- 
Wolniewicz function (Kdos and Wolniewicz, 1965) is assumed in the form of an 
expansion : 

The function Y(1,2) is in fact the space part of the total wave function, since a 
non-relativistic two-electron wave finction can always be represented by a product 
of the spin and space parts, both having opposite symmetries with respect to the 
electrons permutations. Thus, one may skip the spin function and use only the 
space part of the wave function. The only trace that spin leaves is the definite per- 
mutational symmetry and ,7 k " sign in Eq.( 14) refers to Singlet as "+" and to triplet 
as "-". xi and yi denote Cartesian coordinates of the ith electron. A is commonly 
known angular projection quantum number and A is equal to 0, 1, and 2 for C, Il 
and A symmetry of the electronic state respectively. The linear variational coeffi- 
cients Ci are found by solving the secular equations. The basis fbnctions 0i(1,2) 
which possess Z symmetry are expressed in elliptic coordinates as: 

where a, P, CC, 6 are variational parameters; ni, ki, mi, li, fi  are integers and 1 1 2  and 
R denote the interelectronic and internuclear distances, respectively. s determines 
the u or g symmetry of the given state. 
The wave function of Eqs. (14) and (15) was widely used to obtain BO potential 
energy curves and adiabatic corrections for the ground state (Kdos et al., 1986; 
Kdos and Rychlewski 1993, Wolniewicz 1993, 1995a) and electronically excited 
states of the hydrogen molecule: EF, GK, HPICi (Wolniewicz and Dressler, 

1985), B, B', B"B'E: (Kdos, 1976, 1981; Wolniewicz and Dressler, 1988; 

Kdos and Rychlewski, 198 l;), C,D'll, (Kdos and Rychlewski, 1976; Wolniewicz 
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and Dresssler, 1988), I'll, (Kdos and Rychlewski, 1977; Dressler and Wolniewicz, 

1984), J ,  S'A, (Kdos and Rychlewski, 1982, Rychlewski, 1991, Wolniewicz, 1995b), 

a, h, g ,  (4s)'C:, (Kdos and Wolniewicz, 1968; Kdos and Rychlewski, 1987,1990, 

1991, 1995; Rychlewski, 1989a,b, 1992a), b, e , f 3 C : ,  (Kdos and Wolniewicz, 

1965; Kdos and Rychlewski, 1990b, 1994; Rychlewski, 1988), c311,,i3n,(KdoS 

and Rychlewski, 1978; Rychlewski, 1992b), and j, s3Ag. (Rychlewski, 1984, 1991; 
Wolniewicz, 1995) Adding all remaining corrections, i.e. relativistic, radiative and 
nonadiabatic, results in the most accurate theoretical dissociation energy Do and 
ionisation potential for the ground state of H2, HD and D2 ever obtained in quan- 
tum chemistry. 
The theoretical energy of the hydrogen molecule is obtained by piecing together a 
number of contributions resulting from separate calculations. They include the 
Born-Oppenheimer (BO) potential energy curve, and the (i) adiabatic, (ii) nonadia- 
batic, (iii) relativistic and (iv) estimated radiative corrections. The values of these 
contributions to the total energy and to the dissociation energy are given in table 1. 

-- 
R=1.4011 

Corrections 
1. Adiabatic 

TABLE 1 
Contributions to the total and dissociation energy for the ground state of HZ 

[em-'] ~cm-'] 
114.592 b, 4.938 

E I D 
Electronic energy I -1.174475930742 ')a.u. I 38293.041 cm-' 

R=1.4 

R=1.4 
3 .  Radiative 
R=1.4 
4. Nonadiabatic 
v=O, J=O 

2. Relativistic -2.405 ') -0.517 

0.747 ') 0.205 

0.500 *) 

a) Wolniewicz, 1995 ; 
b, Kdos and Rychlewski, 1993 ; 
') Wolniewicz, 1993 

In table 2 the present state of agreement between theoretical and experi- 
mental dissociation energies of the three most common isotopic species of the hy- 
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drogen molecule is shown. It is evident from this table that the agreement between 
these two sets of results is excellent. The differences for HZ and D2 are well within 
experimental error limits. There is also an agreement with the experimental disso- 
ciation energy of HD, although in this case the experimental accuracy is by one 
order of magnitude worse than for H2 and Dz. 
It is worth mentioning that the new experimental result for D2 (Balakrishman and 
Stoiche@ 1992), which has changed significantly the value of the experimental 
dissociation energy, removed the disturbing, long standing discrepancy between the 

H2 HD 
theory 
Kdos and Rychlewski, 1993 361 18.049 36405.763 
Wolniewicz, 1995 361 18.069 36405.787 

Balakrishnan et al., 1992 
Stwaley, 1970 36406.2 ? 0.4 
Balakrishnan and Stoicheff, 1992 
discrepancy a 0.006 f 0.08 0.4 f 0.4 
discrepancy b 0.04 k 0.08 0.4 k 0.4 

experiment 
36118.11 f0.08 

TABLE 2 
Dissociation energy for the ground state of the hydrogen molecule and its isotopes 

(in cm-') 

Dz 

36748.345 
36748.364 

36748.38 f 0.07 
0.03 f 0.07 
0.02 f 0.07 

theory and experiment. Futhermore, current increase in accuracy of both theoreti- 
cal and experimental techniques opens the possibility to investigate effects as small 
as radiative and relativistic corrections which are now larger than the experimental 
error. The ionisation potential, IP(H2), and the dissociation energy, Do@$, of the 
hydrogen molecule are linked by the dissociation energy of the one-electron ion, 
D O @ + ) ,  and the ionisation potential of atomic hydrogen IP(H) according to the 
relation : 

By combining these quantities the ionisation potential for the hydrogen molecule 
can be derived (Kdos  and Rychlewski 1993; Wolniewicz, 1995). 

Table 3 presents the comparison between theoretical value and the experi- 
mental data (Gilligan and Eyler, 1992, Jungen et. al., 1992). The agreement is fairly 
good, although not ideal. This is not surprising. The theoretical values are obvi- 
ously not final. The relativistic and radiative corrections for the neutral molecule 
were calculated with considerably less accurate wave functions than the nonrela- 
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tivistic part of the energy. A computation of more accurate values of these correc- 
tions may slightly change the theoretical ionisation potential. It seems, however, 
that also the experimental approach still needs to be improved. Let us point out 
that the discrepancies for H2 and HD are positive, whereas for Dz the discrepancy 
has a negative value. Thus, if more accurate values of the relativistic and radiative 
corrections will change the theoretical value of the ionisation potential they will 
change it by approximately the same amount for all isotopic species. Therefore, if 
the change improves the agreement for Hz, it will worsen the agreement for D2 and 
vice versa. 

TABLE 3 
Ionisation potential of hydrogen molecule (in cm-’). 

The excellent agreement between theory and experiment for the dissocia- 
tion energy of H2 is a result of more than six decades of research on both sides - 
theoretical and experimental. In table 4 a review is given of selected experimental 
and theoretical results of the dissociation energy for the ground state of the hydro- 
gen molecule. 

This is obviously only a small portion of the results that have been obtained, 
especially theoretically. These results have been extracted in such a way that, in the 
author’s opinion, reflect significant stages of progress in the description of the 
ground state of the hydrogen molecule. In the earlier theoretical works only the 
binding energy, D,, was published. This is not a measurable quantity being the 
depth of the potential energy curve. To make the figures listed in table IV compa- 
rable, wherever the binding energy was given, it has been scaled by subtracting 
from it the accurate value of zero point energy. This table is an example of mutual 
influences and competition between theory and experiment. It is shown that since 
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the sixties inclusion of adiabatic correction and then the remaining corrections has 
become essential to make the comparison satisfactory. 

As it was mentioned before, the wave hnctions have been widely used to 
study the excited states of HZ. 

TABLE 4 
Dissociation energy for the ground state of the hydrogen molecule (in cm-') 

Year 
1926 
1927 
1933 
1935 
1960 
1960 
1964 
1968 
1970 

1970 
1975 
1978 
1978 
1983 
1986 
1991 
1992 
1993 
1995 - 

Author 
Witmer 
Heitler and London 
James and Coolidge 
Beutler 
Kdos and Roothaan 
Herzberg and Monfils 
Kdos and Wolniewicz 
Kdos and Wolniewicz 
Herzberg 
(upper limit) 
Stw alley 
Kdos and Wolniewicz 
Kdos and Rychlewski 
Bishop and Cheung 
Wolniewicz 
Kdos et al. 
McCormack and Eyler 
Balakrishnan et al. 
Kdos and Rychlewski 
Wolniewicz 

Experiment 
3500 

36116f6 

361 13.6 k 0.6 

361 16.3 
361 16.3 f 0.5 

361 18.26 k 0.20 
361 18.1 1 k 0.08 

Theory 

231 10 
361 04 

361 13.5 

361 17.3 
361 17.4 

361 18.0 
36118.12 
361 17.92 
361 18.01 
361 18.023 

361 18.049 
361 18.069 

For excited states of the hydrogen molecule the quality of theoretical results are 
slightly worse since: 
1. in the BO approximation the convergence of the energy is slower for higher 

excited states; for the lowest state of the given symmetry the quality of the re- 
sults are expected to be better than 1 cm-' 

2. no nonadiabatic, relativistic and radiative corrections were applied to most of 
the states 

3. excited states are not so well separated therefore the nonadiabatic effects are 
expected to be much larger than those calculated for the ground state. 
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In this paper only two examples of such studies, yielding the discovery of new, 
unexpected effects, are given. 

The first example is concerned with the study on the h and g states of Zi 
where the double minimum in the potential curves is created exclusively by the 
adiabatic effect. The existence of a double-minimum in the BO potential energy 
curves for some electronically excited states in diatomic molecules is well estab- 
lished. A double-minimum potential energy curve results from an avoided crossing 
of two adiabatic potential energy curves of the same symmetry or, in other words, 
from a drastic change in the character of the wavefhction for the given excited 
state. The formation of the double minimum may occur if the two potential energy 
curves have minima at significantly different values of the internuclear distance. 

The well-know examples are the EF, GK and H B ' Z i  states of the hydrogen 

molecule (Kdos and Wolniewicz, 1969; Wolniewicz and Dressler, 1985) where 
the double-minimum results from an avoided crossing of potential energy curves 
for a Rydberg-type configuration and a doubly excited (2pai)' configuration. The 
minima for these two curves are separated by 2.5 bohr. If, however, the two min- 
ima appear at almost the same value of internuclear distance, the resulting potential 
energy curve has a single minimum even if there is a strong interaction between 
these two states. The h and g states of Hz are the prime examples of it. These two 
states are nearly degenerate in the vicinity of the equilibrium (Wakefield and 
Davidson, 1965; Rychlewski, 1989a). For small R the h and g states are character- 
ised by the 1sa,3sag and lsa.3da- configurations respectively. For R > R,, due to 
avoided crossing, the assignment of configurations becomes reversed. In Fig. 1 the 
vertical ionisation energy of these two configurations as a hnction of R is plotted 
(Wakefield and Davidson, 1965) illustrating the crossing of these two curves. The 
crossing appears almost exactly at equilibrium of the h and g states. In Fig.2 the 
BO potential energy curves for the h and g are shown and it is seen that, in this 
approximation, the potential energy curves for these two states retain a single 
minimum. The smallest BO energy difference for these two states is 13 1.75 cm-' 
for R=1.95 bohr (Rychlewski, 1989a; Kdos and Rychlewski, 1990a). 
The adiabatic corrections for a double-minimum state are characterised by their 
large values in the region where drastic change in the character of the wavehnc- 
tion occurs i.e. in the vicinity of the potential barrier. This is the case for the EF, 
GK and H H  states. The largest values of the adiabatic corrections for the EF, GK 
and H R  states are 499, 681 and 859 cm", respectively (Wolniewicz and Dressler, 

1986). A new effect, however, has been observed for the h and g 3  states 
(Rychlewski, 1989b; Kdos and Rychlewski, 1990). The adiabatic corrections for 
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Fig. 2 The BO potential energy curves for the h and g states of Hz. 

these states have an unusually large values (about 4000 cm-') in the vicinity of the 
equilibrium and, in consequence, the adiabatic potential energy curves for this pair 
of states are characterised by a double minimum with the potential barrier located 
near the equilibrium. Fig.3 shows the components of the adiabatic correction 
(Eq.8) for the g state and it is evident that the adiabatic correction is dominated by 
the <H'p  term. Similar picture can be plotted for the h state. The large value of 
<HI> near the equilibrium for the h and g states is due to the drastic changes in 
the character of the wavehnction, which in turn leads to the large values of de- 
rivatives of the electronic wavehnction with respect to the internuclear distance. In 
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Fig.4 the adiabatic double-minimum energy curve and adiabatic vibrational levels 
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Fig. 4 The BO (dashed line) and adiabatic (solid line) potential energy curves for 
state of Hz. The vertical bar above each of the vibrational energy the g 

lines marks the value of Ii, = (R- ) 2 -112 

g state are shown and compared with the BO results. Similar picture can be plotted 
for the h state. It is worth to note that the smallest adiabatic energy difference for 
the h and g states amounts to 28 cm" and occurs at R=2.02 bohr. (Kdos and 
Rychlewski, 1990a). 
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The existence of a double minimum potential energy curve for the h and g states 
has important consequences. The lowest two vibrational levels of both states lie 
below the barrier top while the all higher levels, v2 2, lie above it (see Fig.4). The 
amplitude of the adiabatic wavehnction for the v=O level is shifted to the right 
as compared with the BO result, so the maximum of the probability density is lo- 
cated in the outer minimum whereas the amplitude for the v=l level is shifted to 
the left. As a result, a significant difference in rotational constant B, for the two 
levels is observed and Bo < B,. For largest v the irregularities still remain although 
they become smaller with increasing v, showing that, in fact, vibrational level form 
two sets of levels, one belonging to the inner minimum and second to the outer 
minimum. This is also seen on Fig.4 from the behaviour of R, = <R-2>i'n. 
The next two states of the same symmetry, the 4s and the 4d 'Xi states, form a 

pair of states analogous to the h and g states. (Rychlewski, 1992a; Kdos and 
Rychlewski, 1995) These pairs of states, are examples of an avoided crossing sys- 
tems where the region of avoided crossing coincides with the minima on the po- 
tential energy curves. Therefore, in the BO approximation, the potential energy 
curves for the 4s and 4d states retain a single minimum. However, if the adiabatic 
effects are taken into account the resulting adiabatic energy curves are character- 
ised by double minima. This seems to be a general rule: whenever two states are 
nearly degenerate in the vicinity of the equilibrium these two states possess single 
minimum potential energy curves in the BO approximation and may have double 

minimum energy curves in the adiabatic approximation. The h, g, 4s and 4d3X: 

states of the hydrogen molecule are the prime example of the above rule. 
Second example concerns the study of magnetic effect in the B and B' states of 

'Z: symmetry. (Rychlewski and Raynes, 1981, 1983; Rychlewski, 1985, 1988) 
When a molecule is placed in an external magnetic field it can be described in terms 
of molecular parameters such as permanent magnetic moments, magnetizability 
(magnetic susceptibility), rotation g-factor, nuclear shielding etc. For a molecule 
like H2 possessing no permanent magnetic moment the leading term describing the 
interaction with the field is magnetizability tensor. The three non-vanishing com- 
ponents of this tensor with the vector potential at the bond midpoint are: 

. .  
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where superscripts p and d denote paramagnetic and diamagnetic components, I( 
and 1 denote the direction of the field to the bond, i.e. parallel and perpendicular 
respectively. The expectation values: x2, y2 and z2 are taken over the electronic 
wave function of a given electronic state k. The summation in Eq.(19) is over all 
electronic states except a given one k, E: is the unperturbed energy of the nth 
electronic state, ljx is the x component of the orbital angular momentum operator of 
jth electron around the origin. 

The B state of the hydrogen molecule exhibits unique properties. It has very 
broad potential energy curve with relatively large value of the equilibrium distance 
R, (Kdos and Wolniewicz, 1968b) and considerable ionic contribution in the range 
of 3.0<R<7.0 bohr (Kdos and Wolniewicz, 1966). This state is also unique from 
the point of view of its magnetic properties. It has been shown, using Kdos- 
Wolniewicz wave function and variation-perturbation technique, that the hydrogen 
molecule in the B state is paramagnetic (Rychlewski and Raynes, 1981, 1983). The 
only diatomic molecule in a singlet sigma state known to be paramagnetic, except 
the B and B' states of H2,(Rychlewski et al., 1990) is the BH molecule in its ground 
state (Stevens and Lipscomb, 1965; Hegstrom and Lipscomb, 1966; Jaszunski, 
1978; Corcoran and Hirschfelder, 1980; Schindler and Kutzelnigg, 1982). In Fig. 5 
the components of the magnetizability tensor for the B state of H2 as functions of 
R are plotted. It is seen that the XI component possesses maximum near R=1.6 
bohr. As a result of it the total magnetizability x, which is initially negative, be- 
comes positive at about 1.3 bohr, reaches a peak at about 1.9 bohr and becomes 
negative again near 3.8 bohr. This means that the hydrogen molecule in the B state 
is paramagnetic in the region of R, 1.4<R<3.5 bohr. For a comparison in Fig. 6 the 
components of the magnetizability as fhnctions of R are plotted for the ground 
state of H2, which can be considered as a typical plot for diamagnetic diatomic 
molecule (Rychlewski and Raynes, 1980). 
It was believed for many years that the total magnetizability of a closed shell, linear 
molecule in a '2 state was necessarily negative. However, it was shown (Rebane, 
1960; Hegstrom and Lipscomb, 1968,) that this is true only for electronic ground 
state of two-electron molecules. The proof of orbital diamagnetism is based on 
finding a transformation which causes to vanish thus demonstrating that the 
total magnetizability is negative i.e. the molecule is diamagnetic. This proof is lim- 
ited to the case when the unperturbed wave function Yo does not have nodal sur- 
face. Thus it is not imposible for a molecule with more than two electrons in its 
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Fig. 5 Components of the magnetizability tensor plotted as hnction of R for the B 
state of Hz 

ground state or for a molecule in an excited state to be paramagnetic. The hydro- 
gen molecule in the B state is an example of such temperature independent par- 
amagnetism. The paramagnetism is restricted to the region of R, 1.4<R<3.5 bohr. 
As a consequence, the molecule is paramagnetic for v 4 0 ,  for higher vibrational 
levels the paramagnetism disappears and the molecule has a negative magnetizabil- 
ity. The abnormal behaviour of the paramagnetic component for the B state can be 
explained by a strong interaction of the B state with low-lying C'n, state in the 
presence of external magnetic field. This property influences also rotational mag- 
netism of the molecule which is almost entirely produced by electrons. The par- 
amagnetism of the hydrogen molecule in the B state has been recently obtained 
from less accurate calculations using hll-CI technique (Helgaker et al., 1997). 
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Fig. 6 Components of the magnetizability tensor plotted as function of R for the 
ground state of H2 

Other types of explicitly correlated functions 

The power series expansion of the generalised James-Coolidge function, 
given in elliptic coordinates, has been, therefore, developed specially for two- 
electron systems and, moreover, cannot be used for nonlinear molecules. 
There have been, therefore, several attempts to construct wave hnctions that for 
two-electron diatomic molecules can give results of similar accuracy as those ob- 
tained using KW wave function and that can be at the same time applied to more 
complicated systems. Three types of such hnctions should be mentioned here. 

Hylleraas-CI function (Hy-CI) 
This type of hnction is constructed as a product of the terms of standard CI ex- 

pansion into Gaussian hnctions and the linear correlation factor q,V .This approach 
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is a special case of the Hylleraas-CI (Hy-CI) method (Sims and Hagstrom, 1971). 
This function was introduced by Preiskorn and Woinicki (Preiskorn and Wozficki, 
1982,1984). The Hy-CI wave function for two-electron molecule is given in the 
following form (Frye et. al., 1989): 

(20) 
M M ,  

6 )  = c k y k  (6 7 6 )  + ylzc c k y k  (6 >%)  
k=l k = l  

where < is the position vector of electron ith, Y,, (< , <) the kth configuration state 
function (CSF) and M is the total number of CSFs. Thus the total two-electron 
wave function is decomposed into two parts; the first summation in Eq.(20) corre- 
sponds to the conventional CI method and the second summation forms the explic- 

itly correlated part. The configuration expansion coefficients ck s and ck s are solu- 
tion of the eigenvalue problem in which the matrix elements depend in general on 
the power of rI2. 
The Hy-CI wave function has been applied successfully by Clementi's group (Frye 
et. al. 1989; Preiskorn et. al., 1990, 1991) for two-electron molecules: Hz, HeH' 
and H3+. Two-electron integrals appearing in these calculations are relatively sim- 
ple and require at most the one-dimensional numerical integration (Largo- 
Cabrerizo and Clementi, 1987) . However, this is not the case when one tries to 
extend this approach to many-electron molecules, because a large number of cum- 
bersome three- and four-electron integrals involving two-dimensional integration 
have to be computed (Largo-Cabrerizo et.al, 1987). This leads to discouraging 
results, as was demonstrated by Clementi (Frye et a1.,1991) for three-electron H3 
molecule. 

Hyllerras-CIVB function (Hy-CIVB) 
The Hy-CI function used for molecular systems is based on the MO theory, in 
which molecular orbitals are many-center linear combinations of one-center Carte- 
sian Gaussians. These combinations are the solutions of Hartree-Fock equations. 
An alternative way is to employ directly in CI and Hylleraas-CI expansions simple 
one-center basis functions instead of producing first the molecular orbitals. This is 
a subject of the valence bond theory (VB). This type of approach, called Hy-CIVB, 
has been proposed by Cencek et al. (Cencek et.al. 1991). In the full-CI or full-Hy- 
CI limit (all possible CSF-s generated from the given one-center basis set), MO and 
VB wave functions become identical: each term in a MO-expansion is simply a 
linear combination of all terms from a VB-expansion. Due to the non-orthogonality 
of one-center functions the mathematical formalism of the VB theory for many- 
electron systems is rather cumbersome. However, for two-electron systems this 
drawback is not important and, moreover, the VB function seems in this case more 
natural. 
The spatial part of the two-electron YH,,-cNR(~,~) is constructed as a linear combi- 
nation of the form (apart from the normalization constant): 
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(which, in the particular case of v, = 0 for all values of i j ,  represents the CIVB 
function), where 

and gp are primitive Cartesian Gaussian functions: 

k is a symmetry operator ensuring the proper spatial symmetry of the hnction, 
(1,2) stands for the permutation (exchange) of both electrons' coordinates and the 
sign in Eq. (22) determines the multiplicity: for (+) Fo represents the singlet state 
and for (-) the triplet state. 

Exponentially correlated gaussian type wave function 
Almost forty years ago Boys (Boys, 1960) and Singer (Singer, 1960) suggested 

that Gaussian functions with the exponential correlation factor, exp(-pq,2) , could 
be applied to molecular calculations. This type of basis function although employed 
by different authors for two-electron systems with quite encouraging results 
(Lester Jr. and Krauss 1964, Longstaff and Singer, 1960, 1964, 1965, Handy, 
1973, Salmon and Poshusta, 1973), was long underestimated and claimed to be 
much slower convergent than that containing the powers of rll. It was later shown, 
however, that the careful optimization of non-linear parameters allows to obtain 
very short expansions of high quality for the Hz molecule (Jeziorski and Szalewicz, 
1979; Kdos et.al., 1982a, 1982b). The explicitly correlated Gaussian wave func- 
tion for two-electron diatomic molecule may be assumed in the following form: 

M 

y(6 9 6 = (l+ 42 + z)c ck yk (6 9 ) (24) 
k=l 

where 

where the operator Plz interchanges the electronic coordinates, the operator I in- 
verts the wave hnction through the midpoint of the internuclear axis, and rai, rb l ,  

r ,~ ,  rb2 and r12 are the distances between the electrons (1,2) and the nuclei (a,b) 
specified by the respective subscripts. 
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BO energies for two-electron molecular systems 
The hydrogen molecule is the simplest molecular system for which a comparison of 
accuracy of the methods taking into account electron correlation effects can be 
provided. In Table V the BO energies of the ground state of HZ for a single inter- 
nuclear distance obtained using the wave functions disccussed above are collected. 
These are the best energies obtained so far using : ECG functions containing 1200 
(Cencek and Kutzelnigg, 1997) and 760 (Komasa et.al., 1996) terms, KW wave 
function with 883 terms (Wolniewicz 1995), random-tempered ECG fbnction 
containing 900 terms (Alexander et.al., 1990), Hy-CI function (Frye et.al., 1989) 
with Gaussian basis set of the size 15s7p2dlf, Hy-CIVB function with Gaussian 
functions s-f containing 372 terms without and selected 128 terms with linear r12 
factor; the non linear variational parameters were optimized only once (Cencek 
et.al., 1991). For comparison the best energies obtained using wave function not 
depending explicitly on interelectronic distance are also listed in Table V. They are 
: full-CI function with 5s3p2d2f Slater functions (Liu and Hagstrom, 1993), CIVB 
function with Gaussians s-0 the function containing 372 terms (Cencek et al., 
1991) and full CI function with Gaussian basis set 15s7p2dlf (Frye et al., 1989) 

[hartree] I [cm'] 

ECG function, 760 terms 
KW function, 883 terms 
random-tempered ECG function, 900 terms 
Hy-CI (MO) function, full CI with 15s7p2dlf Gaussians + r12 
terms 

-1.1744759310 
-1.1744759307 
-1 .I 7447485 0.24 
-1.17447467 0.28 

Hy-CIVB function with Gaussians s-f, 372 + 128 r12 terms 
full CI (MO) with 5s3p2d2f Slater functions 

-1 .I 7446270 2.8 
-1.1743043 38 

CIVB function with Gaussians s-f, 372 terms 
full-CI (MO) function with 15s7p2dlf Gaussians 

As it is seen from this table the energy of the ground state of H2 calculated 
with ECG function represents the same level of accuracy as that obtained with KW 
function. It is worth to note, however, that the energy calculated with ECG was 
obtained after very time-consuming optimization process in which 5 nonlinear pa- 
rameters per basis function (this means 6000 parameters for 1200 term function) 
were optimized, whereas the optimization process for the KW function is based on 
the selection of the terms of the form of Eq.( 15), i.e. the powers n,, kip mi, It, and pi 

-1 .I 7405900 91 
-1.173987 107 
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and afterwards the optimization of only 4 parameters a, p, C and p. The other 
types of correlated functions i.e. Hy-CI and Hy-CIVB are somewhat less accurate. 
It must be noted, however, that in the case of Hy-CIVB hnction the exponential 
parameters were optimized only once. This demonstrates that the optimization of 
nonlinear parameters is a very important part of the method and is crucial for ob- 
taining accurate results. Table 5 also demonstrates that the error of the best energy 
calculated using explicitly correlated wave fbnctions is at least four orders of mag- 
nitude lower than that calculated with full CI wave functions. 

The same conclusion can be drawn from the results obtained for excited 
states of Hz. As an example, in Table VI the energies for the unbounded lowest 
triplet b state obtained using ECG, KW, Hy-CI and conventional CI are compared. 
For higher excited (Rydberg) states the difference between energies calculated us- 
ing explicitly correlated hnctions and CI function becomes smaller since the im- 
portance of the effect of electron correlation is decreasing. 

TABLE 6 

types of wave fbnctions (R=2.0 bohr) 
The BO energies for the b C: state of HZ computed variationally using differnt 

I Function 

ECG, 600 terms.(Cencek et.al. 1995) 
KW, 110 terms (Kolos and Rychlewski 1990) -0.897076017 0.070 
Hy-CI 1578 CSF 14s7pl d basis set (Frye et.al. 1989) 

-0.897076330 

-0.89707050 1.28 
I CI 6s 4p2d basisi set (Borondo et.al. 1987) 1-0.8902 I1509 I 
For other two-electron diatomic sysytems like Hew the ECG wave function gives 
the energies of comparable level of accuracy as KW wave function (Cencek et al., 
1995). For polyatomic two-electron molecular ion H;, for which the KW function 
can not be applied, the energy calculated using ECG wave function is more accu- 
rate than any previously reported. (Cencek et al., 1995) 

Three- and four-electron molecules 
Explicitly correlated wave functions described above have been specifically 

designed for two-electron molecular systems. As it was demonstrated in the previ- 
ous section these functions give the energies which appear to be superior to the 
variational energies reported. Therefore several attempts have been made to extend 
this approach to many-electron molecules. The James-Coolidge (JC) type of fimc- 
tion has been extended to three- and four-electron diatomic molecules by Clary and 
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(hartree) 
HJ (Rl=R2=1.757 bohr) 

Handy (Clary and Handy, 1977). The wave hnction proposed by them is expanded 
as a linear combination of configuration @ 

(cm-’) 

The operata 

CI (Rl=R2=1.7572bohr) (Peterson et al., 1994) 1-1.6589596 

Y = C C k C D k  
k 

42 

Grn makes the wave hnction antisymmetric t 

(27) 

the exchange of any 

two electrons, x is the appropriate spin fbnction and v takes value 0 or 1. N de- 
notes the number of electrons in the molecule (3 or 4). O,(r,,J are non-orthogonal 
orbitals given in the elliptic coordinates as: 

@,(r,)  = exP(-olE, + Prl,)E:rlf (28) 

and p., q = 0, 1, 2, 3. 
In practical application to three- and four-electron diatomic molecules Clary and 
Handy optimised first the exponents a, p from a small CI calculation then an exte- 

TABLE 7 
BO energies for three- and four- electron molecules 

Function I Energy 1 A 

ECG 600 terms (Komasa et al., 1996) 
Hy-CI 3slp basis set (Frye et a1.,1991) 

ECG 600 terms (Komasa et al., 1996) 
JC fbnction 29 terms (Clary, 1977) 
CI (R=2.043 bohr) (Carrington et h., 1995) 

LiH (R=3.015 bohr) 
ECG 600 terms (Komasa et al., 1996) 
JC function, 119 terms (R=3.0) (Clary and Handy. 
1977) 
CI (Handy et al., 1984) 

ECG 1600 terms (Komasa and Rychlewski, 1996) 
CI (van Mourik and van Lenthe, 1995) 

He2 (R=5.6 bohr) 

-4.994284 I 78 

-8.070449 
-8.0630 

-8.06904 

-5.807483462 
-5.8061 10 
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nsive CI calculation is performed using the optimised exponents and selected val- 
ues of p and q as defined in Eq.28. Finally a few configurations multiplied by in- 
terelectronic distance were added to the wave function. Also the Hy-CI approach 
has been extended to many-electron molecular systems and applied to H3 molecule 
(Frye et a1.,1991). 
Extension of ECG function to many-electron molecules has been proposed recently 
by Cencek and the present author (Cencek and Rychlewski, 1995). The N-electron 
wave function is assumed in a form of the following expansion: 

a, = &+i 

i 

where: 

In the above equation, da is the antisymmetrizer working on both the space--and 
spin coordinates, g( rk ) are primitive Cartesian Gaussian functions Eq. (23) and 

E 
-N ,S&fs  is the N-electron spin eigenfbnction such that: 

pa is a projection operator ensuring the proper spatial symmetry of the function. 
The above method is general and can be applied to any molecule. In practical ap- 
plication this method requires an optimisation of a huge number of nonlinear pa- 
rameters. For two-electron molecule, for example, there are 5 parameters per basis 
function which means as many as 5000 nonlinear parameters to be optimised for 
1000 term wave function. In the case of three and four-electron molecules each 
basis function contains 9 and 14 nonlinear parameters respectively (all possible 
correlation pairs considered). The process of optimisation of nonlinear parameters 
is very time consuming and it is a bottle neck of the method. 

For three- and four-electron molecular systems the computations using ex- 
plicitly correlated wave functions have been performed for H3, He:, Hez, and LiH. 
In Table VII the energies calculated for the ground states of these molecules with 
ECG, Hy-CI, JC functions are listed and compared with the best CI energies ob- 
tained so far. It is easily seen from this table that ECG function gives significantly 
lower BO energies than all previously published variational results. It is also seen 
that the computations employing the Hy-CI function for H3 molecule have given 



Explicitly Correlated Functions in Molecular Quantum Chemistry 195 

quite discouraging result. It is mainly due to very limited bases set (3slp) used. A 
really good computation for H3 would require the same type of basis set as used 
for H2. However, for three-electron molecule the complexity of the integral com- 
putations goes up considerably and limits the size of basis set dramatically. The 
energies obtained for He; and LiH with JC function are more than 1600 cm-' 
above the ECG results ( Clary, 1977; Clary and Handy, 1977), however, it is due 
to very limited length of the expansion where only three terms for He; and two 
terms for LiH containing the linear correlation term were used. 

IV. CONCLUSIONS 

In this paper we have considered the ability of the explicitly correlated 
wave fimctions to achieve the spectroscopic accuracy of variational energy of sys- 
tems with a few electrons. Such accuracy has been obtained for two-electron dia- 
tomic molecules since the sixties using the KW functions. This includes not only 
BO energies but also adiabatic, relativistic, radiative and nonadiabatic corrections. 
For two electron molecules all explicitly correlated finctions are capable of 
achieving the level of accuracy of BO energies calculated using KW function. 
Moreover, it has been shown that adiabatic and relativistic corrections can be cal- 
culated quite easily using the ECG hnctions (Cencek and Kutzelnigg, 1996, 1997). 
When more than two-electron molecules are concerned, applications of JC and Hy- 
CI fimctions are quite discouraging, due to the problems with evaluation of some 
integrals. Only the ECG knctions are capable of achieving spectroscopic accuracy 
for three- and four-electron molecules. This method is in principle general and 
could be applied to more complicated molecules. It must be stressed, however, 
that really accurate energy calculations using the ECG hnction require large basis 
set and therefore the optimisation of exponential parameters is a crucial procedure 
of the method. This procedure is very time consuming which is now limiting the 
area of application of the method. However, assuming a significant improvement in 
either, and probably all, theoretical methods, numerical implementation and com- 
puter's performance, it is likely to expect in the near fiture the progress in the ap- 
plication of correlated wave hnctions to larger molecular systems. 
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Abstract 
Methods are introduced for generating many-electron Sturmian ba- 

sis sets using the actual external potential experienced by an N-electron 
system, i.e. the attractive potential of the nuclei. When such basis 
sets are employed, very few basis functions are needed for an accu- 
rate representation of the system; the kinetic energy term disappears 
from the secular equation; solution of the secular equation provides au- 
tomatically an  optimal basis set; and a solution to the many-electron 
problem is found directly, including electron correlation, and without 
the self-consistent field approximation. In the case of molecules, the 
momentum-space hyperspherical harmonic methods of Fock, Shibuya 
and Wulfman are shown to be very well suited to the construction of 
many-electron Sturmian basis functions. 
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1 Introduction 

Schull and Lowdin [I] originally introduced single-electron hydrogenlike Stur- 
mian basis functions into quantum chemistry because these functions are com- 
plete without the inclusion of the continuum. Sturmian basis functions (broadly 
defined) are solutions for the Schrodinger equation for some easily-solved po- 
tential, Vo(x), where the potential is weighted by a factor, p”, especially chosen 
in such a way as to make all of the basis functions in the set correspond to the 
same energy, regardless of their quantum numbers. The name “Sturmian” was 
introduced by Rotenberg [2] in order to emphasize the connection with Sturm- 
Liouville theory. Weniger [3] has studied the orthonormality and completeness 
properties of Sturmian basis sets and shown that such a set forms the basis of 
a Sobolev space. The present paper will discuss the many-particle generaliza- 
tion of Sturmian basis sets, and will show that the use of such basis sets offers 
us a means of solving the Schrodinger equation of an N-electron system di- 
rectly, thus avoiding the self-consistent field approximation. We shall also see 
that when many-electron Sturmian basis sets are used, the kinetic energy term 
disappears from the secular equation. As an additional benefit, there is an au- 
tomatic optimization of the orbital exponents. Many-electron Sturmian basis 
functions were discussed several years ago by Avery and Herschbach [4,5]; but 
the potential, Vo(x), used in these two references was the d-dimensional hydro- 
genlike potential, where d = 3N; and many basis functions of this type were 
needed for accurate representation of cusps [6]. Recently Aquilanti and Avery 
[7,8] introduced a method for constructing many-electron Sturmians based on 
the actual external potential experienced by an N-electron system; and the 
convergence with this new type of basis set has proved to be very rapid. It 
seems, therefore, that the new many-electron Sturmian method offers a promis- 
ing alternative to SCF-CI methods in atomic and molecular electron structure 
calculations. 

2 Ort honormality relations for many-electron 
Sturmians 

If atomic units are used, the position-space Schrodinger equation can be writ- 
ten in the form: 

[-A + + 2V(x)] $(x) = 0 (1)  

where 
p i  = -2E 
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and where A is the generalized Laplacian operator: 

where XI, ..., zd are the d = 3N mass-weighted Cartesian coordinates of the 
particles in an N-particle system. Suppose that we have two solutions of the 
Schrodinger equation for some potential, Vo(x), so that 

[A - Pi] 4u(x) = 2PYVO(X)4Y(X) 

[A -4 4 t w  = 2P;,vo(x)64x) (4) 

where v stands for a set of quantum numbers labeling the solutions to (4). Here 
P,, is a weighting factor, chosen is such a way that both solutions correspond 
to the same value of po and hence the same energy, although their quantum 
numbers may be different. If we multiply the two equations respectively by 
&(x) and q5u(x), integrate over the coordinates, take the difference between 
the two equations, and make use of the Hermiticity of the operator A - p i ,  we 
obtain [9]: 

0 = (P:! - P Y )  J dx $t~(x)vo(x)4U(x) ( 5 )  

Thus P,, must be real, and whenever P,,: # ,By, the two Sturmian functions are 
orthogonal with respect to potential-weighted integration over the coordinates. 
It is convenient to normalize our Sturmian basis sets in such a way that 

This special normalization is convenient because it leads to momentum-space 
orthonormality relations of the form: 

regardless of the dimension of the space. To show that (7) follows from (6), 
we first introduce the Fourier transform relationships 

where eiP.x is a d-dimensional plane wave defined by: 

eiP'x = - e i ( P I I 1 + . . . . + P d Z d )  



204 J. Avery 

If we introduce the Fourier transform expression for 4u(x) into the left-hand 
side of the first of equations (4), we obtain: 

Next, we multiply both sides of (10) by e- iP”x/ (2~)dI /”  and integrate over 
dx = dx1dx2 ... dxd This gives us: 

where we have made use of the fact that 

&(P - P‘) (12) 1 dx e-i(P-P’).X = 
(2.Id 

Since the scalar product of two functions in position space is equal to the scalar 
product of their Fourier transforms in momentum space, we can write 

From (ll), we have 

and by combining (13) and (14) we obtain the momentum-space orthonor- 
mality relation, (7). Since we are dealing with a many-dimensional space, v 
represents a set of quantum numbers rather than a single quantum number. 
Orthogonality with respect to the quantum number (or numbers) on which P,, 
depends follows automatically from ( 6 )  and (7), i.e. Sturmian basis functions 
corresponding to different values of ,flu are necessarily orthogonal; but orthog- 
onality with respect to the minor quantum numbers must be constructed or 
proved in some other way, for example by symmetry arguments. 

3 Elimination of the kinetic energy 
If we begin with the position-space Schrodinger equation, (I), and expand the 
wave function in terms of a set of many-particle Sturmian basis functions, so 
that 

$(x) = c d V ( X P U  (15) ” 
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we obtain: 
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c [-A t Pi + 2V(X)]  4Y(X)BY = 0 (16) 
U 

Since the Sturmian basis functions, 4 Y ( x ) ,  are solutions of (4), equation (15)  
can be rewritten in the form: 

c [-PuVo(X) + V(X)] 4 u ( x ) B v  = 0 (17) 
v 

we now multiply (17) on the left by &(x) and integrate over the coordinates, 
making use of the orthonormality relation shown in equation (6): 

c Y [pi6,),, + J dx + z t ( x ) v ( x ~ ~ ( x ) ]  B, = 0 (18)  

If we let 

Tvtvv -- J da: 4tj (X)v(X)4 , (X)  (19) 
Po 

(where the minus sign is motivated by the fact that the potential is assumed 
to be attractive), then we obtain the Sturmian secular equation: 

C [ T Y I , ,  - P O ~ v ~ , u ]  B” = 0 (20) 
Y 

For systems interacting through Coulomb forces, T,,,,,, as defined by equation 
(19), is independent of po.  Notice that the eigenvalues of the Sturmian secular 
equation (20) are not values of the energy but values of the parameter po,  
which is related to the binding energy of bound states by equation (2 ) .  

4 Construction of many-electron Sturmians 

If we let xj represent the Cartesian coordinates of the j t h  electron in an N -  
electron system, and if VO(X) is an external potential, then 

where w(xj) is the potential experienced by a single electron. Suppose that we 
know a set of functions, x p ( x )  which satisfy one-electron equations of the form 

where 
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so that 
N 

C A ~ = A  ( 2 4 )  
j=1 

and let us suppose that the parameters k ,  and b, are chosen in such a way 
that 

kz  + k:l + k:lt + ... = po ( 2 5 )  
2 

with 
1 1 1  

( b z  b;, bPrl 
p , = p ;  2 -+-+++... 

This gives us a prescription for constructing many-electron Sturmians provided 
we are able to solve the single-electron Schrodinger equation, ( 2 2 ) ,  and pro- 
vided that the parameters k ,  and b, satisfy the subsidiary relations, ( 2 5 )  and 
( 2 6 ) .  Antisymmetrized products of functions of the form shown in equation 
( 2 7 )  will, of course, also satisfy ( 2 8 ) .  

5 N-electron atoms 

As an illustrative example, we can consider the ground states and excited 
states of N-electron atoms in the approximation where the nucleus is assumed 
to be infinitely heavy. In this example, 

Z 

rj 
V ( X j )  = -- 

where Z is the nuclear charge, and where rj is the distance of the j t h  electron 
from the nucleus. We next let 

where 
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and where F(alblc) is a confluent hypergeometric function. The hydrogenlike 
functions xnlms (xj) can be shown to obey the following equations: 

where J drj stands for integration over the space coordinates and summation 
over the spin coordinates of the j t h  electron. Within the set of one-electron 
hydrogenlike functions corresponding to a particular value of p,,, an additional 
orthonormality relation holds: 

J drj X~lms(Xj)Xnrl’rn‘s’(Xj) = s n t n s 1 , ~ m ~ m ~ s l s  (36) 

h ( x )  Xnlrns(X1)Xn’Z’m’s’(X2)...Xn”l”m”s”(XN) (37) 
Then 

will satisfy equation (28), provided that 

In other words, we must make the identification 

n 
b, = z (39) 

From the subsidiary relations 

p i  = k: + k;, + .... (40) 

we can now find values for the one-electron orbital exponents kn in terms of 
Po : 

(41) 
k n = - =  Z P U  Po 

n d m  

The value of po for a particular state of an atom appears as a root of the 
secular equation, and is therefore determined by diagonalization of the matrix 
T,,,,, equation (19), a matrix which is independent of PO. Thus the values of 
the orbital exponents kn are completely determined by solution of the secular 
equation. In the lowest approximation, we can represent the ground-state of 
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an atom or ion by a single determinential Sturmian function. For example, the 
'S ground states of the two-electron isoelectronic series can be represented in 
the lowest approximation by the single determinential Sturmian basis function: 

Similarly, the '5' ground states of the three-electron isoelectronic series can be 
approximates by 

and the 'S ground states of the four-electron isoelectronic series by 

40(x) = Ix1sxi~xzsl (43) 

40(x) = l x ~ ~ x i ~ x z s x ~ ~ l  (44) 

The determinential wave functions shown in equations (42)-(44) have the cor- 
rect normalization for many-electron Sturmians (i.e. the normalization re- 
quired by equation (6)). To see this, we can make use of the Slater-Condon 
rules, which hold for the diagonal matrix elements of 

because of equation (36). From the Slater-Condon rules, and from the sub- 
sidiary relations (38)-(41), it follows that 

so that the determinential functions in equations (42)-(44) have the normal- 
ization required by (6). 

In our example, 
V(x)  = vo(x) + V'(X) (47) 

where V'(x) is the interelectron repulsion term: 

N N -  
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Again making use of the Slater-Condon rules, we find that 

1 
- X~(1)Xp1(1)X,(2)Xj(2)] - 7'12 

The Coulomb and exchange integrals can be evaluated exactly 

= (49) 

[8] yielding the 

and similarly, 

where we have made use of the fact that, from equation (41), kl = 2kz. The 
integrals shown in equations (50)-(53) are the ones which we need to solve the 
Sturmian secular equations for the 2-electron,3-electron and 4-electron isoelec- 
tronic series of atoms and ions in the crudest approximation. Substituting the 
integrals into equation (20) (where the summation disappears because only a 
single basis function is used), we obtain respectively for the 2-electron series: 

Po = Jz [. - (i) (31 
for the 3-electron- series: 

Po = 32 2 - (i) (g) - (;) (E) t (;) (E) 
(54) 

(55) 

and for the 4-electron series: 

Table 1 shows analogous equations for po for the ground states of higher isoelec- 
tronic series, derived in the crude approximation where only one many-electron 
Sturmian basis function is used. Figure 1 shows the Clementi's values [lo] for 
the Hartree-Fock ground state energies of the &electron isoelectronic series 
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z+ 
8 10 12 14 16 18 20  
I I I I I I I 

Figure 1: This figure shows the ground-state energies of the 6-electron iso- 
electronic series of atoms and ions, C, N + ,  02+, F3+ etc., as a function of 
the atomic number, 2. The energies in Hartrees, calculated in the crudest 
approximation, with only one 6-electron Sturmian basis function (as in Table 
l), are represented by the smooth curve, while Clementi’s Hartree-Fock values 
[lo] are indicated by dots. 
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(points) compared with a smooth curve showing the energies derived from Ta- 
ble 1 through the relationship E = -pt/2. Equations (54)-(56) and Table 1 
can also be compared with Linderberg’s perturbation treatment of atoms [ l l ,  
121, which, like Clementi’s calculation, results in an expansion of the energies 
in powers of Z. The differences between Table 1 and the results of Clementi 
and Linderberg follow from the fact that in Table 1, only one basis function 
of fixed form is used, and thus the present calculation has less freedom for 
adjustment of the wave functions. 

Tables 2, 3 and 4 show the first few excitation energies for the ions Be2+, 
B3+ and C4+, again calculated in the crudes approximation: Only one many- 
electron Sturmian basis function is used for the ground state, and only one 
for the excited state. As can be seen from the tables, where the experimental 
values [13] are also listed, even this very crude approximation gives reasonable 
results. 

If we wish to achieve high accuracy in atomic calculations it is necessary 
to use basis sets consisting of many Sturmian basis functions q5,,(x), and with 
these will be associated various values of the parameters p,,. Inserting the ba- 
sis functions into equation (19), we construct the matrix T,,!,,,, making use of 
equations (7) and (46) for evaluating matrix elements of the nuclear attraction 
part of the potential. In evaluating matrix elements of the interelectron repul- 
sion part of the potential, we must remember that the orthonormality relation 
shown in equation (36) holds only within the set of one-electron hydrogenlike 
functions corresponding to a particular value of p,,. For p,, # put, the sub- 
sidiary relation shown in equation (41) will result in different values of Ic, in 
the determinential Sturmian basis functions which enter the matrix element 
of the interelectron repulsion part of the potential. The usual Slater-Condon 
rules must then be replaced by the generalized Slater-Condon relations, which 
have been developed by Lowdin [14], Amos and Hall [15], and King et al. [16]. 

6 Molecular Sturmians 

Momentum-space methods, pioneered by McWeeny, Fock, Shibuya, Wulfman, 
Judd, Koga, Aquilanti and others [4,17-261 provide us with an easy and accu- 
rate method for constructing solutions to the Schrodinger equation of a single 
electron moving in a many-center Coulomb potential 

Thus, we are able to solve the one-electron equation: 
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where v(x3)  is the actual external potential for an electron moving in the at- 
tractive Coulomb potential of the nuclei in a molecule. Having found solutions 
to (58), we can then apply the formalism outline in equations (21)-(29) to 
construct a many-electron molecular Sturmian basis set based on the nuclear 
attraction potential experienced by the electrons in a molecule. Let us be- 
gin by reviewing the momentum-space methods for solving the many-center 
one-particle problem, since these methods are unfamiliar to most quantum 
chemists: Let 

(59) 

(60) 

1 
cp",P,) = 03/2 Jd3~ ,e -apJ .xJ(Pp(x3)  

1 
and 

X t n l m ( ~ j )  03/2 J d 3 z j e - * p ~ . x ~ x n l m ( x )  

where xnlm(x) = Rnl(~,)&(kj) and where the functions R,i(r3) are defined 
by (32) with k, = k, for all the functions of the set. If we next let 

and 

then the functions cp,(xj) will satisfy (58) provided that [4,17-261 

C [K,~,T - b;*6 , l ,~ ]  CT,M = 0 (63) 
T 

where 

Substitution of the definition (61) into (64) yields 

Thus the many-center one-electron problem is easily solved, provided that the 
integrals shown in equation (65) can be evaluated. The reciprocals of the 
parameters bp can then be identified with the roots of the secular equation 
(63). 
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7 Evaluation of the S hibuya- Wulfman integrals 

The Fourier transforms of the hydrogenlike orbitals were shown by Fock [18] to 
be expressible in terms of 4-dimensional hyperspherical harmonics when mo- 
mentum space is mapped onto the surface of a 4-dimensional unit hypersphere 
by the transformation: 

With this transformation, as Fock was able to show, the Fourier-transformed 
hydrogenlike orbitals become: 

The first few 4-dimensional hyperspherical harmonics Yn-l,l,m (u) are shown in 
Table 5. Shibuya and Wulfman [19] extended Fock’s momentum-space method 
to the many-center one-particle Schrodinger equation, and from their work it 
follows that the solutions can be found by solving the secular equation (63). 
If Fock’s relationship, equation (67), is substituted into (65), we obtain: 

and where R = X a  - X,I. When 3-dimensional momentum space is mapped 
onto a 4dimensional unit sphere by Fock’s transformation, the resulting 4- 
dimensional solid angle d R  is related to the volume element in momentum 
space by 

d f i  = d3pj (”) 3 

pj” t k; 

Thus we can rewrite (69) in the form: 

S;!Fm, = / d~eiP~.RY~_l , lr , , l (u)Yn-~ ,~ ,m(u)  (71) 

Shibuya and Wulfman evaluated this integral for m = m’ = 0 for the first few 
values of the other quantum numbers using a method involving the coupling 
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coefficients for 4-dimensional hyperspherical harmonics; and this allowed them 
to treat the problem of an electron moving in the field of two nuclei. Koga and 
his co-workers [22] developed the method further, and achieved remarkable (10- 
figure) accuracy in treating one-electron diatomic molecules. An alternative 
and easier method for evaluating the Shibuya-Wulfman integrals, (71), was 
developed and successfully used at our laboratory in Copenhagen [25-271. Like 
the Shibuya-Wulfman method, this alternative procedure makes use of the 
relationship: 

(72) 
1 

Xnlm(R) = - J d3Pje'PJ.RXtLlm(Pj) (24312 

which is just the inverse of the Fourier transform shown in equation (60), 
with xj replaced by R. Making use of (72), (32) and the definition of the 
4dimensional hyperspherical harmonics [4], we obtain [25-271: 

where s G k,  R, 

and where F ~ J (  s) is the easily-programmed function 
~j k,Rj j = 1 ,2 ,3  (74) 

2 ( k  + 21 + 1 - 2q)!F(2q - lc(21+ 212s) 
q!(k + 1 + 1 - q)!(k - 2q)! 3 k , l ( S )  

1 Kkt1)/21 ( k  + 21 + 2 - 2q)!F(2q - k - 1121 + 212s) 
-('+ 

q=o q!(k + 1 + 2 - q)!(k  + 1 - 2q)! 

In (73), hl(uj) is an harmonic polynomial of order 1 in ul, u2 and u3, while 
hl(sj)  is the same harmonic poynomial with uj replaced by sj [25-271. The 
Shibuya-Wulfman integrals can then be calculated by resolving the product of 
hyperspherical harmonics in (71) into terms of the form u$hl(uj) For example, 
when u$hl = 1, (73) becomes: 

Since Y,oo(u) = 1 / a ,  we have 

S;:: = JdfleipfRY$o(u)Ywo(u) = e+(l  + s) (77) 

The functions Fk,l(s) are illustrated in Table 6 ,  while Shibuya-Wulfman inte- 
grals derived from equation (73)-(75) are shown in Table 7 for the first few 
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atomic orbitals. The Shibuya-Wulfman integrals can be evaluated once and 
for all using a program such as Mathematica; and they can afterwards be 
incorporated as functions into Fortran programs. 

As a simple example to illustrate reciprocal-space solutions to the many- 
center one-particle problem, we can think of an electron moving in the Coulomb 
potential of two nuclei, with nuclear charges 21 and 2 2 ,  located respectively at 
positions X1 and X2. In the crude approximation where we use only a single 
Is orbital on each nucleus, we can represent the electronic wave function of 
this system by: 

where 

cp,(P.i> = fl(P3)Cl,, + EZ(P.i)CZ,P (78 )  

Then (using (76) and the orthonormality of the 4-dimensional hyperspherical 
harmonics) we obtain: 

where 
s k,R = k,lX1 - Xzl 

The secular equations, (63), then require that 

= o  21 - b;' d Z Z  e-s ( l  + s) I 
2 2  - b i l  

or 
2b;' = 2 1  + 2 2  f J( 21 + Z Z ) ~  + 421 22 [( 1 + s)2e-2s - 1 1 (83) 

We can use equation (83) to generate a curve representing the ground-state 
one-electron energy of the system, cp = -1/(2bE) as a function of the inter- 
nuclear distance, R. We do this by picking a value of s, substituting it into 
(83) to find the corresponding value of b;', and then finding the internuclear 
separation by means of the relationships, R = s/k, and k,b, = ,&. In the 
united-atom limit, R = 0, the +-root of the quadratic equation, (83), yields 
the exact one-electron ground-state energy of the system. 

b;: = 2 1  + 2 2  
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Figure 2: The one-electron energies cp = - 1 / ( 2 b i )  for an electron moving in 
the field of two protons are shown here as functions of the internuclear distance 
R. The energies represented by the smooth curves were calculated using 10 
atomic basis functions on each center. For the lowest curve, the best available 
calculated values [22] are indicated by dots. All energies are in Hartrees. 

In the separated-atom limit, R = m, equation (83) also yields exact energies: 

For intermediate values of R, the ground-state energies predicted by (83) are 
appreciably above the best available values found from direct space calcu- 
lations; but when more basis functions are added, the Sturmian expansion 
converges rapidly towards the best available wave functions and energies, as 
illustrated in Figure 2. By using many basis functions in a calculation of the 
type sketched above, Koga and Matsuhashi [22] obtained electronic energies 
with 10-figure accuracy for the HZ ion. Their energies at various internuclear 
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separations agreed with the best available values from direct-space calculations; 
but the Koga-Matsuhashi momentum-space values were of higher precision. 
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8 Normalization of molecular Sturmians 

If we wish to make accurate molecular calculations with many-electron Sturmi- 
ans, we must pay careful attention to the question of normalization: Suppose 
that we wish to find the normalization constant for the basis function: 

and its Fourier transform 

d ( p )  = N(PL (P1 )P;f (PZ ) ...CpLtbN (87) 

according to the requirements of equations (6) and (7). We know that 

is a solution to  the secular equation (63); and we can normalize ~p:(pl) in such 
a way that C7+ is a unitary matrix. Then 

c c;,,lcT,P = b , P  (89) 
T 

and 
C’ =c-’ 

T,P c(,T 

From (7) we have the requirement: 

where we have used the relationships: 

p : + p ; +  ...+ P L  = P 2  (92) 
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Thus, to calculate the normalization constant n’, we need to evaluate two 
kinds of integrals. The first type is easy: Using equations (26), (62)-(64) and 

J 

where 

W,I, = 

is proportional to the overlap integral between one-electron hydrogenlike Stur- 
mian basis functions localized on the nuclei a and u‘. Luckily these integrals 
too are easy to evaluate, since they can be generated in much the same way 
as the Shibuya-Wulfman integrals: Ftemembering that 
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Just as in the case of the Shibuya-Wulfman integrals, we can make use of 
equation (73), from which we obtain: 

(100) 

where s = k,R and 

For example, 

B k , l ( S )  Fk,l(s) - F k + l , l ( s )  

2- J dRe'pJ'R( 1 - uq) 
2T2 j d321x;,(x1 - xoj)xls(xl - x,) = 

= Fo,o(s) - FLO(S) 

(102) 
S2 

= (1 + s +  Y)e-' 

where we have made use of Tables 5 and 6. This is, in fact, just the result 
which one would have obtained by performing the integration in an elliptic 
coordinate system. If we assume that the many-electron molecular Sturmian 
basis functions are properly normalized, matrix elements of the nuclear attrac- 
tion part of the potential may be evaluated using equation ( 6 ) ,  together with 
the subsidiary conditions (25) and (26): 

where the quantities b,' are roots of equation (63). 

9 Interelectron repulsion integrals 

The problem of evaluating matrix elements of the interelectron repulsion part 
of the potential between many-electron molecular Sturmian basis functions has 
the degree of difficulty which is familiar in quantum chemistry. It is not more 
difficult than usual, but neither is it less difficult. Both in the present method 
and in the usual SCF-CI approach, the calculations refer to exponential-type 
orbitals, but for the purpose of calculating many-center Coulomb and exchange 
integrals, it is convenient to expand the ETO's in terms of a Cartesian Gaussian 
basis set. Work to implement this procedure is in progress in our laboratory, 
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but the program has not yet been completed. However, although accurate 
evaluation of the matrix elements of the interelectron repulsion part of the 
potential is not yet possible, it is interesting to see, from a very rough approx- 
imation of these matrix elements, that the many-electron molecular Sturmian 
method gives reasonable results. For example, the Hz molecule was treated in 
this way in reference [8], using only two many-electron molecular Sturmians. 
The resulting equilibrium bond distance was R = 1.46 atomic units, which can 
be compared with the experimental value, R = 1.40 atomic units. 

10 Discussion 

Although the derivations in sections 1-4 are not confined to systems inter- 
acting through Coulomb forces, the matrix T,,,,,, defined in equation (19) is 
independent of po only in the case of such systems. For Coulomb systems, 
this independence can be demonstrated with the help of hyperspherical coor- 
dinates and hyperspherical Sturmian basis functions, as shown in reference [4], 
Appendix E and in reference [5 ] .  The examples given in the present paper il- 
lustrate this independence for other types of Sturmian basis sets. Furthermore, 
for the bound states of Coulomb systems, it is always possible to find a set of 
parameters ,By which make the solutions to equation (4) all correspond to the 
same value of the energy, E = - p i / 2 ,  regardless of the quantum numbers; but 
if Vo(x) is produced by interactions of another type, this is not always possible. 
Thus, in two important respects, the method described above is restricted to 
systems interacting through Coulomb forces. 

The simple examples given above show that the many-electron Sturmian 
approach to atomic and molecular electronic structure calculations yields rea- 
sonably accurate results even with very few basis functions, and in the atomic 
case, with only a single basis function. Calculations using large numbers of 
many-electron Sturmian basis functions have not yet been made, although a 
preliminary calculation on the 2-electron isoelectronic series of atoms and ions 
using 4 basis functions [7] has yielded results considerably closer to experi- 
mental values than the Hartree-Fock limit. In the molecular case, accurate 
evaluation of matrix elements of the interelectron repulsion part of the poten- 
tial is not yet possible. It seems likely that when many basis functions are 
used and when interelectron repulsion integrals are accurately evaluated, high 
calculational precision will be possible using the new method. The advantages 
of the many-electron Sturmian method are as follows: vanishing of the kinetic 
energy term in the secular equation; the diagonal form of matrix elements of 
the nuclear attraction potential; automatic optimization of the orbital expo- 
nents; and direct solution of the many-electron Schrodinger equation without 
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the use of the self-consistent-field approximation. Because of these advantages, 
the method of many-electron Sturmians and hyperspherical harmonics seems 
to offer an interesting and useful alternative to the SCF-CI method. 
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Table 1 po for the first few isoelectronic series of atoms and ions,  
calculated in the crudest approximation. E = -pg/2. 

Po 

28 - .441942 

Z m  - 0.681870 

Z m  - 0.993588 

Z m  - 1.40773 

Z m  - 1.88329 

Z m  - 2.41491 
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951476 

969978 

983287 

997571 

1114864 

1119818 

1127824 

Table 2 The first few excitation energies for the Be2+ ion in em.-', 
calculated in the crudest approximation. 

956496 

- 

983348 

997466 

- 

- 

1132323 

name 

2s 3s 

2s ' S  

2 p  3P0 

2p lPO 

3s 3s 

3s 1s 

3p  lPO 

% error 

0.5 

- 

0.006 

0.01 

0.4 
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Table 3 The first few excitation energies for the B3+ ion in cm.-' ,  
calculated in the crudest approximation. 

name 

2s 3s 

2s ' S  

2p 3P" 

2p 1 P O  

3s 3s 

3s ' S  

3p lPO 

calc. 

1596277 

1619597 

1636385 

1654416 

1876161 

1882380 

1892436 

expt. 

1601505 

- 

1636898 

1658020 

1898180 

% error 

0.3 

0.03 

0.2 

0.3 
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Table 4 The first few excitation energies for the C4+ ion in cm.-' ,  
calculated in the crudest approximation. 

n a m e  

2s 3s 

2s ' S  

2p 3P0 

2p ' P O  

3s 3s 

3s 1s 

Ip ' PO 

calc. 

2 4 0 5 6 8 3 

2433821 

2454088 

2483240 

2832546 

2840031 

2852136 

exp t .  

2411266 

- 

2455165 

2475866 

- 

2859350 

% error 

0.2 

0.04 

0.3 

0.3 
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Table 5: 
4-dimensional hyperspherical harmonics 

-2&u3(u1 - iu2) 

-2i& u4u3 

4u: - 1 

227 
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0 0  

J. Avery 

(1 + s)e-' 

Table 6 F~,J(s) (equation (75)) 

1 1  (i/12)(1 + s - s2)e-' 

1 1 12 11 (1/60)(-2 - 2s + s2)e-' 

(1/12)(3 + 3s - 2s2 + s3)e-' 4 
(i/60)(5 + 5s - 4s2 + s3)e-' 
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1s 

Table 7: Shibuya-Wulfman integrals 

2s 
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Abstract 

The method of the separated molecular orbitals (SMOs), as a version of the 
localized representation is discussed as a useful tool for studying weakly 
interacting systems. As to the Hartree-Fock level, the contributions of the atomic 
basis sets in some dimers and their counter-poise (CP) corrected systems are 
compared. The results suggest, that using SMOs the validity of the CP recipe can 
be demonstrated. The localized many-body perturbation theory (LMBPT) 
incorporating the method of SMOs makes it possible to study the van der Waals 
type systems at several levels of correlation. This allows using the SMO-LMBPT 
scheme for discussing not only the two-body but the many-body interaction 
energy quantities as well. As an example, the results obtained for the three-body 
interaction energies in some He-clusters are given. These results show that the 
three-body effects are negligible in comparison to the two-body ones, the relative 
significance of the charge-transfer components, on the other hand, are important. 
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1. Introduction 

In the present work we summarize and continue a systematic study on van der 
Waals (vdW) interacting molecules using separated molecular orbitals (SMOs). 
Since the avoidance of basis set superposition error (BSSE) ([l] and reference 
therein) turned out to be one of the main problems in the study of vdW systems, 
we pay special attention to this question. It is known that the counter-poise (CP) 
method [2] is often used in order to correct the BSSE. 

One of our paper [3] dealt with the interaction of homonuclear systems. 
Another one [4] discussed the water and hydrogen fluoride dimers. The basis sets 
taken in these cases were not too large. The conclusions we are looking for are 
especially important when studying the effects in the presence of small basis sets. 
As it has been described in some of our earlier papers [3-61 the procedure for 
obtaining SMOs starts from the occupied and virtual canonical molecular orbitals 
(CMOs) of the supersystem: it uses a bridge in order to transform the CMOs 
towards a prescribed set of orbitals. The criterion prescribes, that the overlap 
between the constructed orbitals y i  of a supennolecule (SM) should be maximal 
with the initial, canonical orbitals pi of the non-interacting molecules, the bridge 
thus implies an overlap criterion: 

i=l  

It is important to emphasize, that the CMOs of the corresponding CP-corrected 
subsystems can be separated in a similar manner. The SMOs can thus 
unambigously be attributed to one ore another of the interacting monomers. 
Furthermore, the different energy quantities in a supersystem can be simply 
obtained by suming over the corresponding quantities calculated from the 
contributing subsystems [7-lo]. 

2. The Hartree-Fock level in a localized representation 

At the Hartree-Fock SCF level the total energy has the following form: 

E,, = E , + 2 x ( q . + V , ) + x ( 2 J i j - K i j ) ,  
I i,.i 

where 
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Using SMOs, this expression can be separated into one- and two-body ternis 
by 

A .4,R 
.4>B 

where 

In these expressions A and B denote the monomers, 0, (0,) denotes the set of 
indices of the occupied orbitals for monomer A (B),  and 

where NA (Ns) denotes the indices of the nuclei for monomer A (B). 

terms: 
Hence, at the Hartree-Fock SCF level for a dimer (AB) we have the following 

E,A O r B  

E ; B  

is the nuclear-nuclear interaction on monomer AIB (N/N), 
is the nuclear-nuclear interaction between A and B (N/N), 
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2 CT 
2 C k y o r B  

is the kinetic energy on monomer AIB (EKIN), 

is the electron-nuclear attraction on monomer A/B ( E N ,  
;a#, ur OB 

,so, "1 O8 

2cv; 
id), 

is the electron (on A)-nuclear (on B) attraction ( E N ,  

2x4" 
i d 8  

is the electron (on B)-nuclear (on A) attraction (Em), 

is the Coulomb + exchange interaction on monomer A/B 

(EW, 

C ( 2 J ,  - KO) 
i ,  j d A  or 0, 

and 

2 C ( 2 J , j  - K V )  is the Coulomb + exchange interaction between A and B 

(E/E). 

i 9 . I  
1% 

From the above definitions it is evident that these components are invariant when 
the SMOs are subjected to unitary transformations Lp', L$, ... by 

w i t =  c ~ i y ~ ,  if i E O A ,  

y i '=  Cu;yj, if iezOB, 
j d A  

W B  

etc. 
Let us briefly summarize the results obtained (using several basis sets) for 

some energy quantities at the HF level in a previous study [3]. Interesting 
conclusions were found concerning the electrordelectron repulsion (E/E), 
electrodnuclear (EN)  attraction and the kinetic energy partioned in the 
supermolecules and their CP-corrected systems. The difference in the E/E terms 
manifests itself in the total energy changes. As to the saturation of the basis set 
phenomenon, we can predict when will the size of a given basis set be large 
enough at the HF-SCF level, without any CP calculations. The quantities obtained 
and collected in the group denoted as 'Within the dimer between the monomers' 
(see Table I. of ref.3) are convenient for the above purpose: each of the values 
shows convergence as the basis set becomes saturated. These quantities are the 
following: Em, E/E and also the Coulomb or exchange parts of the electron- 
electron repulsion. 

Similar quantities were calculated and reported for the (H20), and the (HF), 
molecules (both SM- and CP-systems) in ref.4. The change in the kinetic energy 



Weakly Interacting Systems in Localized Representation 235 

terms does not follow the change in the E/N terms for these molecules. The E/E 
quantities are not alone responsible for the total energy changes between the SM 
and CP systems. The results for the water dimer show differences for the two 
monomers, as expected. Some systematic trends can be found in the values for the 
electroddonor monomer1 for the SM and CP systems. The same does not hold 
for the electrodacceptor monomer2: a small difference between the kinetic 
energy terms in the SM and CP systems was found in comparison to the large 
deviation in the E/N terms. Similar conclusions hold for the (HF), system [4]. 

3. Results obtained at the Hartree-Fock level 

It was clearly stated recently [ 1 11 that the CP method introduced by Boys and 
Bernardi [ I ]  for correcting the BSSE is a correct approach to the evaluation of the 
interaction energies, e.g., in vdW systems. Certain scepticism [12,13] is also 
reported against the use of the CP recipe especially at the correlated level. In 
order to gain insight into this field, we discuss in detail the contributions of the 
atomic (basis) orbitals to each of the SMOs, determined in the SM- andor CP- 
systems, respectively. A comparison of the corresponding contributions (at the 
HF-SCF level), in the SM- and CP-systems is expected to help a better 
understanding of the effects arising in the different systems. The He, dimer and 
the dimer of H,O was chosen for our study. For the water dimer the orientation of 
the monomers was taken from our earlier studies [3,4]. A basis set of (sp) quality 
was used in the study of the He, dimer [ 141. As to the dimer of H,O, the 
commonly used 6-3 1 1G/d basis [ 151 was applied in the actual calculations. 

The results obtained for the monomer, the dimer and the CP-corrected system 
of the He, dimer are given in Table I. Under heading “Dimer”, e.g., the 
contributions of the given functions from the atomic basis set of (any of) the He- 
atoms are tabulated, as they participate in the occupied SMO of the dimer (SM- ) 
system. The contributions for the CP-system is tabulated in a similar way. 

These results can be summarized as follows. From the comparison of the 
contributions for the s orbitals of the monomers to the dimer (SM) and to the CP- 
system, respectively, it is clear that the contributions in the latter systems are 
much closer to each other, than to those of monomers. This affirms (by numerical 
values) our earlier suggested conclusion [3,4], that the use of SMO’s implies the 
advantages of using the CP-recipe, namely its “benefit effect”. The similar effects 
of the SMO- and CP recipes are thus pointed out “numerically” for s orbitals in 
homonuclear systems at the Hartree-Fock level. The same does not hold, 
however, for basis functions of p (in our cases p,) type. 

These contributions are not existing for the He atom, but as to the values for 
the SM and CP systems, they are systematically different (the contributions from 
the CP system are larger than those from the SM system). A quite different 
conclusion holds for the ghost contributions: these values, calculated in the dimer 
system are much higher (for some functions with one or two magnitudes!) than in 
the CP system. This is contrary to common belief the lower total energy of a CP 
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system, namely, is not due to the larger contributions of ghost orbitals. It might 
rather be the result of the more “effective” use of the own orbitals (that is pz ones, 
in our case, see Table I). 

The significant values calculated for the occupied SMOs in the water dimer 
are given in Table 11. and Table 111. (only for orbitals which have relevant 
contributions due to the symmetry). 

It is worthwhile to mention that a similar conclusion holds for the s functions 
(for both monomers) as it was found for the He, dimer. The value for monomerl 
is presented in Table 11. The contributions of p functions (due to the orientation of 
molecules, the p, type contributions are relevant), however, behave themselves 
similar to that found in the He, system, only for the electron-donor monomer 
(monomerl in our case, see the values in Table 11). The contributions of the p, 
functions for the electron-donor monomer are usually higher in the CP system 
than in the dimer, while usually an opposite trend can be noticed when comparing 
the corresponding values in the electron-acceptor monomer2 (numerical results 
are given in Table 111). This discrepancy might cause later a difference between 
the correlation energy components in the SM- and CP- systems, respectively. This 
result may explain, e.g., the deviations found in the charge transfer components 
(see ref.4) calculated for the electron-acceptor monomer, in the SM- and CP- 
systems, respectively. 

As to the contributions of the ghost functions, those of s type are of the same 
behaviour than in the He, dimer (see Table 11, values are given for monomerl). 
The contributions of p functions, as expected, show a systematic trend: it is to be 
emphasized that the contributions from monomer2 in the SMOs for monomerl 
are usually higher than those from monomerl to monomer2. However, not so 
large difference can be noticed for the contributions in the corresponding CP- 
systems. These results also suggest that one cannot expect a similar 
correspondence for the correlation energy contributions in the SM- and CP- 
systems for the electron-donor and electron-acceptor monomers, respectively. 

4. The correlated level in the LMBPT 

At the correlated level the many-body perturbation theory is employed, the 
localized version of which (LMBPT) has already proven to be useful in the study 
of molecular electronic structure [7-101. The LMBPT is a double perturbation 
theory, and the perturbational corrections are calculated as: 

EP = E g s M ’  , 
N M  

where N is the order of the two-particle perturbation and M is the order of the 
single-particle perturbation (see equations in ref. 7). Summing to infinite order 
over the index M, the canonical correlation energy corrections are obtained: 
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M=l  

The rate of convergence depends, as expected, on the localization method 
applied. As we obtain the values for the diagonal Fock-matrix elements 
(Lagrangian multipliers [7]) of the resulting SMOs very close to the canonical 
ones, the convergence is fast, so it is enough to calculate the first two or three 
terms. Using the SMO-LMBPT scheme, an excellent convergence was found in 
each case of the interacting systems studied. 

For the two-particle perturbations we can easily separate the energy- 
components of the interacting system into different terms. The general expression 
of the N-th order MBPT correlation energy has the form 

2 N - 2  2 N - 2  

E ‘ N )  = CE:” = C C C e ( m , m  ,... mln,n, ... n,,_,), 
1=2 1=2 m,w+ ... nt, n,n2...n:N., 

where the indices m l r m 2  ,..., m1,n, ,n2 ,..., n2N-l  run over the set of monomers. 

Terms ~ m l m 2 . . . m l n l n 2 . . . n 2 N - I )  can be expressed by the following way: 

e(m1m2...m1n1n2...n2N-l)= ... C C ... x e ( / + h  ,... h,p,p , . . . p 2 , - , ) .  
11, u.: h, =n,” P ,  4 P ~ N  I ~ N - I  

Here hl,h2, ..., hl ( ~ ~ , p ~ , . . . , p ~ ~ - ~ )  denote the occupied (virtual) orbitals (holes 

and particles), mi“ (n:  ) is the set of the occupied (virtual) orbitals belonging to 
monomer m, (nJ. 

In order to make these general expressions clear, we give some examples 
according to the equations of ref. 16. Let us denote the two-electron integrals by 
the following way: 

For the second order correlation energy the value of index I can only be 2, and 

For the third order correlation energy I can set the values 2, 3, and 4, and 
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where 

Let L = { / , , I  ?,.... I,. ] is a subset of the set of monomers (I, t I ,  if i f j ). 

The total L-body energy for these monomers at the ,V-th order level is defined by 

while the dispersion (or net L-body) energy has the following form: 

In these expressions % = fm, ) u {m, }u ... u(m,) , N = ( n , }  u {n2}u. . .u{n2.v- ,  } 
(the sets of the indices). If I (or 2N - I ) is less than L, then the corresponding 
energy component is zero. Finally, we introduce the charge-transfer components 
as well. by 

We note, that from the above equation it is evident that the total N-th order 
correlation energy can be separated into one-, two-, ... 2 N  - 2 -body terms by the 
following way: 
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E‘”’ = ~E‘”({m,), total)+ CE‘”((m,,m,},total)+ 

The SMO-LMBPT method conveniently uses the transferability of the 
intracorrelated (one-body) parts of the monomers. This holds, according to our 
previous results [3-101, at the second (MP2), third (MP3) and fourth (MP4) level 
of correlation, respectively. The two-body terms (both dispersion and charge- 
transfer components) have also been already discussed for several systems [3-51. 
A transferable property of the two-body interaction energy is valid in the studied 
He- and Ne-clusters, too [6]. In this work we focus also on the three-body effects 
which can be calculated in a rather straightforward way using the SMO-LMBPT 
formalism. 

The interaction energy of two (weakly) interacting monomers can be 
calculated as the difference between the total energy of the supersystem and that 
of the contributing monomers, as follows: 

m,,, = AE,,, + AE, = Ex,: + AE, + E” + E,,. 7 

where the following notations are used: 

C = correlated part 
N = intra-components (changes in the total one-body terms) 
D = dispersion terms (excluding the one-body dispersion components) 
CT = charge-transfer terms (excluding the one-body charge-transfer components) 

(see above). 
The AE,,, term is calculated using the standard CP-method. At the correlated 

MF2 level, we have shown for several systems [7-lo], that the AEN terms are 
usually and systematically smaller than the dominant (ED+ ECT) terms. The sum 
of these two terms provides a good approximation to the total interaction energy 
at the correlated level. It is important to emphasize that the AE, values were 
obtained by making the difference with the values of the CP-corrected subsystems 
i.e. taking into consideration the “benefit effect” of the superposition of the basis 
set [3, 61. As the charge-transfer components are of importance in the two-body 
interaction, (see a discussion in ref. lo), we will also investigate them separately 
for the three-body terms in the studied systems. 

Let us now turn to the discussion of the three-body terms at the correlated 
level. The calculation were performed at the M p 3  and MP4 levels, using the 
SMO-LMBPT formalism. Certain problems arise as to the definition. Namely, 
there is no general agreement in the literature how to define the three-body 
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energy. As it is defined in [23], the deviation from the transferability of the intra- 
energy tenns is also included. The SMO-LMBPT formalism, on the other hand, is 
able to separate the two-, three-, and four-body interaction terms as well as the 
corresponding components of the intra-terms. The additivity of these last terms 
has already been discussed in ref. 6. The many-body terms, therefore, can be 
calculated without the above-mentioned possible deviation from the additivity of 
the intra-components. As for the higher order terms (three- and four-body), there 
are not many references in the literature. This may certainly be due to the fact that 
in canonical representation these terms can not easily be calculated. It is generally 
believed that the higher order interaction energies are usually small but not 
negligible. There are some excellent, partly review, articles in the literature 
dealing with the many-body effects both from theoretical and experimental points 
of view [ 17-24]. 

A well-known prototype of three-body interaction is the helium trimer [25- 
281. The three-body interaction energy is discussed in detail in the above- 
mentioned works. It is interesting that the results, certainly due to the different 
approaches used, are not uniform. As demonstrated this by one example, the 
three-body term is found to be negative at the correlated level for a linear He- 
trimer (in ref.28.) while other authors (ref.27.) obtained a positive value for the 
same term. 

In order to have an insight into the three-body effect,we continue the study of 
the He-clusters. Fortunately, there are published examples for several He-clusters, 
as cited above. All of these studies, however, were performed in the canonical 
representation. The use of the localized representation allows us to separate the 
dispersion and the charge transfer components of the interaction energy for the 
three-body effects as it was similarly done for the two-body effects. The 
calculation of the interaction energy in the SMO-Lh4BPT framework has been 
discussed in detail in several papers [8-101 The formulae given at the correlated 
level, however, were restricted to the two-body interaction. 

5. Results obtained at the correlated level 

As it was pointed out in one of our recent paper [6], the interaction energy in 
He-clusters can be calculated to a rather good approximation using an extended 
(sp) basis set. We applied, therefore, an (8s3p) set reported by Huzinaga (for 
details see ref.6) in our calculations. We performed the calculations for several 
He-clusters, following partly the geometries considered by Parish and Dykstra 
[27], and Fink and Staemmler [28]. The calculations were carried out for He- 
clusters containing three, four, five and six atoms, respectively. The geometries 
considered are given in Figure I. The pair-interaction energies at the SCF level 
are well-know from the literature (at the experimental potential minimum of the 
He, system it is about 29 pH). As to the three-body effects in the trimer systems 
Considered (linear, equilateraV60" and triangle/l20") for the first and last trimers 
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the values are zero. Using our basis set, we obtained -0.35 pH for the triangle/60" 
He, cluster. 

The correlation energy contribution to the interaction energy in the dimer at 
the MP2 correlated level (about -34 pH) is also reported in several papers (refs 
26, 27 and some references in ref. 6.). As the charge-transfer components at the 
correlated level are of great importance, it is worthwhile first to discuss these 
values obtained for the one-body and two-body interaction energy terms. A 
simple linear four-member He-cluster was chosen for the study. The results 
demonstrate, that the charge-transfer contributions do not give a significant 
contribution to the one-body and two-body interaction energies. The values are 
summarized in Table IV, at different levels of correlation: MP2, MP3 and MP4, 
respectively. The results clearly show, that the charge-transfer components are 
about with two order of magnitude smaller than the corresponding total 
interaction energy terms for the one-body (He(l), He(2), etc.) components. Its is 
remarkable, on the other hand, that the weight of the charge-transfer components 
(CTC) is always significantly larger in the two-body than in the one-body term: 
the percentage of the CTC in some cases even reaches term 30% (especially at the 
MP4 level, see Table IV). It is thus expected, that the significance of the charge- 
transfer terms within the three-body effects will further increase. 

Let us now discuss the three-body effects at the correlated level for the 
studied clusters. As pointed out in ref.6. for some He, Ne and Ar- clusters, these 
can be investigated to a rather good approximation without the explicit use of the 
CP procedure, while the "benefit effect" of the basis set superposition, is 
inherently included into the so-called intra-terns at each level of correlation when 
using the SMO-LMBPT scheme. We can, therefore, discuss the three-body 
interaction energy terms free of BSSE as well as free of any possible error due to 
the non-additivity of the pair interaction contributions. The following geometries 
were considered for the He-trimer in the calculations: an equilateral triangle, a 
120"-triangle as well as a linear trimer (see Figure I.), where all of the He-He 
distances are of 5.6 bohr. These trimer configurations are then extended to four, 
five and six-member clusters, respectively. The results obtained for the three- 
body interaction energy at the correlated level are summarized in Tables V and 
VI, respectively. The main conclusions are the following: 

1. Accordingly to most of the results found in earlier works, the three-body 
interaction energy terms at the correlated level are small. 

2. As to the sign of the values obtained for the different geometrical arrangement, 
they are in agreement with those reported by Fink and Staemmler and in 
disagreement with those given by Parish and Dykstra. The sign of the three-body 
interaction energy term (both at the MP3 and MP4 levels) for the linear trimer is 
negative (but much smaller than reported in ref. 28), while the sign for the other 
two trimers are positive (and roughly of the same magnitude, again alike in ref. 
28). We also suggest that the neglect of the CP-corrections may deteriorate the 
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values obtained in ref. 27. This raises the issue that the BSSE, as calculated in 
ref.28 is also only approximate. Our results given in Table V, on the other hand, 
suggest, that the SMO-LMBPT scheme takes into account correctly the different 
effects in the He-clusters of different geometries. 

3. When looking at the charge-transfer components of the three-body term (these 
are collected in Table VI), it is obvious that they represent a significant 
(sometimes dominant) part of the interaction energy. It is interesting to note that 
while the total three-body interaction energy at the MP3 correlated level for the 
studied systems (see part 1. of Table ~ has not the same sign, the charge transfer 
components lowers the energy in each case (see Table VI). It is also remarkable, 
that for the triangle/60" and triangle/120° systems the charge-transfer 
contributions are significantly larger at the MP4 than at the MP3 correlated level. 

It is worthwhile to emphasize an advantage of the SMO-LMBT procedure: 
this is its simplicity. Without any tiresome work the decomposition into 
contributions (for the individual atom-pairs, - tryads etc.) makes it possible to 
study the transferability properties in the clusters. This allows us to extend our 
method in order to investigate the van der Waals interactions in one- and two- 
dimensional infinite systems. This would make it possible to compare the results 
on the binding energies in systems of such type as given in ref. 28. This is one of 
our projects in the future. 

The calculation of the many-body interaction energy by the SMO-LMBPT 
method using (relatively) small basis sets opens the way for studying large and/or 
extended systems. There are several types of aggregates, zeolites, building 
materials, etc., which could be discussed theoretically using our method in a 
straightforward manner. This project is also planned in the next future. 
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Table I. The contributions to the occupied SMO in the He monomer and He 
diiner systems 

Ghost contributions: 
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Table II. The contributions to the occupied SMOs in the water dimer for 
monomer 1 

(SM = supermolecule, CP = CP-corrected system) 



246 C. Kozmutza and E. Tfirst 

Table LI. (Continued) 

Table 111. The contributions to the occupied SMOs in the water dimer for 
monomer2 

(SM = supermolecule, CP = CP-corrected system) 
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He( 1) and He(4) 
He(2) and He(3) 

He( 12) and He( 34) 
He(3 1) and He(42) 

He(32) 
He(4 1) 

Table IV. Correlation energy decomposition for the one- and two-body terms in a 
linear tetrainer He-cluster (values are given in mHartree, the numbering of atoms 
are given from left to right, see Figure I.) 

E(tota1) E(charge-transfer) 

-29.456 -0.272 
-0.035 1 -0.005 
-0.0005 0.000 
-0.0352 -0.005 
-0.0001 . 0.000 

-29.458 -0.137 

MP2 correlated level 

E(tota1) 
He( 1) and He(4) -5.2692 
He(2) and He(3) -5.1763 

He( 12) and He(34) -0.0057 
He(3 1) and He(42) -0.0001 

He(4 1) 0.0000 
He(32) -0.0055 

E(c harge-transfer) 
-0.0193 
-0.0387 
-0.0006 
0.0000 
-0.0006 
0.0000 

MP3 correlated level 

MP4 correlated level 

MP4 total correlation energy: -0.003799 
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trirner 

Table V. Three-body interaction energy terms at the correlated level in the 
studied He-clusters (in pH, see Figure I. for notations, numbering of atoms are 
given from left to right)) 

MP3 MP4 
linear -0.0010 -0.0004 

triangleI60" -0.0023 -0.0009 
trianele/l20" -0.0020 -0.0008 

Values calculated for He-atoms 3-2-1 

Values calculated for He-atoms 4-2-1 
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Table VI. Charge transfer contributions to the three-body interaction energy at 
the MP3 and MP4 correlated levels for the studied He-clusters (in pH, see Figure 
I. for notations, numbering of atoms are given from left to right)) 

Values calculated for He-atoms 3-2-1 

Values calculated for He-atoms 4-2-1 
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trimer 

tetramer 

C. Kozmutza and E. Tfirst 

Figure I. Structures of the studied He-clusters 

linear triangle/6O0 triangle/l 20" 
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Abstract 

Roothaan equations have been modified in a previous work with the aim of 
avoiding BSSE at the Hartree-Fock level of theory. The resulting scheme, called 
SCF-MI (Self Consistent Field for Molecular Interactions), underlies its special 
usefilness for the computation of intermolecular interactions. 

In the present work we present the generalisation of the theory to the case 
of K interacting fragments one of which may be described by an open shell 
configuration. This extension implies a drastic modification of the procedure which 
is here reported in fill detail. 

The method provides a complete a priori elimination of the BSSE while 
taking into account the natural non orthogonality of the MO’s of the interacting 
fragments. 

I. Introduction 
11. Notations and statements of the problem 
111. The minimisation procedure 
IV. Calculations and results 
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I. Introduction 

Due to their essential role played in the determination of the structural 
properties of matter, intermolecular forces have always received great attention in 
the field of physical chemistry. 

It is well known that for a valuable starting point for the treatment of 
condensed matter properties it is hndamental to possess an accurate knowledge of 
the interaction potential between the individual molecules. 

Among the causes of inaccuracy, BSSE (van Duijneveldt et al., 1994) 
represents a well-known serious inconvenience for any variational computational 
approach to the problem. This error has a strong effect on the intermolecular 
potential interaction when weakly interacting systems are investigated. In hydrogen 
bonded systems, it is common that the BSSE is of the same order of magnitude of 
the interaction energy involved. 

There have been many attempts to formulate a procedure to avoid it and 
both a posteriori and a priori schemes are available. The counterpoise approach 
(CP) (Boys and Bernardi, 1970) and related methods are the most common a 
posteriori procedures. Although this technique represents the most frequently 
employed a posteriori procedure to estimate this error, several authors have 
emphasised that the method introduced by Boys and Bernardi does not allow a 
clear and precise determination of the BSSE. The addition of the partner's hnctions 
introduces the "secondary superposition error" a spurious electrostatic contribution 
due to the modification of the milltipole moments and polarizabilities of the 
monomers. This is particularly important in the case of anisotropic potentials where 
these errors can contribute to alter the shape of the PES and the resulting physical 
picture (Xantheas, 1996 and Simon el al. ,1996). 

The proposed SCF-MI ab initio variational method (Gianinetti, Raimondi 
and Tornaghi, 1996) avoids the BSSE in an a priori fashion. The method is based 
on a modification of Roothan equations for closed shell systems. 
While the CP procedure is exact only in the case of Full CI wavehnctions, the a 
priori SCFMI method is always correct and geometry relaxation effects are 
naturally taken into account. 

Here we extend the theory to the case of K interacting fragments one of 
which may be described by an open shell configuration. In this version the 
orthonormalization criterion for the orbitals (separately for each fiagment) is leR 
free. For the treatment of the open fragment we have modified Guest and Saunders 
(1 974) equations. 

In this paper we give a detailed presentation of the theory and its related 
formalism. 

As a test, we present here results on a few examples including an open shell 
dimer: the He - Cu, a closed shell trimer: (HzO)3 and open shell trimers: Li (He)z 
and Cu (He)*. All these systems have in common the fact that their potentials can 
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be strongly affected by BSSE so that it is crucial to possess a strategy to avoid it 
without increasing computational costs in comparison with usual SCF MO 
methods. 

II. Notations and Statement of the Problem. 

Let us study a system constituted of K fragments a1 . . . a K .  We assume that 
the first (K-I) fragments are closed-shell systems described by doubly occupied 
orbitals. The last fragment a K  has an open-shell configuration, consisting of singly 
occupied molecular orbitals of parallel spin. Obviously, the theory here developed 
can easily be restricted to the case of K closed-shell fragments. 

We adopt the following notations referring to the orbitals: 
= ( x ~ , , . . . x ~ , ~ ~ )  are the Mk basis orbitals centered on the fragment a k  

CP; = (pk,,*..pk,&) are the Nk doubly occupied molecular orbitals of the 

(b1 ... K) 

fragment ak (k=1 ... K) 
0 We assume: 

<pk=bTk (k=l . . .K) (1) 
where TA. is an MkXNk matrix. 

0 cp" = ( p;. . .. p$o ) are the W singly occupied molecular orbitals of the 

last fragment a K .  

0 We assume: 

V " = B V K  (2) 
where VK is an MKXW matrix. 

#en refemng to the supersystem it will be convenient to adopt a compact 
notation as follows: 
0 x = (XI I ~2 I.... E )  is the total basis set for the supersystem. It is obtained 

collecting the M=M1+. ... ..+MK atomic orbitals of each fragment. 
0 cp = (cpl I (pz I...... ( p ~ )  is the set of all the N=Nl+N2+ .... NK doubly occupied 

molecular orbitals. 
0 For the supersystem Eq.(l) can be written: 

where T is a MxN matrix. T is partitioned in KxK blocks. The diagonal blocks 
are the TI .. . , .TK matrices of Eq.( 1) while the other blocks are null matrices. 

O = X T  (3 ) 

0 Analogously we define the MxN" matrix V such that : 

q"=x v (4) 
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The last MKrows of V are coincident with VK, the other elements of V are zero. 
Fig. 1 exemplifies a case of K=3 fragments. 

z V 

Fig.1. Atomic and molecular orbitals in a case ofK=3fragments. 

The supersystem is described by the one determinant wave knction 

Y(l ..... 2N + No) = 

= ~ [ ~ l , , ( l ) @ l . , ( 2 ) . . . ~ ~ , ~ ~ ( 2 N  - 1)@K.NK(2N)&N + ')...&o(2N +No)] ( 5 )  

wheredis the antisymmetrizer. 
We notice that, owing to the overlap between the basis sets of different fiagments, 
it is impossible to impose the global orthonormalization to the total set of 
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molecular orbitals ((p,cp"). On the other hand, in order to compute the energy 
corresponding to the wave hnction (5 ) ,  it is usehl to express it in terms of 
orthonormal molecular orbitals cp' and cp"' . 

The transformation ((p,cp") => ((p',cp"') which leaves !P invariant is obtained in 
two steps: 

a) build cp' orthonormalizing cp : cp' = xT' with T' = T (Tt S T)-" 
It is then possible to write the density matrix R which refer to the space spanned 
by the doubly occupied orbitals : 

R = T' T'+ = T (TtS T)-' Tt (6)  

b) build cp"' orthogonalizing <p" with respect to cp (i.e. cp') and then 
orthonormalizing the orbitals so obtained within themselves: cp"'=x V' with 

We write now R", the density matrix relative to the space spanned by the singly 
occupied orbitals: 

V' = ( IM - R S) V [Vt (S - S R S) V ] -In 

R"= V' V" = (IM - RS)V[Vt(S-SRS )V]-' V' (I'-SR) (7) 

In the Born-Oppenheimer approximation the formula for the energy 
corresponding to the wave hnction Y is (McWeeny, 1964): 

E = 2{TrREf + TrRG(R)} + (TrR'H + 4 TrR"G'(R" )> + 2TrRG(R" ) (8) 

To specifjl the symbology we remember the familiar notation for the 
integrals over the basis set orbitals: 

s,, = (x ,  Ix,) = jx;b9xq (r)dr (PA =1 .'. M) 

H,, = (x ,  lpqxq) = j x ; w ~ x , w r  (p,q =1 ... M) 

I 

r, 2 
(pq I rs) = j x ;wx ;  {rd- x ,  (r, )xs(r2W1dr2 (p,q,r,s=l --M) 

G(X) and G'(X) are two MxM matrices, hnctions of the MxM variable 
matrix X: 

M 

G,, (XI = c x, ((prl 9s) - +(prlsq)) (PA= 1. ..M) (9 )  

r,=1 

It is easy to show that the two matrices G and G' have the following properties, 
being X and Y two generic matrices: 
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a) Tr Y G(X) = Tr X G(Y) 
6 )  If X is a hermitian matrix G(X) and C(X) are also hermitian matrices. 

Tr Y C(X) = Tr X C(Y) 

We are interested in the minimisation of the energy with respect to the 
matrices Tl....TK and VK. To this aim it is useful to know 6E as function of the 
variations of these matrices. Being R and R" functions of T and V we begin 
expressing 6E as function of 6R and 6R". It is 

6E = 2 Tr 6R [H + 2 G(R) + G(Ro)] + Tr 6R" [H + G'(R") +2G(R)] (1 1) 

We must now evaluate the expressions of 6R and 6R" as functions of the 
variations of the matrices T and V. 
From Eq.(6), remembering the relation 6W -' = -W -'6W W -' we have 

6R = T (T'S T)-' 6Tt [lM-ST(TtS T)-' T'] + hermitian conjugate = 
= T (T'S T)-' 6T' [lM-S R] + h.c. (12) 

From Eq47) one can see that R" depends on V and, through the matrix R, on T. 
We may then write: 

6Ro= 6 R o ~  + 6Rov (13) 

~ R " T  = (lM -RS)VIVt(S-SRS)Vl-'[VtS 6R SV] [Vt(S-SRS )V]-' Vt(lM-SR) - 
- { (lM - RS)V[V'(S-SRS )V]-' Vt S 6R + h.c} 

Defining 

we obtain: 
P = (l'-RS)VIVt (S-SRS)V]-'V'S (14) 

~ R " T =  P 6 R P t - P 6 R  - 6RPt 

6R"v = (lM - RS)V[Vt(S-SRS )V]-' 6V' (lM-SR)- 

-(l'-RS)VIVt(S-SRS )V]-' GV'(S-SRS)V [V'(S-SRS )V]-' Vt(lM- SR)+ h.c.= 

= (lM - RS) V [V'(S-SRS )V]-' 6V' ( lM - SR -SRo)+ h. c. 

Substituting 6R and 6R" in Eq (1 1) one may write 6E as a sum of the two 
terms 6E T and 6E v where: 

6E T = Tr 6Tt (IM- S R) F T (T'S T)" + complex conjugate (1 5 )  

(16) ~ E v  =Tr6Vt ( lM - SR -SRo) L(lM - RS)V [Vt(S-SRS )Vl"+ C.C. 
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The hermitian MxM matrices L and F are so defined: 
L = H + G(Ro) + 2G(R) 
F = 2(H+2 G(R)+G(R")]+ PtLP - LP - P'L 
We stress that these formulae for E and 6E have been obtained and are 

valid independently of any condition on T, V, 6T and 6V. 
Our task consists now in the minimisation of E when the matrices T and V 

(and then 6T and 6V) have the block structure described after Equations (3) and 
(4) and depicted in Fig. 1. 

As a first step we rewrite Equations( 15) and (1 6) in the following form: 
K 

6E T= C Tr 6TJ [(IM -SR)FT(TtS T)-']& +C.C 
k=l  

In Eq.(19) and (20) we have adopted a notation which expresses the 
partitioning of the matrices in blocks referring to the different fragments. 
We notice that: 

0 Given an MxM matrix X whose rows and whose columns refer to the basis 
orbitals we shall denote & the Mhxm block whose rows refer to the atomic 

orbitals 

of the fragment ak . 
Given an MxN matrix X whose rows refer to the basis orbitals and whose 

columns refer to the molecular orbitals, we shall denote & the MhxNk block 
whose rows refer to the atomic orbitals of the fragment ah and whose 

columns refer to the molecular orbitals <pk of the fragment a k  . 
0 Analogously for the NxM or NxN matrices. 
0 We define "diagonal block matrix" a matrix X whose off-diagonal blocks (Xk 

with h #  k) are null. In this case we prefer, for simplicity, to denote the diagonal 
blocks by xk instead of Xu. Obviously if X is a rectangular matrix, the xk 
blocks are also rectangular. It is the case of the T matrix. 

0 Given an MxIT matrix X we shall denote by XK the MKXW block of the last 
MK rows. It is the case of the V matrix. 

0 Given two blocks it is obviously possible to perform the product provided that 
the columns of the first block correspond to the rows of the second one. When 
the product x&Yk is feasible (Yk is then a "diagonal block" or the K* block of 
an MxW matrix) it holds: XN Yk = (XY)hk. Analogously it is xh YW = (XYk.  

of the fragment ah and whose columns refer to the atomic orbitals 

0 
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In order to minimise E with respect to the matrices TI ...... TK and VK one 
could use directly Equations (19) and (20) which are valid independently of any 
condition on T I . . . . . . T ~  VK and on their variations. But it is more efficient to 
introduce new conditions which, without diminishing the generality of the model 
here proposed, simplifjr the formulae and transform the problem into a set of 
pseudo- secular equations. 

IJI. The Minimisation Procedure 

Let us define the MxM matrix Q whose generic block Qhk is 

Q bL = [ T(T' ST)-'lU [ (T'ST)-' T' SIu (h,k= 1.. .K) 

and the MxM "diagonal block" matrix S' whose k~ block is: 

s'k = [s - SRS + SQ]w (k= 1.. .K) (22) 

It can be shown that 

and that s ' k  (and then S') are hermitian and non singular matrices. 

matrix T and its blocks TI ...... TK satisfjr the relations 

Q = Q T T'S' 

From the definition (22) of the "block matrix" S' it is easy to see that the 

TJS'kTk = IN' (k=1 .... K) i.e. T'S'T = iN (23) 

We stress that the previous relations are not "conditions" imposed on T, but are 
just properties of S'. 

Matrices Q and S' allow us to write 
T(T'ST)-' = ( l M - R S + Q ) T  
(IM - SR) = (lM - S'TTt) (IM-RS + Q)' and 

Equation ( 19) now reads 

SET = 5 Tr 8Tkt[(1M-S'TTt)(lM-RS+Q)tF(1M-RS+Q)T]~ +c.c. 
k=l  

i.e. 

&=g Tr 6Tk' ( IMk -SkT kTk')[(lM-RS+Q)'F(lM-RS+Q)]w Tk +C.C. 
k=l 

Defining for each k= 1.. .K the MkXMk matrix 

one gets 
Fk= [(lM-RS+Q)' F( lM-RS+Q)]& (24) 
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It is now convenient to impose to the block VK the following 
conditions which can be fulfilled leaving Finvariant (see step (6) of the iterative 
procedure) 

From these conditions many useful identities descend. In particular 
Q V = QT TtSV = OMXNo 

vt ( s -SRS v = V+ (S - s RS + s Q) v = V+SI v = i N 0  
R" = ( lM - RS) V Vt (lM - SR ) (27) 
P = ( lM - Rs) v Vt s (28) 

( I ~ - S R - S R ~  = (I~-sTT+)(~~-RS+ Q ) ~  - (S-SRS+SQ)W' ( I ~ - R S + Q ) ~  = 
SR" = (S - SRS + SQ) Wt (lM - SR + Qt) 

= [(l'-STTt)- (S - SRS + SQ) Wt](lM-RS+ Q)+ 
Eq.(20) now reads 

6Ev=Tr6VKt { [(l M-S~TTt)-(S-SRS+SQ)Wt](lM-RS+Q)tL(lM-RS+Q)V)K+ 
+c.c. 

With the definition 

L'K = [(lM-RS+Q)+L(lM-RS +Q)]KK (29) 

hEV = TrN$lMX - S;TKTi - S',VKVi)L',VK + C.C. 

one gets 
(30) 

The variation 6E = SET + 6Ev with SET and 6Ev expressed by (25) and 
(30) now clearly highlights the contributions of the different fragments and 
suggests how to decompose the iterative step into K rotations each one in the 
orbital space of one fragment. 

Closed shell_fiaments. 
For k=l ....( K-I) the contribution of each ak to 6E is 

= Trm,!(lMk -SITkT,')FLTk +c.c. (31) 

Remembering (23), Eq.(3 1)  suggests to perform the iterative step Tk=>T'k 
through the solution of the secular problem 
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where Dk is an NkXNk diagonal matrix. 
In effect, near the minimum of E, the 6Tk obtained through a perturbative analysis 
of (32) when substituted in (31) gives 6Ek< 0. 
If necessary, the convergence of the process may be improved by means of the 
"level shifting" technique (Saunders and Hillier, 1973). In our case this means 

empirical parameter. 
substituting F'k in Eq (32) with the matrix [F'k -t Ctk(S'k - S'kTkTJs'k)] with Ctk 

The open shell frament. 
The contribution of the fiagment UK to 6E is 
BK = Trd"L(1"" -S,TKTA)F;TK t 

(33) 
+Tr6V:(lMK -S',TKTi -SkVKVA)L',VK +c.c. 

To the aim of obtaining a minimisation algorithm, it may be advantageous 
the application of the strategy of Guest and Saunders (1974) to Eq.(33). 

Let us introduce the N'"= MK-NK-N" non occupied orbitals cp"of the fragment aK. 
cp" = ~ W K  where WK is an MKX N" matrix. Remembering (23) and (26), it is 
convenient to impose to WK orthogonality conditions in such a way that the 
MKXMK matrix ZK = (TK 1 VKI WK) fulfils the global condition 

z+K SKZK = 1"' (34) 

In each step the new orbital matrix Z'K is evaluated through the unitary 
transformation Z'K= ZK U. The MKXMK unitary matrix U is obtained solving the 
problem 

where DK is an NKXNK diagonal matrix and the MKXMK matrix B is so defined 
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T~F‘V, 

VLF’T, V ~ B O V ,  + al“ 

1 T;F‘ W, 

W: F‘T, WLL‘V, WLB”W, +pl”” I 
In (36) the matrix elements connecting orbitals of different categories (off- 

diagonal blocks) will be vanishing when the conditions for a stationary energy are 
satisfied. The (MKxMK) matrices B‘, B” and B” appearing in the diagonal blocks 
have the effect of fixing “canonicalization conditions” (Guest and Saunders 1974) 
for TK,VK and WK respectively. Remembering that the unitary transformations that 
mix orbitals of each group among themselves do not alter the wave fbnction nor 
the density matrices R and R” and therefore the energy, B’, B” and B” may, in 
principle be arbitrary hermitian matrices. In practice an appropriate choice may 
affect the convergence. In our calculations we have chosen Be = FK, Bo = L’K and 
B” = L’K. At convergence the orbitals TK,VK and WK will be canonical over these 
matrices. a and p are scalars used to denote the first and second “level shif-lers”. 

A perturbative analysis of the problem enclosed in Eq.(35) may be 
accomplished when the elements belonging to the off-diagonal blocks of B may be 
considered “small” with respect to the matrix consisting only of the diagonal 
blocks of B. An appropriate choice of the “level shiflers” a and p has the effect of 
making this hypothesis valid. We notice that the zero-order perturbation 
(depending on the diagonal blocks of B) may imply a consistent transformation of 
the matrices TK,VK and WK in the sense of a linear combination of the columns of 
each of these matrices separately. But Eq.(33) shows that the only energetically 
significant variations are those that mix orbitals of different categories. It can be 
shown that this “mixing” is of the same order of the off-diagonal blocks. It is then 
possible to use Eq.(33) which yields a negative SEK. 

The procedure presented above has been implemented along the following 
scheme: 

Iterative minimisation procedure: 
1. Guess trial matrices TI .... TK, VK, WK. 
2. Orthonormalize T, . . .TK (Separately for each fragment). The metric is free. 
3. Evaluate R using Eq.(6). 
4. Build Q defined by Eq. (21). 
5. Compute S; (k=1 ... K) given by (22). 
6. Orthonormalize VK , as required by (26), through the following procedure 
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v, (i'~ - T,T:s;;)v, 
1 

v, c= v,(vAsKv,)-~ 
7. Build R" using (27). 
8. Compute G(R), G(R"), G(R") as defined by Eqs. (9) and (10). 
9. Compute the electronic energy E through Eq. (8). 
10. Check the variations in the density matrices R and R" : if less then tolerance, 

exit 
11. Build P through Eq. (28) 
12. Evaluate L, F , k ' ,  Fk' (for k=l ... K) defined by Eqs. (17) (18) (29) (24). 
13. For k=l ... K-1 obtain the new T i  solving the secular problem: 

Fi +a,(SL -SLT,T,'SL)]T; = SITiE, 

TL?S' T' - I N k  f k k -  

14. Orthonodize WK through the following procedure: 

w, (i '~ - T,TAs;, - v,v:s;;)w, 

w, e w,(w:s,w,)-f 
15. Evaluate the matrix B given in Eq.(36) where B'= F'K, Bo= L'K and B"= L'K 
16. Solve the problem (35) and evaluate ZK( = ZK U. 
17. Tk <= T i  (k=l ... K-1) 

ZK <= ZK' i.e (TKIVKIWK) <= (Tk;'lVK'IWK() 
18. Go back to step 2. 

IV. Calculations and Results 

Cu-He , Cu (He)z , Li (He)l 
We have performed a few fill electron calculations using basis already 

employed for other studies: for Cu, see Poirier et al., (1985) , for He see van 
Lenthe et a/. , (1 984) and for Li see Poirier et a/., (1985). The results are shown in 
Figures 2 - 5. 
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E (mhartree) 

a m  ""n SCF-MI 

-0- CP-SCF 

JSO r m  +M sm SM sm (IS 7m IM am 

R (a.u.) 

Fig. 2. Cu-He: SCF-MI, CP-SCF and SCF Interaction Energy. 
As it can be seen in Figure 2, the energy curves for He-Cu turn out idly repulsive, 
with the SCF-MI values above the SCF ones. The SCF-CP values are almost 
everywhere intermediate between the SCF and the SCF-MI results, showing that 
the CP method does not correct entirely the BSSE. The fact that for this system the 
SCF-MI potential decreases faster then the SCF and the CP ones at larger distances 
are consistent with the study of Eichenauer et ul. (1987) 

Fig. 3. HerLi system. 
R =3.5 a..u.; d E s C F . ~  = 47.155 mHartree; AEscp = 37. I99 mHartree 

Fig. 4 He-Cu system. 
R =3.5 a..u.; AEScFM = 33.530 mHartree 

Fig. 5. HeTCu system. 
R =3.5 a..u.; LIES,-FM = 71. I22 mHartree 
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basis set 

6-3 1G 

6-31G** 

T Z W U  

6s4p3d4s3p'"' 

(H20)3 

In Table I we report the results on water timer and in Fig.(6) the geometry 
adopted (Clementi at al. ,1980). A more complete work on this system will be 
presented later. The method has been applied to compute non additive effects, 
a d d .  , for a variety of conformations of the timer. The results have been used to 
generate a new ab-initio potential where many body effects were incorporated 
(Raimondi et al., 1997). 

number &ABC ~ E A B C  &.add. &.add. 

hnctions KcaVmol KcaVmol KcaVmol KcaVmol 
Of SCF SCF-MI SCF SCF-MI 

39 -18.79 -14.36 -4.11 -3.72 

75 -15.35 -10.95 -2.22 -1.87 

153 -10.30 -8.41 -2.32 -2.20 

186 -9.97 -8.08 -2.44 -2.29 

Fig. 6. Geometry of the water timer. 
TABLE I 

WATER TRIMER: SCF AND SCF-MI RESULTS. 

a Basis set taken from Millot and Stone (1992) 

V. Conclusions 

We have presented the extension of the SCF-MI algorithm (Gianinetti, 
Raimondi and Tornaghi, 1996) to the more general case of the intermolecular 
interactions between closed- and open-shell systems. As in our previous work, the 
BSSE is excluded apriori, by allowing the expansion of molecular orbitals of each 
fragment only in the basis hct ions centred on the fragment itself. 



Extending the SCF-MI Method to the Case of K Fragments 265 

The simplicity of the standard SCF procedure has been preserved. The 
closed shell Roothaan equations and the Guest and Saunders open shell equations 
have been modified at the cost of a negligible complication with respect to the 

For all the systems considered we did not observe any convergence 
difficulty, while the computer time turned out comparable with that of the standard 
SCF procedure. 

The method appears stable and efficient and the choice of the most 
convenient values of the u and p level shifier parameters did not require any 
particular care. The program has been tested by means of a code based on an 
iterative first-order Brillouin scheme where the nonorthogonality of the orbitals of 
the two fragments is directly taken into account by a general VB program, finding 
perfect agreement. 

We are aware that a possible criticism of the SCF-MI procedure might 
be that the method does not allow charge transfer effects to occur. As already 
discussed previously (Gianinetti, Raimondi and Tom&, 1996), we remind that 
the constraints on the SCF-MI orbitals - <pk = & Tk - do not prevent a certain 
amount of charge transfer to take place. The reason why this can occur is that the 
SCF-MI orbitals of different subgroups are not constrained to be orthogonal but 
are allowed to Overlap. In this way the orbitals of a fiagment can have tails on 
other fragments and viceversa; it is worth noting that these tails do not originate 
from unphysical nodes imposed by orthonormalisation processes. This peculiarity 
will be beneficial also to all the other terms which are sensitive to the detailed 
description of the overlap region as it provides to the SCF-MI orbitals the 
necessary flexibility and freedom to adapt under the effects of the physical 
interactions. For this to be true, it is sufficient to employ functions which are not 
too tightly localised. This last condition is obviously requested when studying van 
der Waals complexes or hydrogen bonded systems. 

The SCF-MI BSSE free method does not take into account dispersion 
forces, connected to electronic intermolecular correlation effects. By using the 
SCF-MI wave function as a starting point, however, a non orthogonal BSSE free 
CI procedure can be developed. This approach was applied to compute 
intermolecular interactions in water dimer and trimer: the resulting ub initio values 
were used to generate a new NCC-like potential (Niesar et ul., 1990). Molecular 
dynamics simulation of liquid water were performed and satisfactory results 
obtained (Raimondi et al., 1997). 

usual algorithm. 
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Abstract 

The general CI code PEDICI has been parallelized by decomposing the occur- 
ring summation over two-electron integrals. The parallelization was formulated 
in terms of a “master/slave” model, and realized through use of the “PVM” 
message passing facility. We have aimed at achieving a reasonably simple im- 
plementation for use on machines with intermediate numbers of processors. 
Exploratory test runs on an IBM SP supercomputer (consisting of RS/6000 
model P2SC (120 MHz) nodes) show a very satisfactory performance increase 
with the number of processors used, as well as encouraging balancing of the 
workload. Our largest 32-processor test case gives a speed-up factor of 30.27. 

Contents 

1. Introduction 

2. Outline of implementation 

3. Details of implementation 

4. Results of test calculations 

5. Discussion 

References 

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 31 
Copyright 01999 by Academic F’ress. All rights of npmduction in any form reserved. 
0065-3276/w $30.00 

261 



268 T. Thorsteinsson and S. Rettrup 

1. Introduction 

Parallel computations are now an integral part of quantum chemistry. During 
the past 10 years parallelization of most mainstream methodologies have been 
considered, and the number of publications in this area is growing rapidly 
(for reviews see, for example, Refs. 1-3). This is not surprising since purely 
theoretical development is unlikely to yield performance gains comparable to 
what may be obtained by proper utilization of modern parallel computers. On 
the other hand, parallel programming is a complex task, and it seems that the 
devoted attention of experts is required to attain maximum possible efficiency. 
In this work, however, we have adopted a more pragmatic attitude, with a 
main aim being to demonstrate that very satisfactory results may be obtained 
with a reasonable investment of human effort. 

Configuration interaction (CI) constitutes one of the earliest concepts in 
quantum chemistry, and it remains one of the most accurate approaches for de- 
scribing the electronic structure of small and medium-sized molecular systems. 
This is the case for the powerful combination of complete active space self- 
consistent field (CASSCF) calculations with multi-reference (MR) CI treat- 
ments, but also large scale full CI applications have been subject to increas- 
ing interest during the past years. They may, for example, provide useful 
benchmark results for methods at a lower level of theory. Significant efforts 
have therefore been directed towards parallelizing CI algorithms (for a com- 
prehensive account see Ref. l), and highly impressive results have thus been 
obtained. This is exemplified by a full CI calculation, reported by Harrison and 
Stahlberg [4], incorporating 95 million configuration state functions (CSFs). 
Also among the very most exciting results is the massively parallel imple- 
mentation of the MRCISD program system COLUMBUS [5-71. Reasonable 
efficiency was reported using up to 256 processors, and applications employing 
38 million CSFs have been carried out [7]. 

The main objective of the present research project was to enable the utiliza- 
tion of modern parallel machines with moderate numbers of processors without 
substantially restructuring the existing CI code, PEDICI [8,9]. Keeping the 
implementation as simple as possible was a major concern, while retaining 
enough flexibility to allow possible future adaptation to massively parallel ar- 
chitectures. PEDICI is a general purpose multireference CI package not dedi- 
cated to any particular excitation scheme, using a strategy for matrix element 
evaluation based on the symmetric group approach. 

A general outline of the parallelization of PEDICI is provided in Section 2, 
while Section 3 describes some of the practical aspects involved. Section 4 
presents the results of test calculations on an IBM SP machine employing up 
to 32 processors. Finally in Section 5 we draw our main conclusions and give 
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some consideration to a possible massively parallel implementation. 

269 

2. Outline of implementation 

The parallelization of PEDICI mainly concerned itself with the “direct CI” [lo] 
part of the program, which generally is by far the most time consuming. In 
the iterative procedure first proposed by Davidson [ll], or the many existing 
variants hereof, a central step consists of the efficient multiplication of the 
electronic Hamiltonian matrix onto a given trial vector: 

u = H c .  (1) 

Analogous considerations apply, for example, to the calculation of second-order 
properties, for which a very similar computational problem must be addressed. 
For typical applications this step constitutes 95-100% of the total computa- 
tional effort, and a successful parallelization will therefore reflect directly on 
overall performance. 

The strategy for matrix element evaluation used in PEDICI relies on the 
combination of graphical techniques for describing the configuration space 
with the symmetric group approach for the evaluation of CI coupling coef- 
ficients. Our graphical indexing procedure represents further development of 
the method first proposed by Shavitt [12,13], considered later also by Duch 
and Karwowski [14,15]. As is well known, there are few practical limitations 
on the form of CI spaces that may be represented by such graphs, but this 
generality also necessitates greater efficiency in the evaluation of indexing in- 
formation than is likely to be the case for more restricted CI strategies. The 
CI coupling coefficients are obtained from representation matrices of S,, the 
generation of which is described in detail in Ref. 16. 

The integral-driven implementation of this strategy leads to a loop struc- 
ture that may be written on the form: 

1. Loop possible “integral shape” segments [8,9] for a batch of two-electron 

2. Obtain line-up permutation, P ,  and position of corresponding block in 

3. Generate the corresponding spin representation matrix, V ( P ) ,  combine 
it with two-electron integrals, and apply the resulting components of the 
Hamiltonian to the CI vector. 

integrals. 

the Hamiltonian. 

For further details we refer to the previously published accounts [8,9]. In 
summarizing the time consuming part of the procedure it is convenient to 



270 T. Thorsteinsson and S. Rettrup 

adopt the form: 

where the CI coupling coefficients, A&, are trivially related to the represen- 
tation matrices, V ( P ) ,  for the line-up permutations. The efficient (sequential) 
implementation of Eq. (2) relies on an integral-driven algorithm in which con- 
tributing I -J  pairs are exhausted for each integral (pqlrs). Also noteworthy is 
the inherent difficulty, within the symmetric group approach, associated with 
vectorization of this step, since the block-wise representation of CSFs leads to 
relatively short vector loops. 

Within an integral-driven procedure it seems natural to perform the paral- 
lelizing decomposition according to the pqrs summation in Eq. (2). This must 
lead to a relatively coarse-grain parallelization, because the important compu- 
tational effort associated with identification of I-J pairs and evaluation of the 
corresponding coupling coefficients, A$ then becomes distributed among all 
processors. Furthermore, the number of integrals, and thus overall parallel 
tasks, is sufficiently large that an even distribution of the work load can be 
expected. 

As such, the total effect of the Hamiltonian matrix may be obtained by 
summing partial u vectors, generated on P individual “slave processors”: 

+ Ul + uz + . . . + UP, g = u( l -e l )  (3) 

with each slave process generating its u vector from a subset of two-electron 
integrals. The following three steps summarizes our algorithm: 

1. Distribute c vector of Eq. (1) from “master” to all “slaves”: 

C 

c +  { c 

{ :: 
2. Distribute blocks of integrals to “slaves” on request until end of integral 

file. Each slave carries out a part of the second summation given in Eq. (2): 

(pqlrs) + i 

3. Collect partial u vectors from all “slaves”: 



Parallelization of the CI Program PEDlCl 271 

A major determining factor for the parallelization overhead will thus be the 
data transfer associated with distributing and gathering the CI vectors, as well 
as the distribution of two-electron integrals. 

3. Details of implementation 

A more detailed account of the parallelization may be of interest to researchers 
seeking to parallelize electronic structure codes. We consider therefore in this 
section those aspects of the parallelization that are not directly related to 
the direct GI algorithm discussed in Section 2. We first state our overall 
implementational objectives, followed by some more practical details, including 
also a description of the PVM [17,18] message passing facility used. 

Simplicity of implementation was, as discussed in previous sections, an im- 
portant goal of this work. More specifically, our main objectives included: (1) a 
straightforward parallel control structure, (2) simple message passing between 
processors, (3) minimal restructuring of the existing algorithm, and (4) mini- 
mal change to the existing code. Point (3) may be the most difficult to comply 
with in practice, whereas the others will be under the programmers control to 
a greater extent. How much restructuring is required will depend strongly on 
the sequential program’s suitability for parallelization, and in the worst case a 
successful parallelization may not be attainable without a complete recasting 
of the underlying algorithm. Alternatively, the form of the sequential program 
may dictate the use of a specific parallel algorithm, in order for a practical 
implementation to be possible. As such, the fact that the sequential algo- 
rithm in PEDICI was integral driven, quite naturally led to the parallelizing 
decomposition of the integral summation discussed in Section 2. 

The simplest possible organizational scheme for parallel applications is 
likely to be in the form of a “master/slave” model. In such an approach, 
a given processor is assigned to controlling the parallel tasks, and often this 
process will also handle the primary 1/0 required. Devoting a processor to 
such tasks generally implies that the theoretical maximal efficiency will be 
somewhat reduced, simply because a processor less will be involved in actual 
computation. This is only likely to be serious for applications using very few 
processors, however, and for larger numbers it is likely to be of no practical 
concern. Of course, a master/slave implementation may, when suitable, also 
show better scalability compared to other parallelization models. 

We decided that the least possible change to our code could only be achieved 
if it was kept in the form of one single program (what could be termed a “single 
program multiple data” (SPMD) implementation [2]). This is important when 
considering further development or maintenance of the program, but in many 
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ways it also turns out to simplify the parallelization significantly. There is no 
need to transmit large amounts of easily-generated indexing information, for 
example, as each slave simply processes the required input files, and executes 
all relevant parts of the code. 

Two issues that deserve mentioning, but do not relate directly to the mes- 
sage passing process, are the handling of run-time errors and I/O. However, 
while the former is an important part of the reliability of a program, we feel 
that providing a detailed account is outside the scope of this paper. The special 
need for addressing this point when considering parallel computations stems 
from the fact that premature termination of one or more slave processes, if 
unchecked, not necessarily will be detected by the master process. The appli- 
cation is then likely to “hang”, which can be wasteful in terms of computer 
resources. Special facilities for overcoming problems of this sort exist in most 
message passing libraries. 

For considering the handling of I/O, it is useful to divide file types into three 
basic categories: (1) input files, (2) output files, and (3) scratch files. Input 
files constitute all prerequisites of the program, while output and scratch files 
are program-generated. We decided that the simplest differentiation between 
files would be achieved at the stage they are opened, a procedure which is 
easily automated by defining suitable subroutines. In our master/slave model, 
it is primarily input and output files belonging to  the master process that are 
of interest. We assume that input files are only available on the master node, 
and such files will therefore be broadcasted as soon as they are first opened (of 
course, for large input files not required by slaves (e.g., the integral file), one 
may disable such broadcasting). Slave files are not generally of interest, and 
may as such be given scratch status. To take into account the possibility of 
a shared file system, file names may furthermore be given process-dependent 
extensions to avoid collisions. 

It is appropriate to give a brief introduction to the use of message passing 
libraries, in particular PVM [17,18] (“Parallel Virtual Machine”) which was 
used in this work. For further details of these facilities we refer to the avail- 
able literature. In PVM, message passing is carried out by daemon processes, 
which means, for example, that for parallel applications on workstation clus- 
ters PVM daemons must be running on each participating machine. Of course, 
implementations on multi-processor machines may differ from this. Once the 
PVM daemons are running and have established communication, the network 
of processors can be thought of as a single “virtual machine”, and interaction 
between user processes then takes the form of simple calls to Fortran or C 
library subroutines. To facilitate the porting of our code to other message 
passing packages, such as MPI [19], we took care to use only the most basic of 
these message passing routines. 
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Start up: 
Spawn: Starts child processes. 
Mytid: Obtains own task ID (TID). 
Parent: Obtains parent task ID. 
Config: Obtains information about the virtual machine. 
Exit: 
Kill: Kills a specified PVM process. 
Exit: Exits from the PVM daemon. 
Data transfer: 
Initsend: Prepares buffer for data transfer. 
Pack: Packs data of specified type into PVM buffer. 
Send/Mcast: Transmits data in current buffer. 
Recv: Awaits receipt of data as specified by MSGTAG. 
Bufinfo: Returns message buffer information (e.g., sender TID). 
Unpack: Unpacks data of specified type. 

Figure 1: Summary of PVM routines used in the parallelization of PEDICI. 

Data transfer is in PVM done in three steps: 

1. Initialize message buffer (routine initsend). 

2. Pack data into message buffer. 

3. Transmit data. 

The reverse of this procedure is carried out by the receiving processor. Several 
different data types (e.g., integer*$ and real*8) may be packed into the same 
message buffer. A strength of PVM is that this packing also allows data to be 
transferred between workstations of different architecture. However, the effort 
associated with encoding and decoding data is likely to  reduce communication 
speed. Specification of recipient, or sender, is achieved by using single-integer 
“task IDS”, and so each process in the PVM virtual machine is assigned a 
unique such identifier. Also associated with each message is a “message tag”. 

A summary of all PVM routines used in PEDICI is given in Fig. 1. (We 
have given here the short version of the subroutine names-the complete names 
are of the form “PVMFname” for the Fortran library, and “pvm-nume” in C.) 
Generally just one process is created at the beginning of a parallel job, such 
that this process must start slave processes by calls to the PVM spawn routine 
(this is true even for applications that do not use the master/slave model). 
When finishing the parallel application, the PVM daemon is notified by using 
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4. Results of test calculations 

Using the parallel version of our CI program, a series of test runs were carried 
out on an IBM SP machine consisting of RS/6000 model P2SC (120 MHz) 
nodes. 

One set of test calculations was carried out on the low-lying electronic 
singlet states of CO (see also Refs. [20,21]). Calculations were carried out at 
the equilibrium bond length, 2.132 bohr [22], employing basis sets consisting 
of [7,6,3] contracted functions for both carbon and oxygen [23]. This gives 
a total of 86 basis functions. A CISD treatment based on the ground state 
configuration la22023a24a21~45a2 then leads to 22318 CSFs of ‘C+ symmetry. 
For this job, the sequential version of PEDICI takes 511 CPU seconds pr. 
Davidson iteration, compared to a total of 20 CPU seconds spent in other 
parts of the program. 

Figure 2: Speedup for CISD test calculations on CO using the public domain 
PVM message passing interface. 
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We show in Figs. 2 and 3 the speed up for a Davidson iteration obtained 
with the PVM [17] (“Parallel Virtual Machine”) and PVMe [18] (“PVM en- 
hanced”) message passing interfaces respectively. Speed-up factors are here 
relative to the sequential version of the program (n=l), and the theoretical 
maximum has been defined according to the expression s (n)  = n - 1 appro- 
priate to the used master/slave model. 
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Figure 3: Speedup for CISD test calculations on CO using the IBM PVMe 
message passing interface. 

The IBM product PVMe takes advantage of the IBM SP “high performance 
switch,” and can as such be expected to perform somewhat better than the 
public domain version. Indeed, not until around 28 to 32 processors can a 
definite decrease in performance be detected. For the 32-processor calculation 
the speed-up factor was 28.44, which, given our initial aim, we find satisfactory. 

As an illustration of the load balancing achieved in a typical 32 processor 
calculation, we present the CPU usage for each of the 31 slave processes in 
Fig. 4. The difference between maximum and minimum CPU times is here 
0.41 sec., and the overall root mean square deviation is 0.45%. This is very 
satisfactory, and it would seem unlikely that load balancing will present se- 
rious problems in future applications unless a significantly larger number of 
processors is employed. 
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Figure 4: Load balancing between slave tasks for the 32-processor calculation 
on CO using PVMe. 
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Figure 5: Speedup for CISD test calculations on MnO; using the IBM PVMe 
message passing interface. 
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A second series of test calculations was performed on the permanganate ion 
(cf. Refs. 24,25). A tetrahedral geometry was assumed with an Mn-0 bond 
length of 1.629 8, [26], and we used basis sets consisting of [10,7,3] and [5,3] 
contracted functions for manganese and oxygen respectively [25,27]. The sub- 
sequent CI calculations were carried out in the largest Abelian subgroup, D2, 
including all single and double excitations from the valence space. This leads 
to 185745 configuration state functions of ‘A symmetry. For the sequential 
version of the program, a single Davidson iteration took 6495 CPU seconds, 
compared to 224 CPU seconds spent in other stages of the job. 

The resulting PVMe speed-up factors are shown in Fig. 5,  with the load 
balancing for the 32-processor job given in Fig. 6. This application gives a 
near-perfect scalability for the range of processors considered, with a speed- 
up factor of 30.27 found for the 32-processor calculation. Compared with the 
theoretical maximum of 31 in our master/slave implementation, this represents 
a relative efficiency of 97.6%. For the load balancing, a maximum deviation 
of 2.6 secs. and RMS value of 0.16% is found. Both these values are largely 
determined by the deviations for processors 5 and 9. Indeed, the lower CPU 
times for processors 5 and 9 appear odd when taking into account the excellent 
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Figure 6: Load balancing between slave tasks for the 32-processor calculation 
on MnO; using PVMe. 
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load balancing for all other processors, and the possibility of some anomalous 
occurrence, not directly associated with the present application, cannot be 
ruled out. 

5.  Discussion 

We believe that our initial goal of keeping the parallelization relatively sim- 
ple while still obtaining satisfactory performance has been achieved to  a large 
extent. Of course, this motivation strongly influenced the details of our im- 
plementation, key features of which include the decomposition of work load 
according to the integral summation of Eq. (2); a “master/~lave~’ model for 
parallelization; and the use of the PVM facility for data transfer. For the 
applications considered in Section 4 this leads to highly satisfactory speed-up 
factors for up to 32 processors. Since excellent load balancing is seen, the per- 
formance degradation for larger numbers of processors clearly occurs because 
of the overhead involved in data transfer. Further optimization of the code 
must therefore pay special attention to the distribution of integrals, as well as 
the broadcasting and gathering of CI vectors. 

At present there exist several different systems for message passing in par- 
allel applications, the two most widely used being MPI [19] (“message passing 
interface”) and PVM. The lack of a universally accepted standard is unfortu- 
nate, and so, with the necessity of future porting in mind, we have restricted 
the use of PVM-specific features to a minimum. Since a base of message 
passing facilities must be common to all these systems, we envisage go major 
portability problems for our code. Characteristics of PVM that influenced our 
choice were its fairly widespread use combined with the fact that it is freely 
available [17]. An additional advantage is PVM’s suitability for use on work- 
station clusters-especially within scientific environments this option may be 
an economical alternative to  the use of parallel supercomputers. 

We have based our parallelization on decomposing the summation over 
integral labels given in Eq. (2), such that, in our master/slave model, inte- 
grals are distributed on request from slaves. The determining factors for the 
efficiency will therefore be the associated communication speed, and the pos- 
sibility of achieving even load balancing. Several alternative strategies aiming 
to avoid extensive data transfer on one single node may be envisaged, such as 
for example: 

0 A “master/secondary master/slave” model. 

0 Distributing some or all integrals at the beginning of job. 

0 Allowing multiple simultaneous 1/0 operations on the integral file. 
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0 An integral-direct procedure-integrals are evaluated as required. 

The efficiency of these approaches will strongly depend on features relating 
to computer architecture, and so we shall forego a detailed discussion here. 
Of course, if all integrals are distributed at the beginning, this will involve 
an overhead, compared to alternative strategies, which will scale linearly with 
the number of processors used Also, in the context of a massively parallel 
implementation, an integral-direct strategy would certainly seem to have very 
great potential. 

The size of integral batches we use typically range from 1000 to 5000 real*8 
words (with some variation according to integral type), and, as seen in Sec- 
tion 4, this gives a satisfactory balancing of the workload. One could envisage 
some adjustment of the batch size according to particular applications, but 
the data transfer latency (i.e., start-up time) would rule out very small inte- 
gral batches. Compared with possible alternative strategies, the flexibility in 
the choice of granularity counts in favour of a decomposition of the integral 
summation, as done here. 

Straightforward summation of partial u vectors involves N,,,,-l summa- 
tions, whereas simultaneous summations on the slave processors in principle 
can reduce this to log~(N,,,,). This would be the case with perfect load bal- 
ancing, but for more realistic cases the optimal summation strategy is likely 
to involve a compromise between a simple summation on the master process 
and summation according to a binary tree structure. We foresee a need for 
addressing this problem when moving to a larger number of processors. 

A main issue remaining is that of CI vector segmentation. This may be 
done in sequential calculations in order to  handle larger dimensions of the 
CI space than may be kept in core memory, but a similar strategy may be 
invoked on distributed-memory parallel machines [7]. In this way problems 
may be considered that are a factor of G l a r g e r  than what would otherwise 
be possible. The obvious overhead related to such an approach lies in the 
identification of the relevant two-electron integrals for given segment pairs, 
and this is a particularly serious problem for the very general types of CI 
expansion that may be considered within a graphical approach. However, it 
certainly seems worthwhile to pursue this idea further with a massively parallel 
implementation in mind. 

Our previous conclusions will all have some dependence on the particular 
type of application considered, an aspect which may influence the total CPU 
work load, the amount of data transfer required, and the possibility of obtain- 
ing even load balancing. Our findings in this work would suggest that load 
balancing does not constitute a problem for CI applications of reasonable size, 
and the success or failure of the parallelization will therefore be determined 
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largely by the transfer of CI vectors and two-electron integrals. This depen- 
dence may be direct, if the total data transfer time becomes comparable to the 
single-processor CPU time, or indirect, if data transfer time leads to slave pro- 
cessors becoming idle while waiting for integral batches. In the present case, 
the MnO; test job parallelized better than the CO job, and it is tempting 
to associate this with its greater size. If such a size-dependence is found to 
exist generally, scalability is likely to become even more favourable for larger 
examples than those considered here. 

The parallel version of PEDICI developed here seems well suited for com- 
putations on distributed-memory machines such as the IBM SP, and the ac- 
curate dynamical load balancing would suggest t hat favourable results could 
also be obtained on heterogeneous workstation clusters. Further essential as- 
pects for the success of our implementation were the optimal use of computer 
hardware (as exemplified by the importance of employing the SP “high per- 
formance switch”), and possibly an advantageous dependence on application 
size. While bearing these points in mind, we believe that the 95% overall ef- 
ficiency we obtain for our largest 32-processor case demonstrates the viability 
of a practical approach to parallelization. 
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Abstract 

Using the F-  ion as a prototype, the convergence of the many-body 
perturbation theory second-order energy component for negative ions 
is studied when a systematic procedure for the construction of even- 
tempered basis sets of primitive Gaussian type functions is employed. 
Calculations are reported for sequences of even-tempered basis sets 
originally developed for neutral atoms and for basis sets containing 
supplementary diffuse functions. 
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1 Introduction 
The use of finite basis set expansions (the algebraic approximation) is ubiq- 
uitous in quantum chemistry[l]-[7]. Recent years have witnessed a growing 
interest in the systematic refinement of the algebraic approximation with the 
demand for increased precision in molecular electronic structure calculations 
facilitated by the availability of more powerful computing machines. The 
development of basis sets for studies of negative ions requires particular care 
and attention because of their extended charge distribution and the increased 
magnitude of electron correlation energies associated with such systems. 

In a previous paper[S], we have examined the convergence of the matrix 
Hartree-Fock energy for negative ions, using the F-  anion as a prototype, 
when a systematic procedure for the construction of even-tempered basis sets 
of primitive Gaussian-type functions is employed. In the present paper, we 
consider the more challenging electron correlation problem in negative ions. 
In particular, we study the convergence of the many-body perturbation the- 
ory second order energy component for the F- anion using systematically 
constructed even-tempered basis sets of primitive Gaussian-type functions. 
Now the description of the matrix HartreeFock ground state for the F- an- 
ion requires on basis functions of s- and p symmetry. Higher symmetry types 
are required for correlation studies. In this work, we restrict the basis sets 
employed to functions of s-, p-  and d-symmetry and study the convergence 
of the second order many-body perturbation theory energy component with 
respect to the number of basis functions of each symmetry type. The conver- 
gence of the second order energy component with respect to the symmetry 
types included in the basis set expansion has been studied by Schwartz[S] 
[lo] and subsequently by a number of other authors[ll]-[14] and it is well 

established that for atomic systems this converges as ( l+  +)-" 
In section 2, we provide a description of the methods employed in the 

present study: the generation of Gaussian-type basis sets, the independent 
particle model and the treatment of electron correlation effects, and, the 
computational details. b su l t s  are presented and discussed in section 3. 
Section 4 contains our conclusions. 
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2 Methods 

2.1 Systematic basis set generation 

An efficient scheme for generating the large and flexible Gaussian basis sets 
required for accurate atomic and molecular electronic structure calculations is 
provided by the even-tempered prescription in which the exponents are taken 
to form a geometric progression. Hence, the exponents, &a, are generated 
according to the following formula:- 

h & e  =Inad + kln,f?ne, k = 1,2  ,..., n (1) 
where the parameters ad and /3d depend on the number of basis functions, n, 
and their angular quantum number, e. This approach, which was suggested 
by McWeeny[l5] and explored by Reeves and Harrison[l6] [17] in the early 
1960s, was vigorously investigated by Ruedenberg and his coworkers[l8]-[24] 
in the early 1970s. Klahn[25] has studied the completeness properties of sets 
of Gaussian-type functions and has generalized the theorem of Muntz and 
Szasz[26]-[28] to even-tempered Gaussian basis sets. 

Even-tempered basis sets can be systematically increased (or decreased) 
in size by following the empirical prescription of Schmidt and Ruedenberg[29] 
in which the parameters ad and /3d depend on the number of functions, n, 
in the basis set. The following empirical formulae lead to a sequence of basis 
sets which become complete in the limit of large n 

lnln& = belnn + bi 

Inane = aeln(& - 1) +a; 

(2) 

(3) 
Schmidt and Ruedenberg[29] optimized the constants at, a;, be and bi,  for 
individual atomic species. However, for the large and flexible even-tempered 
basis sets required for calculations of high precision it has been recognized 
that the precise values of these constants is not critical and, building on the 
concept of a universal basis set[30]-[36], a universal systematic sequence of 
even-tempered Gaussian basis sets has been investigated[37] [38]. 

The parameters employed in generating sequences of even-tempered basis 
sets for the neutral F and N e  atoms were taken from the work of Schmidt 
and Ruedenberg[29]:- 

(4) 

(5) 

F : a, = 0.5487, a', = -2.5436, b, = -0.5055, b', = 1.2749 
ap = 0.6678, a; = -3.1389, bp = -0.4437, bk = 0.9240 

a, = 0.5587, al, = -2.3315, b, = -0.5061, b', = 1.2758 
ap = 0.6964, a; = -2.9669, bp = -0.4437, bi = 0.9283 

N e  : 
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Diffuse functions were generated by admitting k = 0, -1, ... in the generating 
formula (1). The F-  anion was describe by the basis set designed for F and 
by the basis set designed for Ne.  The convergence is compared with that 
observed for the N e  atom described by the Ne basis set. Both the F and the 
N e  basis sets were supplemented by diffuse functions in the calculations for 
the anion F-  in order to improve the convergence properties of the algebraic 
approximation. Throughout this work the nomenclature E (X; [Y]) is used 
to denote the energy of the system X calculated with the basis set Y .  

2.2 Independent particle model and electron correla- 
t ion expansion 

The many-body perturbation theory[39] [40] [41] was used to model the elec- 
tronic structure of the atomic systems studied in this work. The theory de- 
veloped with respect to a Hartree-Fock reference function constructed from 
canonical orbitals is employed. This formulation is numerically equivalent to 
the Mgller-Plesset theory[42] [43]. 

The matrix Hartree-Fock energy, EmHF, is given by the sum of the zero 
order and first order energies:- 

The correlation energy, Ecwrelatim, is approximated by the second and higher 
order terms in the perturbation expansion:- 

where Eblg] denotes the [p/q] Pad6 approximant to the total energy. In this 
work, second-order energy component, Ez, is determined and the correlation 
energy is approximated as 

where 7Zp/o]  is the remainder term. Ez is the dominant correlation energy 
component and for this simple and computationally tractable approach to 
be useful the remainder term, Rp/o], must satisfy the condition 

where E is small. 
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2.3 Computational details 
The calculations reported in this work were carried out with the Gaussian- 
92W (Revision E-1) molecular electronic structure programs of Frisch et 
a1 [MI. 

3 Results and discussion 

3.1 

The Hartree-Fock ground state of the F -  anion is described by orbitals of s 
and of p symmetry. In the first part of this study, attention was restricted to  
the convergence of the second order many-body perturbation theory compo- 
nent of the correlation energy for systematically constructed even-tempered 
basis sets of primitive Gaussian-type functions of s and p symmetry. 

Basis sets of s- and p-type functions 

3.1.1 Neutral atom basis sets 

Total energies through second order, E[2/01, calculated for the ground state 
of the neon atom using systematic sequences of even-tempered basis sets 
of Gaussian functions designed for the Ne atom and designated [2nsnp] for 
n = 3,4,  ..., 13 are presented in Table 1. The corresponding matrix Hartree- 
Fock energies have been given in Table 1 of our previous work[8] and agree 
with thase given earlier by Schmidt and Ruedenberg[29]. 

The energy differences for the total energies calculated through second 
order, that is 

. .  
with p = 2, X = N e  and Y = Ne,  are collected in Table 1 for n = 4,5, ..., 13. 

The second order correlation energy component, Ez(Ne; [Ne])  calculated 
for the ground state of the neon atom using systematic sequences of even- 
tempered basis sets of Gaussian functions designed for the N e  atom and 
designated [2nsnp] with n = 3,4,  ..., 13 are also collected in Table 1. 

The correlation energy differences 

are also presented in Table 1 for X = N e  and Y = N e  and n = 4,5, ..., 13. 
The results presented in Table 1 should be compared with those given in 

Table 1 of our previous work on the F- anion[8]. In that Table, A E ( N e ;  [Ne])  
for matrix HartreeFock energies was reduced to 10.7 pHartree for the largest 
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basis set studied (n = 13) whereas the corresponding AEplol(Ne; [ N e ] )  
in Table 1 of the present work is 3 - 4 times larger because the value of 
AEz(Ne;  [Ne] )  is 2 - 3 times larger. Nevertheless, the level of accuracy 
achieved in Table 1 for the Ne atom, described by a basis set of s- and 
pfunctions, establishes the accuracy we seek to attain for the F-  anion. 

Thble 1 
Ep/o], AE[zpl,  Ez and AEZ for the ground state of the neon atom 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the N e  atom and designated [2nsnp]. 

n E[Z/O] (Ne;  “el ) AE[Z/Ol ( N e ;  “4  ) Ez (Ne;  “el ) AEz(Ne; “el ) 
(Hartree) (pHartree) (Hartree) pHartree 

3 -128.1962601 - -0.1164873 - 
4 -128.5734456 
5 -128.6612696 
6 -128.6839195 
7 -128.6902331 
8 -128.6922150 
9 -128.6929320 
10 -128.6932090 
11 -128.6933357 
12 -128.6934006 
13 -128.6934373 

377185.5 
87824.0 
22649.9 
6313.6 
1981.9 
717.0 
277.0 
126.7 
64.9 
36.7 

-0.1342740 
-0.1419395 
-0.1445605 
-0.1454883 
-0.1459132 
-0.1461 155 
-0.1462207 
-0.1462832 
-0.1463223 
-0.1463483 

17786.7 
7665.5 
2621.0 
927.8 
424.9 
202.3 
105.2 
62.5 
39.1 
26.0 

In Table 2 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion d e  
termined with a sequence of basis sets designed for the neutral N e  atom are 
presented. Values of AEblo] (F- ;  [Ne])[znmp~ and AEz(F-;  [Ne])[~,,,,l are 
also collected in Table 2. The results presented in Table 2 should be com- 
pared with those given in Table 2 of our previous work on the F-  anion[8]. 
In that Table A E ( F - ;  [ N e ] )  was reduced to 739.1 pHartree for the largest 
basis set studied (n = 13) whereas the corresponding AE[z/o](F-; [ N e ] )  in 
Table 2 of the present work is N 2 times larger because the AEz(F-;  [ N e ] )  
value is comparable with A E ( F - ;  [Ne] ) .  

In Table 3 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion d e  
termined with a sequence of basis sets designed for the neutral F atom are 
presented. Values of AEb/ol(F-; [F])pnmpl and AEz(F- ;  [F])pnBnPj are col- 
lected in Table 3. The results presented in Table 3 should be compared with 
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those given in Table 2 of our previous work on the F-  anion[8]. In that Table 
AE(F- ;  [F])  was reduced to 316.6 pHartree for the largest basis set studied 
(n = 13) whereas the corresponding AE[z/ol (F - ;  [F] )  in Table 3 of the present 
work is N 2 times larger because the AEz(F-; [F] )  value is comparable with 
AE(F- ;  [F]) .  

The results presented in Tables 1, 2 and 3 are displayed graphically in 
Figure 1 where a comparison of the convergence behaviour of the second 
order correlation energy component for the F- anion with sequences of even- 
tempered Gaussian basis sets containing s- and ptype functions designed for 
the neutral F and N e  atoms with the behaviour of this component for the 
N e  atom is made. AEZ values are plotted on a logarithmic scale. It can be 
seen that the convergence of the energy increments for the N e  atom is much 
better than the convergence for the F-  anion. The observed convergence for 
the F- anion is broadly similar for both the [F] and the [Ne] basis sets. 

a b l e  2 
Ep/q, AEppl, Ez and AE, for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the N e  atom and designated [2nsnp]. 

n 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

E[2/0] (F-  ; “el) 
(Hartree) 

-98.8908265 
- 99.3744224 
-99.5200051 
-99.5735399 
-99.5983259 
-99.6110758 
-99.6184147 
- 99.6229570 
-99.6259425 
-99.6279852 
-99.6294282 

483595.9 
145582.7 
53534.8 
24786.0 
12749.9 
7338.9 
4542.3 
2985.5 
2042.7 
1443.0 

Ez(F-; “el) 
Hartree 

-0.0878905 
-0.1222665 
-0.1423719 
-0.1537715 
-0.1603994 
-0.1644968 
-0.1671850 
-0.1690227 
-0.1703261 
-0.1712742 
-0.1719781 

A EZ ( F  ‘ r [ N e T  
pHartree 

34376.0 
20105.4 
11399.6 
6627.9 
4097.4 
2688.2 
1837.7 
1303.4 
948.1 
703.9 

- 
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Table 3 
Ep/01, AEp/o], E2 and AE2 for the ground state of the fluoride 
anion using systematic sequences of even-tempered basis sets of 
Gaussian functions designed for the F atom and designated 
[2nsnp]. 

(Hartree) 
3 -99.0910873 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

-99.4618356 
-99.5653030 
-99.6005807 
-99.6152640 
-99.6223158 
-99.6262428 
-99.6286054 
-99.6301355 
-99.6311667 
-99.6318846 

AE[2/01 (F- ;  [FI) 
(pHartree) 

370748.3 
103467.4 
35277.7 
14683.3 
7051.8 
3927.0 
2362.6 
1530.1 
1031.2 
717.9 

- 

E2(F-; [FI) 
Hartree 

-0.1077912 
-0.1371702 
-0.1533787 
-0.1615677 
-0.1660254 
-0.1686844 
-0.1703758 
-0.1715000 
-0.1722795 
-0.1728329 
-0.1732342 

A&(F-; [ F ] )  
pHartree 

29379.0 
16208.5 
8189.0 
4457.7 
2659.0 
1691.4 
1124.2 
779.5 
553.4 
401.3 

- 

3.1.2 Basis sets with one set additional diffuse functions of each 
symmetry 

Consider now the addition of one set of additional diffuse functions of each 
symmetry type to the basis sets of s- and pfunctions used in the preceding 
section. The exponent for the additional function is generated by means of 
equation (1). These basis sets are designated [Y’] when obtained by adding 
one diffuse s-function and a set of three diffuse pfunctions to  the basis set 
designated [Y].  

In Table 4 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion d e  
termined with a sequence of basis sets designed for the neutral N e  atom, 
supplemented by one set of diffuse functions of each symmetry type included, 
are presented. Values of AEp/o](F-; [Ne’]) and AE2(F-; [Ne’]) are also col- 
lected in Table 4. Comparison of Table 4 with Table 2 reveals that the 
addition of a single diffuse function for each symmetry type to  the [Ne]  basis 
set improves both the total energy through second order and the second order 
energy component considerably. For the total energy, the energy difference, 
AEp/ol(F-; [Ne’]),  for the largest basis set considered (n = 13), assumes a 
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Figure 1: Comparison of the convergence behaviour of the second order cor- 
relation energy component for the F- anion with sequences of even-tempered 
Gaussian basis sets containing s- and p-type functions designed for the neu- 
tral F and Ne atoms with the behaviour of this component for the Ne atom. 
The curves are labelled as follows:- (a) AE,(Ne; [Ne] ) ;  (b) AE2(F-;  [Ne] ) ;  
(4 AJ92(F-; PI). 
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value which is just 3.0% of the corresponding value measured for the [Ne]  
basis set. For the second order electron correlation energy component, the 
energy difference, AEz(F-; [Ne’]) ,  is only 4.8% of the value for the [Ne]  basis 
set. 

‘Ihble 4 
Ep/01, AEp/ol, Ez and A Ez for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the N e  atom, supplemented by one set of diffuse 
functions of each symmetry type included and designated [(2nsnp)‘]. 

n 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

E[Z/O] (F- ;  “4) 
(Hartree) 

-99.3825308 
-99.5700970 
-99.6175451 
- 99.62861 52 
-99.6319334 
-99.6330258 
- 99.6334606 
- 99.6336650 
-99.6337736 
-~9.6338393 
-99.6338826 

- 
187566.2 
47448.1 
11070.1 
3318.2 
1092.4 
434.8 
204.4 
108.6 
65.7 
43.3 

Ez(F-;  [Ne’]) AEz(F-; [Ne’]) 
Hartree pHartree 

-0.1599082 - 

-0.1686829 8774.7 
-0.1718185 3135.6 
-0.173 1904 1371.9 
-0.1737368 546.4 
-0.1740256 288.8 
- 0.174 1947 169.1 
-0.1742996 104.9 
-0.1743680 68.4 
-0.1744153 47.3 
-0.1744490 33.7 

Values of Ep/O], AEplol, Ez and A Ez are given in Table 5 for the ground 
state of the fluoride anion using systematic sequences of even-tempered basis 
sets of Gaussian functions designed for the F atom, supplemented by one 
set of diffuse functions of each symmetry type included. Comparison of 
Table 5 with Table 3 reveals that the addition of a single diffuse function 
for each symmetry type to the [F] basis set also improves both the total 
energy through second order and the second order energy component. For 
the total energy, the energy difference, A E [ ~ , ~ I ( F - ;  [F’]) ,  for the largest basis 
set considered (n = 13), takes a value of just 4.1% of the corresponding value 
measured for the [F] basis set. For the second order electron correlation 
energy component, the energy difference, AEz(F-; [F’]), is only 5.8% of the 
value for the [F] basis set. 

The values of AEz presented in Tables 4 and 5 are compared with the 
AEz for the Ne atom given in Table 1 in Figure 2. It can be seen that the 
addition of a single diffuse function of each symmetry type has improved the 
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convergence of the second order energy component considerably for the anion 
with respect to the convergence patterns displayed in Figure 1. 

‘Pable 5 
Ep/ol, AEp/ol, Ez and AEz  for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the F atom, supplemented by one set of diffuse 
functions of each symmetry type included and designated [(2nsnp)’]. 

n 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

q z / 0 1  (F- ;  [F/I)  
(Hartree) 

-99.330 537 3 
-99.561 349 1 
-99.614 590 3 
-99.628 238 8 
-99.631 968 6 
-99.633 150 5 
-99.633 592 3 
-99.633 771 9 
-99.633 858 9 
-99.633 907 3 
-99.633 937 0 

AE[Z/Ol ( F -  ; [F’I) 
(pHartree) 

230811.8 
53241.2 
13648.5 
3729.8 
1181.9 
441.8 
179.6 
87.0 
48.4 
29.7 

- 

Ez(F- ; [F‘I) 
Hartree 

-0.1615582 
- 0.1687778 
- 0.1721656 
- 0.1734466 
-0.1739141 
-0.1741689 
-0.1743052 
-0.1743841 
- 0.1744341 
-0.1744675 
-0.1744908 

AEZ ( F -  ; [F‘I ) 
pHartree 

7219.6 
3387.8 
1281.0 
467.5 
254.8 
136.3 
78.9 
50.0 
33.4 
23.3 

- 

3.1.3 Basis sets with two sets additional diffuse functions of each 
symmetry 

Consider now the addition of a second diffuse function of each symmetry type 
to the basis sets used in the preceding section. Such basis sets are designated 

In Table 6, values of E[z/ol, AEp/Ol, EZ and AEz are given for the ground 
state of the fluoride anion using systematic sequences of even-tempered basis 
sets of Gaussian functions designed for the N e  atom, supplemented by two 
sets of diffuse functions of each symmetry type included. The value of the 
energy difference AEp/Ol(F-; [Ne”]) is 58.4% of that given in Table 4 for 
the basis sets containing one set of supplementary diffuse functions whilst 
AE,(F-; [Ne”]) is 69.1% of the corresponding value in Table 4. 

In Table 7 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion d e  
termined with a sequence of basis sets designed for the neutral F atom, 

[Y”]. 
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Figure 2: Comparison of the convergence behaviour of the second order cor- 
relation energy component for the F- anion with sequences of even-tempered 
Gaussian basis sets containing s- and ptype functions for the neutral F and 
Ne atoms supplemented by one diffuse function of each symmetry type with 
the behaviour of this component for the N e  atom. The curves are labelled 
as follows:- (a) AEz ( N e ;  [ N e ] ) ,  (b) AEz (F; [Ne’]),  (c) AE, (F- ;  [F’]) 
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supplemented by two diffuse functions for each symmetry type included, axe 
presented, Values of AEp/ol(F-; [F"]) and AEz(F-;  [F"]) are also collected 
in Table 7. The value of the energy difference AEp/ol(F-; [F"]) is 83.2% of 
that given in Table 5 for the basis sets containing one set of supplementary 
diffuse functions whilst AEZ(F-; [F"]) is 82.4% of the corresponding value 
in Table 5. 

The values of AEZ presented in Tables 6 and 7 are compared with the 
AEZ for the N e  atom given in Table 1 in Figure 3. It can be seen that the 
addition of a second diffuse function of each symmetry type has resulted in 
a slight improvement the convergence of the second order energy component 
with respect to that displayed in Figure 2. 

'pable 6 
E[z/ol, AEp/01, Ez and AEz for the ground state of the fluoride anion using 
systematic sequences of even-tempered basis sets of Gaussian functions 
designed for the Ne atom, supplemented by two sets of diffuse functions of 
each symmetry type included and designated [ (2nsnp)"I. 

n E[z/ol(F-; [Ne"]) AE[z/Ol(F-; [Ne"]) Ez(F-; [Ne"]) A&(F-; "4) 
(Hartree) (pHartree) Hartree pHartree 

3 -99.3842684 - -0.1610744 - 

4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

-99.5711626 
-99.6181763 
- 99.6290436 
-99.6322585 
-99.6332721 
-99.6336499 
-99.6338105 
-99.6338870 
-99.6339288 
-99.6339541 

186894.2 
47013.7 
10867.3 
3214.9 
1013.6 
377.8 
160.6 
76.5 
41.8 
25.3 

-0.1694835 
-0.1723055 
-0.1735236 
-0.173987 1 
-0.1742149 
-0.1743399 
-0.1744115 
-0.1744556 
-0.1744846 
-0.1745046 

8409.1 
2822.0 
1218.1 
463.5 
227.8 
125.0 
71.6 
44.1 
29.0 
20.0 
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Thble 7 
Eplq, AEppl, E2 and AE2 for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the F atom, supplemented by two sets of diffuse 
functions of each symmetry type included and designated [(2nsnp)”]. 

(Hartree) (pHartree) Hartree pHartree 
3 -99.3312236 - -0.1621697 - 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

-99.5617022 
-99.6147585 
-99.6283566 
- 99.6320607 
-99.6332198 
-99.6336451 
-99.63381 17 
-99.6338897 
- 99.63393~5 
-99.6339562 

230478.6 
53056.3 
13598.1 
3704.1 
1159.1 
425.3 
166.6 
78.0 
41.8 
24.7 

-0.1690343 
-0.17231 19 
-0.1735447 
-0.1739904 
-0.1742259 
-0.1743484 
-0.1744166 
- 0.1744593 
-0.1744874 
-0.1745066 

6864.6 
3277.6 
1232.8 
445.7 
235.5 
122.5 
68.2 
42.7 
28.1 
19.2 

3.2 Basis sets of s-, p-  and d-type functions 

The accurate description of correlation effects requires the inclusion of func- 
tions of higher symmetry than those required for the matrix Hartree-Fock 
model. The most important of these functions for the F- anion are func- 
tions of d-type. In this section, the convergence of the total energy through 
second order and the second order correlation energy component for a sys- 
tematic sequence of even-tempered basis sets of Gaussian functions of s-, p 
and d-type is investigated. 

3.2.1 Neutral atom basis sets 

In Table 8 the total energy through second-order and the second-order cor- 
relation energy component for the ground state of the Ne atom determined 
with a sequence of basis sets containing functions of s, p and d symmetry 
designed for the neutral Ne atom are presented. The exponents for the d 
functions were taken to  be the same &s those for the p functions. Values of 
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Figure 3: Comparison of the convergence behaviour of the second order cor- 
relation energy component for the F-  anion with sequences of even-tempered 
Gaussian basis sets containing s- and ptype functions for the neutral F and 
Ne atoms supplemented by two diffuse functions of each symmetry type with 
the behaviour of this component for the Ne atom. The curves are labelled 
as follows:- (a) AE2 (Ne;  [ N e ] ) ,  (b) AE2 ( F - ;  [Ne"]), (c) AE, ( F - ;  [F"]) 
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AEblO](Ne; [Ne])[~pdl and AEZ(Ne; [Ne])[spdl are also collected in Table 8. It 
is not the purpose of the present work to  determine accurate correlation en- 
ergies. However, it is known [45] [46] [47] that the exact second order energy 
for the neon atom ground state is -0.3879 Hartree. The largest basis set 
of s- and p type functions considered in Table 1, therefore, recovers 37.7% 
of the exact second order correlation energy component whilst the largest 
basis set of functions with s-, p and d-symmetries considered in Table 8 
corresponds to 66.8% of the exact value. 

In Figure 4, the convergence of the AE,(Ne; [Ne])[spd~ values in Table 8 is 
compared with that of the AE2(Ne;  [Ne])[,l values given in Table 1. It can 
be seen that the calculations using basis sets containing d type functions do 
not converge as rapidly as those employing only s- and p type functions. In 
both cases the convergence is monotonic. The value of AE[z/ol(Ne; [ N e ] ) [ , ~ l  
is more than twice that of AEl2/0l(Ne; [Ne])[,l for the largest basis sets con- 
sidered. The value of AE2(Ne; [Ne])lspd] is 2; times that of AEZ(Ne; [Ne])[,l 
for n = 13. 

'Ihble 8 
E[z/ol, AE[z,ol, Ez and AEz for the ground state of the neon atom using 
systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the N e  atom and designated [2nsnpnd]. 

n 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

(Hartree) 
- 128.2986758 
- 128.6814007 
- 128.7715646 
-128.7952908 
- 128.8021745 
- 128.8044928 
-128.805411 1 
- 128.8058152 
- 128.8060264 
-128.8061495 
- 128.8062274 

(pHartree) 

3827 24.9 
90163.9 
23726.2 
6883.7 
2318.3 
918.3 
404.1 
211.2 
123.1 
77.9 

- 
Hartree 

- 0.2189030 
-0.2422291 
-0.2522345 
-0.2559318 
-0.2574297 
-0.2581910 
-0.2585946 
- 0.2588269 
-0.2589739 
-0.259071 2 
-0.2591382 

uHartree 
- 

23326.1 
10005.4 
4697.3 
1497.9 
761.3 
403.6 
232.3 
147.0 
97.3 
67.0 

In Table 9 the total energy through second-order and the second-order 
correlation ene ra  component for the ground state of the F- anion deter- 
mined with a sequence of basis sets containing functions of s, p and d sym- 
metry designed for the neutral N e  atom are presented. The exponents for 
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the d functions were taken to be the same as those for the p functions. Values 
of AEplol(F-; [Ne])[spdl and AE2(F-; [Ne])[spd~ are also collected in Table 9. 
The convergence pattern Seen for both AE12101 and AE2 in Table 9 mirrors 
that observed in Table 2. 

In Table 10 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion 
determined with a sequence of basis sets containing functions of s, pand 
d symmetry designed for the neutral F atom are presented. Values of 
AEkpl(F-; [F])[2,,snpndj and AE,(F-;  [F])pnmpdI are collected in Table 10. 
Again, the convergence pattern for both AEwO~ and AE2 in Table 10 mirrors 
that seen in Table 3. 

The AE2 values for the F-  anion given in Table 9 and 10 are compared 
with those for the N e  atom presented in Table 8 and Figure 5. Figure 5 
should be compared with Figure 1. For the basis sets of s-, p and d-type 
functions the convergence of the energy increments for the Ne atom is much 
better than the convergence for the F- anion. The observed convergence 
pattern for the F-  anion is broadly similar for both the [F] and [Ne] basis 
sets. 

Table 9 
Eplol, AEpp1, E2 and AE2 for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the Ne atom and designated [2nsnpnd]. 

(Hartree) (puHartree) Hartree pHartree 
3 -98.9924386 - -0.1895026 - 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

-99.4792445 
-99.6260010 
- 99.6799183 
- 99.7047892 
-99.7175490 
-99.7248788 
-99.7294087 
-99.7323828 
-99.7344166 
-99.7358529 

486805.9 
146756.5 
53917.3 
24870.9 
12759.8 
7329.8 
4529.9 
2974.1 
2033.8 
1436.3 

-0.2270886 
-0.2483678 
- 0.260 1499 
- 0.2668627 
-0.2709700 
-0.2736491 
-0.2754744 
-0.2767664 
-0.2777056 
-0.2784028 

37586.0 
21279.2 
11782.1 
6712.8 
4107.3 
2679.1 
1825.3 
1292.0 
939.2 
697.2 
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Table 10 
E[z/ol, AEp/ol, EZ and AEz for the ground state of the fluoride 
anion using systematic sequences of even-tempered basis sets of 
Gaussian functions designed for the F atom and designated 
[2nsnpnd]. 

n 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

E[z/ol(F-; PI) 
(Hartree) 

-99.1910005 
-99.5656316 
-99.6705907 
-99.7064298 
-99.7213396 
-99.7285103 
-99.7325019 
-99.7349031 
- 99.7364583 
-99.7375068 
-99.7382370 

374631.1 
104959.1 
35839.1 
14909.8 
7170.7 
3991.6 
2401.2 
1555.2 
1048.5 
730.2 

- 0.2409662 
-0.2586664 
-0.2674168 
-0.2721010 
- 0.2748789 
-0.2766349 
- 0.2777977 
-0.2786023 
-0.2791730 
-0.2795866 

AE2(F-; [FI) 
pHartree 

33261.8 
17700.2 
8750.4 
4684.2 
2777.9 
1756.0 
1162.8 
804.6 
570.7 
413.6 

- 

3.2.2 Basis sets with one set of additional diffuse functions 

Attention is now turned to basis sets containing functions of s-, p and d- 
symmetry with one Supplementary set of diffuse functions for each symmetry 
type. The exponent for the additional function is generated by means of 
equation (1). 

In Table 11 the total energy through second-order and the second-order 
correlation energy component for the ground state of the fluoride anion d e  
termined with a sequence of basis sets designed for the neutral N e  atom, 
supplemented by one set of diffuse functions of each symmetry type included, 
are presented. Values of AEbpl(F-; [Ne’])[spdl and AEz(F-; [Ne’])[,@] are 
also collected in Table 11. Table 11 should be compared with Table 4, where 
the corresponding results for basis sets of s- and pfunctions are given, and 
with Table 9, where the supplementary diffuse functions are not includd. 

Values of E[z/ol, AEp/ol , Ez and A Ez are given in Table 12 for the ground 
state of the fluoride anion using systematic sequences of even-tempered basis 
sets of Gaussian functions designed for the F atom, supplemented by one 
set of d ihse  functions of each symmetry type included. Table 12 should 
be compared with Table 5, where the corresponding results for basis sets of 
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Figure 4 Comparison of the convergence behaviour of the second order cor- 
relation energy component for the N e  atom with sequences of even-tempered 
Gaussian basis sets containing s- and p-type functions designed for the neu- 
tral N e  atoms with the behaviour of this component for the N e  atom d e  
scribed by functions of s-, p and d- symmetry. The curves are labelled as 
follows:- (a) sp;  (b) spd. 
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Figure 5: Comparison of the convergence behaviour of the second order 
correlation energy component for the F-  anion with sequences of even- 
tempered Gaussian basis sets containing s-, p and d-type functions designed 
for the neutral F and Ne atoms with the behaviour of this component for 
the Ne atom. The curves are labelled as follows:- (a) AEZ(Ne; [Ne] ) ;  (b) 
AE, (F- ;  “el);  (c) AE2(F-; [PI). 
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s- and pfunctions are given, and with Table 10, where the supplementary 
diffuse functions are not included. 

The values of AEz presented in Tables 11 and 12 are compared with the 
AE, for the N e  atom given in Table 8 in Figure 6. It can be seen that the 
addition of a single diffuse function of each symmetry type has improved the 
convergence of the second order energy component considerably. Figure 6 
should be compared with Figure 2. 

Thble 11 
Eplol, AEp/o], Ez and AEz for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the Ne atom, supplemented by one set of diffuse 
functions of each symmetry type included and designated [(2nsnpnd)']. 

n 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

E[Z/OI ( F - ;  "4) 
(Hartree) 

-99.4804020 
- 99.6724466 
-99.72171 15 
-99.7337071 
-99.7375095 
- 99.7388771 
-99.7394793 
-99.7397900 
- 99.7399692 
-99.7400849 
-99.7401619 

AE[Z/O] ( F -  ; "4) 
(pHar t r  ee) 

192044.6 
49 264.9 
11995.6 
3802.4 
1367.6 
602.2 
310.7 
179.2 
115.7 
77.0 

- 

Ez (F-  ; "4 ) 
Hartree 

-0.2577794 
-0.271 0325 
- 0.2759849 
- 0.2782823 
-0.2793129 
- 0.2798769 
- 0.2802134 
-0.2804246 
-0.2805636 
-0.2806609 
-0.2807283 

A E ~ ( F ; ; [ " ~ )  
pHartree 

13253.1 
4952.4 
2297.4 
1030.6 
564.0 
336.5 
211.2 
139.0 
97.3 
67.4 

- 
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‘pable 12 
E p p ] ,  AEp,~ol, Ez and AEz for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the F atom, supplemented by one set of 
diffuse functions of each symmetry type included and designated 
[(2nsnpnd)’]. 

n 

3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

-99.6637370 
-99.7188166 
- 99.733361 7 
- 99.7375590 
-99.7390129 
-99.7396187 
-99.7399021 
- 99.7400582 
- 99.7401546 
-99.7402185 

234871.7 
55079.6 
14545.1 
4197.3 
1453.9 
605.8 
283.4 
156.1 
96.4 
63.9 

-0.2711657 
-0.2763919 
-0.2785695 
-0.2795045 
-0.2800313 
- 0.2803316 
-0.2805143 
-0.2806334 
-0.2807148 
-0.2807723 

1 1 279.5 
5226.2 
2177.6 
935.0 
526.8 
300.3 
182.7 
119.1 
81.4 
57.5 

I 

3.2.3 

In Table 13 the total energy through second-order and the second-order cor- 
relation energy component for the ground state of the fluoride anion deter- 
mined with a sequence of basis sets designed for the neutral Ne atom, s u p  
plemented by two sets of diffuse functions of each symmetry type included, 
are presented. Values of AEbp-,l(F-; [ N e ’ l ) , ~  and AE2(F-;  [Ne’]),,] are 
also collected in Table 13. 

Values of Ep/o], A E p / q ,  Ez and AEz are given in Table 14 for the ground 
state of the fluoride anion using systematic sequences of even-tempered basis 
sets of Gaussian functions designed for the F atom, supplemented by two 
sets of diffuse functions of each symmetry type included. 

The values of AEZ presented in Tables 13 and 14 are compared with the 
AEZ for the N e  atom given in Table 8 in Figure 7. It can be seen that the 
addition of a second diffuse function of each symmetry type leads to a smaller 
improvement in the convergence of the second order energy component than 
did the first set. 

Basis sets with two sets of additional diffuse functions 
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Figure 6 Comparison of the convergence behaviour of the second order corre- 
lation energy component for the F -  anion with sequences of even-tempered 
Gaussian basis sets containing s-, p and d-type functions for the neutral 
F and N e  atoms supplemented by a single diffuse function for each sym- 
metry type with the behaviour of this component for the Ne atom. The 
curve are labelled as follows:- (a) AE2(Ne; (Ne]);  (b) AE,(F-;  [Ne']); (c) 
AEZ(F-; [F']). 
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a b l e  13 
E12/01, AE,,/oi, l 3 2  and AE, for the ground state of the fluoride anion using 
systematic sequences of even-tempered basis sets of Gaussian functions 
designed for the Ne atom, supplemented by two sets of diffuse functions 
of each symmetry type included and designated [(2nsnpnd)“]. 

n E , 2 / ~ ~ ( F - ;  [Ne”]) AE[2lo](F-; [Ne”]) Ez(F-; [Ne”])  AEz(F-; [Ne”]) 
(Hartree) (pHar twe)  Hartree pHartree 

3 -99.4822358 - -0.2590418 - 
4 -99.6735321 191296.3 -0.2718350 12793.2 
5 -99.7223456 48813.5 -0.2764748 4639.8 
6 -99.7341345 11788.9 -0.2786145 2139.7 
7 -99.7378317 3697.2 -0.2795603 945.8 
8 -99.7391200 1288.3 -0.2800628 502.5 
9 -99.7396653 545.3 -0.2803553 292.5 
10 -99.7399326 267.3 -0.2805336 178.3 
11 -99.7400800 147.4 -0.2806486 115.0 
12 -99.7401709 90.9 -0.2807267 78.1 
13 -99.7402316 60.7 -0.2807821 55.4 
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“able 14 
Eppl,  AEpp j ,  Ez and AE2 for the ground state of the fluoride anion 
using systematic sequences of even-tempered basis sets of Gaussian 
functions designed for the F atom, supplemented by two sets of 
diffuse functions of each symmetry type included and designated 
[(2nsnpnd)N]. 

4 -99.6641261 
5 -99.7190007 
6 -99.7334878 
7 -99.7376553 
8 -99.7390844 
9 -99.7396726 

10 -99.7399425 
11 -99.7400893 
12 -99.7401789 
13 -99.7402378 

234487.7 
54874.6 
14487.1 
4167.5 
2017.3 

588.2 
269.9 
146.8 
89.6 
58.9 

-0.2714582 
-0.2765541 
-0.2786755 
-0.2795850 
-0.2800905 
-0.2803759 
-0.2805474 
-0.2806589 
-0.2807348 
- 0.2807882 

10873.7 
5095.9 
2121.4 
909.5 
505.5 
285.4 
171.5 
111.5 
75.9 
53.4 

4 Conclusions 

In this paper, we have demonstrated the use of systematic sequences of even- 
tempered basis sets of primitive Gaussian-type functions in calculations in- 
corporating the effects of electron correlation for a prototypical negative ion, 
the F- anion. It has been shown that improved convergence of the second or- 
der correlation energy component can be achieved by adding a single diffuse 
function for each symmetry type to a basis set designed for a neutral atom. A 
somewhat smaller improvement in the convergence characteristics of both the 
total energy through second order and the second order energy component 
is observed on adding a second set of more diffuse functions. Furthermore] 
it has been shown that a basis set suitable for the F- anion can be obtained 
by supplementing either a basis set designed for the neutral Hartree-Fock F 
atom or one designed for the Hartree-Fock N e  atom with diffuse functions. 
Future work will extend this approach to molecular systems. 
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Figure 7: Comparison of the convergence behaviour of the second order cor- 
relation energy component for the F-  anion with sequences of even-tempered 
Gaussian basis sets containing s-, p and d-type functions designed for the 
neutral F and N e  atoms supplemented by two diffuse functions of each sym- 
metry type with the behaviour of this component for the Ne atom. The 
curves are labelled as follows:- (a) AEz(Ne; [Ne] ) ;  (b) AE2(F-; [Ne”]); (c) 
AEz(F-;[F”]). 
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Abstract 

Energy levels of heavy and super-heavy (Z>lOO) elements are calculated by 
the relativistic coupled cluster method. The method starts from the four- 
component solutions of the Dirac-Fock or Dirac-Fock-Breit equations, and 
correlates them by the coupled-cluster approach. Simultaneous inclusion of 
relativistic terms in the Hamiltonian (to order a2, where a is the fine-structure 
constant) and correlation effects (all products and powers of single and dou- 
ble virtual excitations) is achieved. The Fock-space coupled-cluster method 
yields directly transition energies (ionization potentials, excitation energies, 
electron affinities). Results are in good agreement (usually better than 0.1 
eV) with known experimental values. Properties of superheavy atoms which 
are not known experimentally can be predicted. Examples include the nature 
of the ground states of elements 104 and 111. Molecular applications are also 
presented. 
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1 Introduction 

The structure and chemistry of a light atom or molecule may be investigated 
by means of the pertinent Schrlidinger equation. This equation may be solved 
to a good approximation by the methods of modern quantum chemistry. Rel- 
ativistic effects are not very large for the first few rows of the periodic table. 
When knowledge of these is required, e.g., to understand the fine structure 
of atomic spectra, they may be calculated by perturbation theory [l]. This 
approach is not satisfactory for heavier atoms, where relativistic effects be- 
come too large for perturbative treatment, changing significantly even such 
fundamental properties of the atom as the order of orbitals. The Schrijdinger 
equation must then be supplanted by an appropriate relativistic wave equation 
such as Dirac-Coulomb or Dirac-Coulomb-Breit. Approximate one-electron 
solutions to these equations may be obtained by the self-consistent-field proce- 
dure. The resulting Dirac-Fock or Dirac-Fock-Breit functions are conceptually 
similar to the familiar Hartree-Fock functions; the Hartree-Fock orbitals are 
replaced, however, by four-component vectors. Correlation is no less impor- 
tant in the relativistic regime than it is for the lighter elements, and may be 
included in a similar manner. 

The present chapter describes methodology for high-accuracy calculations 
of systems with heavy and super-heavy elements. The no-virtual-pair Dirac- 
Coulomb-Breit Hamiltonian, which is correct to second order in the fine- 
structure constant a, provides the framework of the method. Correlation is 
treated by the coupled cluster (CC) approach. The method is described in sec- 
tion 2. Section 3 gives results for a few representative atomic systems; the main 
properties of interest are transition energies (ionization potentials, excitation 
energies, electron affinities). An interesting question for super-heavy elements 
is the nature of their ground state, which may differ from that of lighter atoms 
in the same group of the periodic table. Somewhat less accurate calculations 
for molecules, using one- or two-component wave functions, as well as a pilot 
four-component application, are described in section 4. 

2 Methodology 

2.1 The Relativistic Hamiltonian 
The relativistic many-electron Hamiltonian cannot be written in closed form; 
it may be derived perturbatively from quantum electrodynamics [2]. The sim- 
plest form is the Dirac-Coulomb (DC) Hamiltonian, where the nonrelativistic 
one-electron terms in the Schrodinger equation are replaced by the one-electron 
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Dirac operator h ~ ,  

with 
h D  = c a  0 p + pc2 + V&. 

a and are the four-dimensional Dirac matrices, and V,, is the nuclear 
attraction operator, with the nucleus modeled as a point or finite-size charge. 
Only the one-electron terms in the DC Hamiltonian include relativistic effects, 
and the two-electron repulsion remains in the nonrelativistic form. The lowest- 
order correction to the two-electron repulsion is the Breit [3] operator 

yielding the Dirac-Coulomb-Breit (DCB) Hamiltonian 

HDCB = C h ~ ( i )  + C(l/~-ij + Bij) 
i i<j 

(4) 

All equations are in atomic units. 
Neither the DC nor the DCB Hamiltonians are appropriate starting points 

for accurate many-body calculations. The reason is the admixture of the 
negative-energy eigenstates of the Dirac Hamiltonian by the two-body terms 
in an erroneous way [4, 51. The no-virtual-pair approximation [6, 71 is in- 
voked to correct this problem: the negative-energy states are eliminated by 
the projection operator A+, leading to the projected Hamiltonians 

HACB is correct to second order in the fine-structure constant a, and is ex- 
pected to be highly accurate for all neutral and weakly-ionized atoms [8]. 
Higher quantum electrodynamic (QED) terms are required for strongly-ionized 
species; these are outside the scope of this chapter. A comprehensive discus- 
sion of higher QED effects and other aspects of relativistic atomic physics may 
be found in the proceedings of the 1988 Santa Barbara program [9]. 

2.2 The One-Electron Equation 

The no-pair DCB Hamiltonian ( 6 )  is used as a starting point for variational or 
many-body relativistic calculations [lo]. The procedure is similar to the nonrel- 
ativistic case, with the Hartree-Fock orbitals replaced by the four-component 
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Dirac-Fock-Breit (DFB) functions. The spherical symmetry of atoms leads to 
the separation of the one-electron equation into radial and spin-angular parts 
[ll]. The radial four-vector has the so-called large component P,, in the upper 
two places and the small component Q,, in the lower two. The quantum num- 
ber K (with 161 = j + 1/2) comes from the spin-angular equation, and n is the 
principal quantum number, which counts the solutions of the radial equation 
with the same K. Defining 

the DFB equation has the form 

where the one-electron DFB operator F, is [12]-[16] 

vnuc + uLL 

with 
II, = -d/dP + K/P 

and 
n: = d /dr  + K/r .  

(9) 

Vnnc is the nuclear attraction potential. In the uniform charge distribution 
model used here, the charge of a nucleus of atomic mass A is distributed 
uniformly over a sphere with radius R = 2.2677 x 10-5A-1/3. The nuclear 
potential for a nucleus with charge Z is then 

for P > R 
Vnuc = { 1;/72R)(3 - r2/Ra) for r 5 R .  

The terms ULL etc. represent the one-body mean-field potential, which ap- 
proximates the two-electron interaction in the Hamiltonian, as is the practice 
in SCF schemes. In the DFB equations this interaction includes the Breit term 
(3) in addition to the electron repulsion l/rij. 

The radial functions P,,(T) and Qn,(r) may be obtained by numerical in- 
tegration [17, 181 or by expansion in a basis [19]. Since the Dirac Hamiltonian 
is not bound from below, failure to observe correct boundary conditions leads 
to “variational collapse” [20]-[27], where admixture of negative-energy solu- 
tions may yield energies much below experimental. To avoid this failure, the 
basis sets used for expanding the large and small components must maintain 
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“kinetic balance” [24, 251. In the nonrelativistic limit (c  + oo), the small 
component is related to the large component by [20] 

Qnc(r) = (2c) - lnfPne(~) ,  (13) 

where II: is defined in (11). The simplest way to obtain kinetic balance is to 
derive the small-component basis functions from those used to span the large 
component by 

Ishikawa and coworkers [16, 231 have shown that G-spinors, with functions 
spanned in Gaussian-type functions (GTF) chosen according to (14), satisfy 
kinetic balance for finite c values if the nucleus is modeled as a uniformly- 
charged sphere. 

(14) s + L  
Xcj  = nextcj * 

2.3 The Fock-Space Coupled-Cluster Method 
The coupled-cluster method is well-known by now, and only a brief account of 
aspects relevant to our applications is given here. 

The Dirac-Coulomb-Breit Hamiltonian HAcB may be rewritten in second- 
quantized form [6, 161 in terms of normal-ordered products of spinor creation 
and annihilation operators {r+s} and {r+s+ut}, 

where 
( p . Q l ) t U )  = (rsltu) - (rslut) (16) 

(17) 
and 

(rs I tu)  = JdXldX2 W X 1  )Q:(x2) (4 + B12 ) W X l  )U”(X2). 

Here f r 9  and (rsl Itu) are, respectively, elements of one-electron Dirac-Fock and 
antisymmetrized two-electron Coulomb-Breit interaction matrices over Dirac 
four-component spinors. The effect of the projection operators A+ is now 
taken over by the normal ordering, denoted by the curly braces in (15), which 
requires annihilation operators to be moved to the right of creation operators 
as if all anticommutation relations vanish. The Fermi level is set at the top of 
the highest occupied positive-energy state, and the negative-energy states are 
ignored. 

By adopting the no-pair approximation, a natural and straightforward ex- 
tension of the nonrelativistic open-shell CC theory emerges. The multirefer- 
ence valence-universal Fock-space coupled-cluster approach is employed [28], 
which defines and calculates an effective Hamiltonian in a low-dimensional 



318 U. Kaldor and E. Eliav 

model (or P) space, with eigenvalues approximating some desirable eigenval- 
ues of the physical Hamiltonian. The effective Hamiltonian has the form [29] 

H c ~  = PHQP (18) 

where 52 is the normal-ordered wave operator, 

R = {exp(S)}. (19) 

The Fock-space approach starts from a reference state (closed-shell in our 
applications, but other single-determinant functions may also be used), cor- 
relates it, then adds and/or removes electrons one at a time, recorrelating 
the whole system at each stage. The sector (m,n) of the Fock space includes 
all states obtained from the reference determinant by removing m electrons 
from designated occupied orbitals, called valence holes, and adding n electrons 
in designated virtual orbitals, called valence particles. The practical limit is 
m + n 5 2, although higher sectors have also been tried [30]. The excitation 
operator is partitioned into sector operators 

This partitioning allows for partial decoupling of the open-shell CC equations. 
The equations for the (m, n) sector involve only S elements from sectors (k, l )  
with k 5 m and 1 5 n, so that the very large system of coupled nonlinear 
equations is separated into smaller subsystems, which are solved consecutively: 
first, the equations for S(Ov0) are iterated to convergence; the S('j0) (or S(O1')) 
equations are then solved using the known S(O*O),  and so on. This separation, 
which does not involve any approximation, reduces the computational effort 
significantly. The effective Hamiltonian (18) is also partitioned by sectors. An 
important advantage of the method is the simultaneous calculation of a large 
number of states. 

Each sector excitation operator is, in the usual way, a sum of virtual exci- 
tations of one, two, . . . , electrons, 

with 2 going, in principle, to the total number of electrons. In practice, I has to 
be truncated. The level of truncation reflects the quality of the approximation, 
i.e., the extent to which the complementary Q space is taken into account 
in the evaluation of the effective Hamiltonian. In the applications described 
below the series (21) is truncated at 1=2. The resulting CCSD (coupled cluster 
with single and double excitations) scheme involves the fully self-consistent, 
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iterative calculation of all one- and two-body virtual excitation amplitudes and 
sums all diagrams with these excitations to infinite order. As negative-energy 
states are excluded from the Q space, the diagrammatic summations in the 
CC equations are carried out only within the subspace of the positive-energy 
branch of the DF spectrum. 

The Heff diagrams may be separated into core and valence parts, 

Herr = H:gm + H$, (22) 

where the first term on the right-hand side consists of diagrams without any ex- 
ternal (valence) lines and describes core electron correlation. The eigenvalues 
of H$ will then give directly the transition energies from the reference state, 
with correlation effects included for both initial and final states. The physical 
significance of these energies depends on the nature of the model space. Thus, 
electron affinities may be calculated by constructing a model space with va- 
lence particles only [(O,n) sectors, n > 01, ionization potentials are given using 
valence holes [(n,O) sectors, n > 01, and both valence types are required to 
describe excitations out of the reference state [(m, n) sectors, m, n > 01. 

3 Application to Atoms 
Different ways of implementing the relativistic coupled cluster (RCC) method 
are known. A numerical procedure for solving the pair equation has been de- 
veloped by Lindgren and coworkers [31] and applied to two-electron atomic 
systems [32]. Other approaches use discrete basis sets of local or global func- 
tions. This makes the application of the projection operators onto the positive- 
energy space much easier than in the numerical scheme; one simply ignores the 
negative-energy branch of the one-electron spectrum. A technique based on 
local splines was developed by Blundell et al. [33], while the Giiteborg group 
introduced another type of local basis, obtained by discretizing the radial space 
[34]. The first relativistic coupled cluster calculation in a global basis [35] ap- 
peared in 1990, but was limited to s orbitals only, both in the occupied and 
virtual space. A more general and sustained implementation started two years 
later, with pilot calculations for light atoms in closed-shell [36] and open-shell 
[37] states. The method has since been applied to many heavy atoms, where 
relativistic effects are crucial to the correct description of atomic structure. 
Calculated properties include ionization potentials, excitation energies, elec- 
tron affinities, fine-structure splittings, and for super-heavy elements - the 
nature of the ground state. The additivity of relativistic and correlation effects 
was also studied. Systems investigated include the gold atom [38], few-electron 
ions [39], the alkali-metal atoms Li-Fr [40], the Xe atom [41], the f2 shells of 
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Pr3+ and U4+ [42], the ytterbium [43], lutetium [43], mercury [44], barium 
[45]. radium [45], thallium [46], and bismuth [47] atoms, and the super-heavy 
elements lawrencium [43], rutherfordium [48], 111 [49], 112 [44], 113 [46], 115 
[47], and 118 [50]. &presentative applications are described below. 

The spherical symmetry of atoms, which leads to angular decomposition 
of the wave function and coupled-cluster equations, is used at both the Dirac- 
Fock-Breit [IS] and RCC [38, 401 stages of the calculation. The energy inte- 
grals and CC amplitudes which appear in the Goldstone-type diagrams defin- 
ing the CC equations are decomposed in terms of vector-coupling coefficients, 
expressed by angular-momentum diagrams, and reduced Coulomb-Breit or 5' 
matrix elements, respectively. The reduced equations for single and double 
excitation amplitudes are derived using the Jucys-Levinson-Vanagas theorem 
1291 and solved iteratively. This technique makes possible the use of large basis 
sets with high 1 values, as a basis orbital gives rise to two functions at most, 
with j = 1 f 112, whereas in Cartesian coordinates the number of functions 
increases rapidly with 1. Typically we go up to h ( I  = 5) or i ( I  = 6) orbitals. 
To account for core-polarization effects, which may be important for many 
systems, we correlate at least the two outer shells, usually 2 0 4 0  electrons. 
Finally, uncontracted Gaussians are used, since contraction leads to problems 
in satisfying kinetic balance and correctly representing the small components. 
On the other hand, it has been found that high-energy virtual orbitals have 
little effect on the transition energies we calculate, since these orbitals have 
nodes in the inner regions of the atom and correlate mostly the inner-shell elec- 
trons, which we do not correlate anyway. These virtual orbitals, with energies 
above 80 or 100 hartree, are therefore eliminated from the RCC calculation. 

3.1 Gold 
The gold atom exhibits very large relativistic effects on its chemical and phys- 
ical properties, due to the contraction and stabilization of the 6s orbital. Non- 
relativistic calculations lead to large errors, including the reversal of the two 
lowest excited states [51, 521. Gold was therefore selected as the first heavy 
atom to be treated by the RCC method [38]. Two closed-shell states can be 
used as starting points for the Fock-space treatment, defining the (0,O) sector, 
namely Au+ or Au-. Electrons are then added or removed according to the 
schemes 

Au'(0,O) --t Au(0,l)  + Au-(O,2), 

Au-(0,O) --t Au(1,O) + Au+(2,0). 

(23) 

(24) 
or 

The basis consisted of 21s17plld7f Gaussian spinors [52], and the 4spdf5spd6s 
electrons were correlated. Table 1 shows the nonrelativistic, Dirac-Coulomb, 
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Au+ 
Noncorrelated Correlation 

NR -17863.46301 -1.29756 
DC -19029.01322 -1.36150 
DCB -19007.42385 -1.36430 

and Dirac-Coulomb-Breit total energies of the two ions. As expected, relativis- 
tic effects are very large, over 1100 hartree. A point to note is the nonadditivity 
of relativistic and correlation corrections to the energy. While the correlation 
energy of the electrons in the 45-6s shells of Au- is -1.370 hartree in the non- 
relativistic scheme, the corresponding relativistic values are -1.464 hartree 
without the Breit term and -1.467 hartree with it. 

The various transition energies of the gold atom and its ions are shown 
and compared with experiment [53] in table 2. The nonrelativistic results 
have errors of several eV. The RCC values, on the other hand, are highly 
accurate, with an average error of 0.06 eV. The inclusion of the Breit effect 
does not change the result by much, except for a some improvement of the 
fine-structure splittings. 

All- 
Noncorrelated Correlation 
-17863.68392 -1.37018 
-19029.32077 -1.46436 
-19007.73063 -1.46690 

Table 2: CCSD transition energies in Au (eV). IP is the ionization potential, 
EA denotes electron d n i t y ,  and EE -excitation energy relative to the ground 
state. FS denotes fine-structure splittings. 

NR DC DCB Expt [53]. 
6.981 9.101 9.086 9.22 
5.301 2.661 2.669 2.658 
5.301 1.115 1.150 1.136 
3.313 4.723 4.720 4.632 
3.313 5.193 5.184 5.105 
0 1.546 1.519 1.522 
0 0.470 0.466 0.473 
1.267 2.278 2.269 2.31 
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3.2 Ekagold (Element 111) 
.4 major relativistic effect in the gold atom is the stabilization of the 68 orbital. 
This is manifested by the energy separation between the 5d1'6s 'S ground 
state and the 5ds6s2 2D excited state. Looking at the group 11 (or coinage 
metal) atoms, the 2D excitation energies of Cu are 1.389 ( J  = 5/2) and 1.642 
( J  = 3/2) eV, increasing to 3.749 and 4.304 eV for Ag [53]. Were it not for 
relativity, one would expect even higher energies for Au. Indeed, nonrelativistic 
CCSD (table 2) puts the 2D energy at 5.301 eV above the 2S ground state, in 
line with expectations. Relativistic effects reduce this value radically, giving 
1.150 and 2.669 eV for the excited 2D sublevels, within 0.015 eV of experiment 
[53]. An even larger stabilization may be expected for the next member of the 
group, element 111. The question arose whether this stabilization would be 
sufficient to push the 2D level below the 'S and make it the ground state of 
the atom. 

Table 3: Orbital energies of the 111 anion (a.u., signs reversed). 

Orbital I DFC DFB HF 
6s I 5.0071 4.9933 3.0831 

0.1367 0.1356 0.0181 
3.4887 3.4674 2.0249 
1.9396 1.9346 2.0249 
0.1863 0.1860 0.3550 
0.0789 0.0800 0.3550 
2.6778 2.6842 3.4884 
2.4530 2.4644 3.4884 

The calculations were carried out as for gold above, starting with the 111- 
anion as reference [49]. As expected, very large relativistic effects are observed. 
Energies of the highest occupied orbitals are shown in table 3, and atomic 
transition energies are collected in table 4. The 7s orbital energy of the anion 
goes down from -0.018 to -0.136 hartree, while the 6d goes up from -0.355 to  
-0.186 (j = 3/2) and -0.080 ( j  = 5/2) hartree. The s and p orbitals undergo 
very large contraction (see figure 1). Atomic energies also show dramatic 
changes. Of particular interest to us is the 6ds7s2 2D5/2 state, predicted by 
nonrelativistic CCSD to lie 5.43 eV above the 6d1'7s 2S state, which is reduced 
relativistically to 3 eV below the 2S, thus becoming the ground state. Ionization 
potentials of the atom show relativistic effects of 12-15 eV! 
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Figure 1: Relativistic and nonrelativistic densities of element 111 79 orbital 

3.3 Rutherfordium - Role of Dynamic Correlation 
The nature of the rutherfordium ground state has been a subject of interest 
for a long time. Rutherfordium is the first atom after the actinide series, 
and in analogy with the lighter group 4 elements it should have the ground- 
state configuration [Rn]5f146d27s2. Keller [54] suggested that the relativistic 
stabilization of the 7~112 orbital would yield a 7S27p?/, ground state. Recent 
multiconfiguration Dirac-Fock (MCDF) calculations [55, 561 found that the 
7p2  state was rather high; they indicate a 6d7s27p ground state, with the 
lowest state of the 687s' configuration higher by 0.5 [55] or 0.24 eV [56]. The 

Table 4: CCSD excitation energies (EE), electron affinity (EA) and ionization 
potentials (IP) of element 111 (eV). 

DC DCB NR 
2.719 2.687 0 
3.006 2.953 -5.430 
1.542 1.565 6.484 
10.57 10.60 22.98 
12.36 12.33 0.92 
15.30 15.23 -0.44 
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two calculations are similar, using numerical MCDF [57] in a space including 
all possible distributions of the four external electrons in the 6d, 7s and 7p 
orbitals, and the difference may be due to the different programs used or to 
minor computational details. These MCDF calculations take into account 
nondynamic correlation only, which is due to near-degeneracy effects and can 
be included by using a small number of configurations. A similar approach by 
Desclaux and Fricke [58] gave errors of 0.4-0.5 eV for the energy differences 
between (n - l )d  and np configurations of Y, La and Lu, with the calculated np 
energy being too low. Desclaux and Fricke corrected the corresponding energy 
difference in Lr by a similar amount [58]. If a shift of similar magnitude is 
applied to the MCDF results for Rf, the order of the two lowest states may 
be reversed. It should also be noted that dynamic correlation, largely omitted 
from MCDF, has been shown to play a significant role in determining atomic 
excitation energies (see below), reducing the average error in calculating Pr3+ 
excitation energies by a factor of four relative to MCDF results. The RCC 
method has therefore been applied to Rf [48]. Starting from Rf2+ with the 
closed-shell configuration [ h ] 5  f147s2, two electrons were added, one at a time, 
in the 6d and 7p orbitals, to form the low-lying states of Rf+ and Rf. A large 
basis set of 34~24p19d13f8g5h4i G spinors was used, and the external 36 
electrons were correlated, leaving only the [Xe]4 f l4 core uncorrelated. A series 
of calculations, with increasing 1 values in the virtual space, waa performed to 
assess the convergence of the results. Some of the calculated transition energies 
are shown in table 5. Others may be found in the original publication [48]. 

The salient feature of the calculated transition energies is their monotonic 
behavior with the amount of correlation accounted for. The correlation of the 
5 f  electrons and the gradual inclusion of higher 1 spaces all increase the four 
transition energies in table 5, as well as those not shown here. The MCDF 
results fall invariably between the d and f limits. This makes sense, since the 
MCDF function optimizes the orbitals and CI coefficients in a space including 
configuration state functions which correspond to all possible distributions of 
the four external electrons in the 6d, 7s and 7p orbitals. Nondynamic correla- 
tion, resulting from interactions of configurations relatively close in energy, is 
thus described very well; the long-range dynamic correlation, which is more dif- 
ficult to include, requiring many thousands of configurations, is not described 
as well, leading to an error in the identification of the Rf ground state. The 
latter is determined by the sign of the excitation energy in the last column of 
table 5. A negative energy means that the 727p6d configuration is lower than 
the 7s26d2, and is therefore the ground state. From the calculations reported, 
we estimate the CCSD converged value for this energy at 0.30-0.35 eV, mak- 
ing the 7 2 6 8  state the ground state of atomic Rf. Recent state-of-the-art 
experiments with Rf confirmed [59] that the chemistry of the atom is similar 
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Table 5: Transition energies in Rf+ and Rf (eV) 

MCDF [56] 
MCDF [55] 
RCCSD 
1 5 2” 
15 3” 
1 1 3  
1 5 4  
1 5 5  
1 5 6  
15 5b 

Rf+ - _ _  
7s26d3/2 7s26d5,2 
’D3/2 IP 2D5/2 EE 

13.47 

13.37 0.79 
13.95 0.82 
14.05 0.87 
14.20 0.90 
14.34 0.92 
14.37 0.92 
14.34 0.87 

Kf 
7s26d2 7s27p6d 
3~~ IP 30~ E E  

5.30 -0.24 
-0.50 

5.15 -0.60 
5.65 -0.11 
5.76 0.03 
5.90 0.17 
5.99 0.25 
6.01 0.27 
5.99 0.27 

“5 f electrons not correlated 
With Breit interaction. 

to that of Hf, which has a 6s25d2 ground state. 
This example shows the intricate interplay of relativity and correlation. It 

is well known that relativity stabilizes s vs. d orbitals, and correlation has the 
opposite effect. When both effects are important and the result not obvious 
a priorz, one must apply methods, such as RCC, which treat relativity and 
correlation simultaneously to high order. 

3.4 Element 118 - a Rare Gas with Electron Affinity 
One of the most dramatic effects of relativity is the contraction and concomi- 
tant stabilization of s orbitals (see Fig. 1) above. An intriguing question is 
whether the 8s orbital of element 118, the next rare gas, would be stabilized 
sufficiently to give the atom a positive electron affinity. Using the neutral atom 
Dirac-Fock orbitals as a starting point raises a problem, since the 8s orbital 
has positive energy and tends to “escape” to the most diffuse basis functions. 
This may be avoided by calculating the unoccupied orbitals in artificial fields, 
obtained by assigning partial charges to some of the occupied shells. The un- 
physical fields are compensated by including an appropriate correction in the 
perturbation operator. A series of calculations with a variety of fields gave 
electron affinities differing by a few wave numbers. The correlated relativistic 
electron affinity is 0.056 eV, with an estimated error of 0.01 eV. Inclusion of 
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both relativity and correlation is required to yield a positive EA. It should be 
noted that similar calculations did not give bound states for Rn-. Further 
details may be found in the original publication [50]. 

Level 

'H5 

3.5 The f2 Levels of Pr3+ 
The atomic systems in the previous examples have s, p ,  and/or d valence 
electrons. Here we discuss the energy levels of the Pr3+ ion, which has an 
f 2  configuration. The spectrum is well characterized experimentally [60] and 
provides a good test for high-accuracy methods incorporating relativity and 
correlation. 

Starting from the PrS+ closed shell as reference, two electrons were added 
in the 4f shell to obtain the levels of interest. Three basis sets were used, with 
1 going up to 4, 5 and 6, and the 4spdf5sp electrons were correlated [42]. The 
excitation energies are compared with experiment [60] and with MCDF [61] in 
table 6. 

Expt. [60] MCDF [61] CCSD 
1 < 4  1 1 5  1 5 6  

21 52.09 2337 2273 2273 2270 

Table 6: Excitation energies of Pr3+ 4f2 levels (cm-l) 

3Hg 
'F2 
' F3 
3F4 

G4 
'Dz 
3P0 

'I6 

'So 

3P1 

'P2 

4389.09 
4996.6 1 
6415.24 
6854.75 
9921.24 

17334.39 
21389.81 

22211.54 
22007.46 

23160.61 
50090.29 

4733 
4984 
6517 
6950 

10207 
18153 
22776 
23450 
25854 
24653 
50517 

853 

4645 4641 4635 
4749 4832 4843 
6266 6345 6354 
6808 6844 6843 

10019 10014 10001 
16803 16961 16998 
20802 21109 21155 
21443 21747 21791 
22267 22061 22010 
22719 23009 23051 
48448 49072 49194 

394 245 222 

The calculated excitation energies are in very good agreement with exper- 
iment, an agreement which improves with the size of the basis. All 13 levels 
appear in the correct order (in MCDF the 3P2 level appears 1200 cm-' below 
the l& instead of 950 cm-l above it). Convergence with respect to the 1 value 
in the virtual space seems good, and the best basis gives an average error of 
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3H5 -3H4 
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Expt. [60] MCDF DC DC DCB DC 
1 5 4  1 5 5  155 156 

2152 2337 2273 2273 2081 2270 

Table 7: Fine structure in Pr3+ (cm-'). 

3Hi -3H5 

3F3 -3F2 
3F4 -3F3 

3Pl -3P* 
3P2 -3P, 

2237 2396 2369 2368 2169 2365 

1419 1533 1517 1513 1373 1511 
440 433 542 499 465 489 

618 674 631 638 585 636 
1153 1203 1276 1262 1090 1260 

I 

Avrg. error I 95 98 89 51 86 

222 cm-' for the excitation energies. A full half of the total error is due to the 
high 'So state; these states are notoriously difficult to calculate. 

While including the Breit term has a rather small effect on the excitation 
energies of Pr3+, it improves the fine-structure splitting5 (table 7). This is 
a general phenomenon, and may be traced to including the spin-other-spin 
interaction in the two-electron Breit term [62]. 

4 Application to Molecules 
Molecules are always more difficult to treat accurately than atoms, because of 
the reduced symmetry. An additional complication arises in relativistic calcu- 
lations: the Dirac-Fock(-Breit) orbitals will in general be complex. One way 
to circumvent this difficulty is by the Douglas-Kroll-Hess transformation [63], 
which yields a one-component function with computational effort essentially 
equal to that of a nonrelativistic calculation. Spin-orbit interaction may then 
be added as a perturbation. Implementation to AuH and Auz is described 
here. Progress has also been made in the four-component formulation [64], 
and the MOLFDIR package [65] has recently been extended to include the CC 
method. This is still a rather heavy calculation. SnH4, calculated with the 
MOLFDIR DF package and our CC programs, is also presented below. 

4.1 One-Component Applications: AuH, Au2, E l l l H  

Before implementing the Douglas-Kroll-Hess transformation to molecules, 
we tested its accuracy by applying it to the gold atom [66] and comparing with 
the full four-component results [38] and with experiment [53]. Since no spin- 
orbit interaction is present, only term energies (averaged over spin components) 
can be compared. All transition energies were within a few hundredth of an 
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R e ( 4  
D,(eV) 
we (cm-l) 
IP to X2C+(eV) 
IP to A2A(eV) 
IP to C2C+(eV) 
EA (eV) 

Nonrel Re1 Expt 
1.749 1.525 1.524 
1.79 2.92 3.22 
1565 2288 2305 
8.74 10.06 
13.11 11.63 
13.72 14.41 
0.56 0.54 
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Figure 2: Relativistic and nonrelativistic potentials of AuH2+ 
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Figure 3: Relativistic and nonrelativistic potentials of AuH 



High-Accuracy Calculations for Heavy and Super-Heavy Elements 329 

- 
e 

A 0 

I I 1 I I 
4.0 4.6 5.2 5.8 6.4 7.0 

R Ibohrl 
Figure 5: Relativistic potential of Auz 
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eV of the corresponding four-component values. It seems therefore safe to 
apply the one-component method to states where spin-orbit effects are not 
significant. Calculations were carried out for AuH and some of its ions [66]. 
The first set of calculations started from the closed-shell AuH2+ ion, and added 
two electrons to obtain states of the monocation and neutral species. Figure 2 
shows very large relativistic effects on the potential of the dication. The species 
is not bound, but it has a sizeable metastable well and barrier to dissociation. 
The shape of the potential comes from the crossing of two curves dissociating 
to Au2+ + H and to Aut + Ht, respectively. The depth of the well is more than 
doubled by relativity. Similar effects occur in the AuH potential (see figure 3). 
Relativity shortens the bond length of the molecule by 15% and increases the 
bond energy by 60%. The relativistic potential of the anion is shown in figure 
4, and the various spectroscopic constants and transition energies are collected 
and compared with experiment [67] in table 8. 

Similar calculations were carried out for the hydride of element 111 [68]. As 
expected, realtivistic effects were even larger than for AuH. The equilibrium 
separation is reduced by relativity from 1.92 to 1.51A, and the bond energy 
increases from 1.83 to 3.56 eV. Preliminary work on Au2 has also been carried 
out [69]. The potential function shown in figure 5 gives molecular constants in 
good agreement with experiment: Re is 2.48781 compared to the experimental 
2.472k and the harmonic frequency is 2330 cm-' compared to 2305 cm-l. 

4.2 Four-Component Application: SnH4 

Table 9: SCF, second-order perturbation theory, and coupled-cluster values of 
the equilibrium bond length &, energy E, at &, and harmonic frequency we 
of the breathing mode of SnI " 

Method 
Nonrelativistic 

SCF 
PT2 
CCSD 

Relativistic 
DF 
PT2 
CCSD 

Expt. [71] 

1.727 -6025.21370 2067 
1.710 -6025.39218 2030 
1.717 -6025.41979 2025 

1.711 -6172.71153 2073 
1.694 -6172.89890 2034 
1.702 -6172.92553 2019 
1.701 1955 

The Dirac-Fock part of the MOLFDIR program has been interfaced with 
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our Fock-space coupled-cluster package. The first molecule investigated wits 
SnH4 [70]. The results, collected and compared with experiment [71] in table 
9, show the relativistic and correlation effects on the energy and some spectro- 
scopic constants of the molecule. The relativistic CC results show very good 
agreement with experiment. 

5 Summary and Conclusion 

The relativistic coupled-cluster method includes simultaneously relativistic 
terms through second order in the fine-structure constant Q and correlation 
effects summed to all orders of the one- and two-electron excitations. In 
atomic systems, where spherical symmetry allows the use of large basis sets, 
the method makes possible calculation of large numbers of heavy-atom states 
with unprecedented accuracy, and gives reliable predictions for superheavy ele- 
ments. The largest remaining source of error is probably the omission of triple 
virtual excitations. Molecules present a more difficult challenge, and few four- 
component RCC applications have been reported to date. The one-component 
Douglas-Kroll-Hess transformation provides a cheap, accurate alternative when 
spin-orbit interaction may be neglected. 
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BWPT, see Brillouin-Wigner perturbation 
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CC method, see Coupled-cluster method 
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condensed matter theory, 10-1 1 

Neumann Equation 
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Complete basis set 
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and many-body methods, 6-7 
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surfaces, and interfaces, 10- 1 1 
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parallelization, 269-27 1 
test calculations, 274-278 
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Contracted Liouville-von Neumann 
278-280 

Equation 
application, 38 
first-order, definition, 40-41 

Contracted Schrtidinger equation 
application, 38 
first-order, in spin-orbital representation, 

39-40 
Convergence behavior 

argon, 1 13 
effect of BSSE, 107-108 



INDEX 339 

HCO, 127-129 
helium, 113 
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Coordinate space, core-valence division, 

Copper-helium dimer, SCF-MI calculations, 

Copper-helium trimer, SCF-MI calculations, 

Core valence, division of coordinate space, 

Correlation consistent basis sets 

67-68 

262-263 

252-253,262-263 

67-68 

as computational method, 1 1 1 - 1 13 
standard and augmented sets, 106 

global estimation, 45 
interaction energy in He-clusters, 

level in LMBPT, 236-240 
magnitude, 50 
role in PT formalism, 141-144 

Correlation terms 

240-242 

Coulomb law, equation, 138 
Counterpoise correction 

argon, 115-116 
ArHF, 123 
for BSSE, 235-236 
geometry optimization algorithms, 

109-110 
HCO-, 123 
helium, 115-116 
hydrogen chloride, 121-122 
hydrogen fluoride, 12 1 - 1 22 
nitrogen, 12 1 - 122 
van der Waals interacting molecules, 232 

Coupled-cluster method 
Brillouin-Wigner 

equivalence to CC method, 77 
multireference 

Hilbert space approach, 83-86 
H4 model system, 89-92 
single-root approximation, 86-89 

Fock-space, DCB Hamiltonian, 3 17-319 
multireference 

concept, 76-77 
in MR BWCC theory, 84 
types, 76 

single-reference 
definition, 76 
extension, 76 

standard, equivalence to BWCC theory, 
77 

CP method, see Counterpoise correction 
Crystals, condensed matter theory, 10- 11 
CSE, see Contracted Schrodinger equation 

D 

Data transfer, PVM facility, 278-280 
DCB Hamiltonian, see Dirac-Coulomb- 

Breit Hamiltonian 
DC Hamiltonian, see Dirac-Coulomb 

Hamiltonian 
Decomposition, energy, in Strutinsky’s 

method, 55-56 
Deformation energy 

ArHF, 125-126,130 
HCO-, 125-126 

Density function theory 
role in calculations, 3-6 
separable systems, 17-22 

Density matrix, and density functionals, 

DFI; see Density function theory 
Diatomic molecules 

3-6 

James-Coolidge function, 192- 195 
strongly bound molecules, 1 17- 122 
very weakly bound molecules, 113-1 16 

Diffuse functions, in basis sets 
one set additional, 300-303 
one set symmetrical, 290-293 
two sets diffuse functions, 304-306 
two sets symmetrical, 293-295 

convergence behavior, 130 
geometry optimization, 112-1 13, 

HF SCF level calculations, 233-235 
SCF-MI calculations, 262-263 

Dirac-Coulomb-Breit Hamiltonian 
Fock-space CC method. 317-319 
one-electron equation, 315-317 

Dimers 

129-1 30 

Dirac-Coulomb Hamiltonian, as relativistic 

Dissociation energy, hydrogen molecule, 

d-type functions, basis sets 

Hamiltonian, 3 14-3 15 

179 

neutral atom basis sets, 296-299 
one set diffuse functions, 300-303 
two sets diffuse functions, 304-306 

Dynamic correlation, role in Rutherfordium, 
323-325 
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E 

Ekagold, application of RCC method, 322, 

Electron affinity, in rare gas, 325-326 
Electron correlation 

327-330 

energy, definition, 143-144 
expansion, independent particle model, 286 
many-body methods and configuration 

interaction, 6-7 
Electron density, in energy calculations, 

Element 1 11, application of RCC method, 

Element 118, application of RCC method, 

Energy 

3-6 

322,327-330 

325-326 

decomposition in Strutinsky’s method, 

deformation 
55-56 

Arm, 125-126,130 
HCO-, 125-126 

dissociation, hydrogen molecule, 179 
electron correlation, definition, 143-144 
interaction energy, see Interaction energy 
kinetic, elimination in Schrodinger 

many-body interaction, in FT formalism, 

oscillating part, role of second-order terms, 

potential 

equation, 204-205 

141-144 

68-7 1 

hydrogen fluoride, 120 
surface in MR BWCCSD approach, 91 

F 

Four-electron diatomic molecules, James- 
Coolidge function, 192-195 

G 

Gaussian basis sets 
in ab initio calculations, 158 
basis subset distribution, 161-162 
basis subset exponents, 163 
basis subsets, 160-161 
control of computational linear 

dependence, 163- 164 

elements, 158-160 
HF energy from, 164- 168 
systematic generation, 285-286 

Gaussian wave function, for two-electron 
molecules, 190 

Geometry optimization 

109-1 10 
counterpoise-corrected, algorithms, 

HCO, 128-129 
(HF),, 112-113 
HFdimer, 129-130 

Gold, application of RCC method, 320-321 
Gold dimer, application of RCC method, 

Gold hydride, application of RCC method, 
327-330 

327-330 

H 

Hamiltonian, relativistic, derivation, 

Hartree-Fock method 
314-315 

CP method, application, 235-236 
in electron correlation energy, 143-144 
from Gaussian basis sets, 164-168 

SCF level, 232-235 
use of basis sets, 158-159 

core-valence division of coordinate space, 

Strutinsky’s method, 60-62,68-71 

BSSE, I14 
CBS limits, 113 
clusters, interaction energy, correlation, 

convergence behavior, 113 
counterpoise correction, 1 15- 116 

HF method, see Hartree-Fock method 
Hilbert space approach, in multireference 

Hydrogen 

SCAF’, 59-60 

Hartree-Fock-Roothaan method 

67-68 

Helium 

240-242 

BWCC theory, 83-86 

BO approximation, 178-179,191-192 
dissociation energy, 179 
electron correlation, 177 
ionization potential, 179 

Hydrogen chloride 
BSSE, 117-122 
CBS limit, 117-122 
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Hydrogen fluoride 
BSSE, 117-122 
CBS limit, 117-122 

Hydrogen fluoride dimer 
convergence behavior, I30 
geometry optimization, 112-1 13, 

HF SCF level calculations, 233-235 
Hydrogen peroxide dimer, HF SCF level 

Hylleraas-CI function, for two-electron 

Hylleraas-CIVB function, for two-electron 

129- 130 

calculations, 233-235 

molecules, 188-189 

molecules, 189-190 

I 

Integrals 
interelectron repulsion, 2 19-220 
Shibuya-Wulfman, evaluation, 213-217 

Be, and Li, clusters, 144-147 

in He-clusters, correlation, 240-242 
many-body, in PTformalism, 141-144 
by SAPT and supermolecular approach, 

van der Wads, molecules, 232 

Interaction energy 

H-CO and H-CO-, 112 

108-1 10 

Interfaces, condensed matter theory, 10- 1 1 
Interparticle forces 

and Pauli principle, 139 
and transverse photons, 139 

Ionization potential, hydrogen molecule, 179 

J 

James-Coolidge function 
three- and four-electron molecules, 

for two-electron molecules, 188 
192-195 

K 

Kinetic energy, elimination in Schrbdinger 
equation, 204-205 

K interacting fragments 
SCF-MI calculations 

closed-shell fragments, 259-260 

iterative minimization, 261 -262 
minimization procedure, 258-259 
open-shell fragments, 260-261 
problem statement, 253-258 

theory, 252-253 
Koios-Wolniewicz wave function, hydrogen 

molecule 
BO approximation, 178-179 
dissociation energy, 179 
electron correlation, 177 
ionization potential, 179 

L 

Linear dependence, computational, control, 

Liouville-von Neumann Equation, 

Lithium-helium trimer, SCF-MI calculations, 

LMBPT, see Localized many-body 
perturbation theory 

Localized many-body perturbation theory, 
correlation level, 236-240 

LVNE, see Liouville-von Neumann 
Equation 

163- 164 

application, 38 

252-253,262-263 

M 

Magnetic fields, strong, atoms and molecules, 

Many-body force 
I0 

approximation, 152 
definition, 138-140 

Many-body interaction energy, in PT 

Many-body methods 
and configuration interaction, 6-7 
in I-RDM, 50-5 1 
replacement by single particle method, 

Many-body partition, Be,,, and Li, clusters, 

Many-body perturbation theory, localized, 
correlation level, 236-240 

Many-body systems, application of 
SchrMnger equation, 174-176 

Many-electron Stunnians 
construction, 205-206 

formalism, 141-144 

44-45 

144-147 
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Many-electron Sturmians (continued) 
kinetic energy, elimination, 204-205 
N-electron atoms, 206-21 1 
orthonormality relations, 202-204 

application, 38 
definition, 39 

Matrix contraction mapping 

Matter, properties, BSSE in calculations, 

MCM, see Matrix contraction mapping 
Metal clusters 

252-253 

Ag,, ab initio model potentials, 144-147 
Be, and Ar,, binding energy contribution, 

Be, and Li,, interaction energy, 144-147 
condensed matter theory, 10-1 1 

H,, single-root MR BWCCSD calculations, 

independent particle, and electron 

152-153 

Model systems 

89-93 

correlation expansion, 286 
Molecular dynamics, thermal behavior, 149- 150 
Molecular orbitals 

separated, van der Waals interacting 

in valence theory, 8-9 

normalization, 217-219 
in Schriidinger equation, 2 1 1-2 12 
Shibuya-Wulfman integral, 213-217 

application of RCC method 

molecules, 232 

Molecular Sturmians 

Molecules 

to Au,, 327-330 
to AuH, 327-330 
to El 1 lH, 327-330 
method, 327 
to Sd,, 330-33 1 

application of response theory, 10 
diatomic 

James-Coolidge function, 192-195 
strongly bound molecules, 1 17-122 
very weakly bound molecules, 1 13- 1 16 

flexible, nuclear motion and vibronic 

four-electron diatomic, James-Coolidge 

tetratomic, HF dimer, 129-130 
three-electron diatomic, James-Coolidge 

triatomic, see Triatomic molecules 
twoelectron, see Two-electron molecules 

effects, 9 

function, 192- 195 

function, 192-195 

van der Waals interacting, BSSE, 232 
M0ller-Plesset perturbation theory, 

Be,andLi,clusters, 144-147 
Monte-Carlo simulation, in ob initio model 

potentials, 144-147 

N 

Newton gravitational law, equation, 138 
Nitrogen 

BSSE, 117-122 
CBSlimit, 117-122 

Normalization, molecular Sturmians, 

Nucleus, motion, 9 
2 17-2 19 

0 

Open-shell systems, K fragments, SCF-MI 
calculations 

iterative minimization, 261-262 
minimization procedure, 258-259 
open-shell fragments, 260-261 
problem statement, 253-258 

action in 1-TRDM, 47-48 
wave, see Wave operators 

K interacting fragments, 252-253 
relations for many-electron Sturmians, 

Operators 

Orthonormalization 

202-204 
Oscillation, energy 

role of second-order terms, 68-71 
in Strutinsky’s method, 55-56 

P 

Paralleliiation, CI PEDICI program, 

Parallel virtual machine 
description, 271-274 
facility for data transfer, 278-280 
test calculations, 274-278 

269-271 

Particle models, independent, and electron 
correlation expansion, 286 

Pauli principle, and interparticle forces, 139 
PEDICI program, CI algorithm 

facility for data transfer, 278-280 
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implementation details, 271 -274 
parallebtion, 269-27 1 
test calculations, 274-278 

Brillouin- Wigner, multireference 
application, 77-78 
notation and formalism, 78-80 
single-root formulation, 80-82,93 

many-body, localized, correlation level, 

M@ller-Plesset, Be, and Li,clusters, 

role of m-body interactions and correlation 

symmetry -adapted 

Perturbation theory 

236-240 

144-147 

te rn ,  141-144 

development, 141 
for interaction energy, 108-1 10 

139 
Photons, transverse, and interparticle forces, 

Polarization force, nonadditivity from, 138 
Potential energy 

hydrogen fluoride, 120 
surface, in MR BWCCSD approach, 

91 
Praseodymium,f* levels, 326-327 
IT, see Perturbation theory 
p-type functions, basis sets 

neutral atom basis sets, 287-289, 

one set diffuse functions, 300-303 
one set symmetrical diffuse functions, 

two sets diffuse functions, 304-306 
two sets symmetrical diffuse functions, 

296-299 

290-293 

293-295 
PVM, see Parallel virtual machine 

R 

Rare gas, with electron affinity,325-326 
RCC method, see Relativistic coupled-cluster 

RDM, see Reduced density matrix 
Reduced density matrix 

method 

application, 38 
I-RDM, many-body effects, 50-5 1 
2-RDM 

global relations, 48-49 
structure, 41 -42 

3-RDM, ~tructCI~, 42-43 

Relativistic coupled-cluster method, 
application 

to Au,, 327-330 
to AuH, 327-330 
to El 1 lH, 327-330 
to ekagold, 322 
to element 1 18,325-326 

to molecules, 327 

to Rutherfordium, 323-325 

to gold, 320-32 1 

to PP,  326-327 

to SnH,, 330-33 1 
Relativistic effects 

in ekagold, 322 
in molecular quantum mechanics, 7-8 
wavefunctions, 29-33 

Relativistic Hamiltonian, derivation, 

Repulsion, interelectron, integral, 219-220 
Repulsion integral, interelectron repulsion, 

Response theory, properties and spectrum, 

314-315 

219-220 

10 

S 

SAPT, see S ymmetry-adapted perturbation 

SCAP, see Self-consistent averaging procedure 
SCF, see Self-consistent field methd 
Schriidinger equation 

theory 

application, 38 
contracted 

application, 38 
first-order, in spin-orbital representation, 

39-40 
direct variational solution, 174-176 
early application, 173-174 
kinetic energy, elimination, 204-205 
molecularSturmians,211-212 
in Shibuya-Wulfman integrals, 

Self-consistent averaging procedure 
2 13-2 17 

first-order shell-effect terms, 62-67 
in HF scheme, 59-60 

Self-consistent field method 
averaging procedure 

first-order shell-effect terms, 62-67 
in HF scheme, 59-60 

Be, and Li, clusters, 144-147 
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Self-consistent field method (continued) 
complete active space, combination with M R  

in Hartree-Fock method, 232-235 
SCF-CI, interelectron repulsion integrals, 

CI, 268-269 

219-220 
SCF-MI 

and BSSE, 252-253 
Cu(He),, 262-263 
Cu-He, 262-263 

K interacting fragments 
(HzO),, 264 

closed-shell fragments, 259-260 
iterative minimization, 26 1-262 
minimization pmedure, 258-259 
open-shell fragments, 260-261 
problem statement, 253-258 

Li(He),, 262-263 
Separable systems 

definition, 15-17 
density functions, 17-22 

Shell effects, in Strutinsky’s energy theorem, 

Shibuya-Wulfman integral, evaluation, 

Single particle equations, replacement of many 

Space 

62-67 

213-217 

body equations, 44-45 

complete active, SCF-MR CI, 268-269 
coordinate, core-valence division, 67-68 
Hilbert space, in multireference BWCC 

Spin-orbital representation, with first-order 

Strong magnetic fields, atoms and molecules, 

Strutinsky’s method 

theory, 83-86 

CSE, 39-40 

10 

averaging technique, 56-58 
core-valence division of coordinate space, 

energy oscillating part, role of second-order 

first-order shelleffect terms, 62-67 
in Hartree-Fock-Roothaan scheme, 

in HF scheme, energy decomposition, 

67-68 

terms, 68-71 

60-62 

55-56 
sturmians 

man y-electron 
construction, 205-206 
kinetic energy, elimination, 204-205 

N-electron atoms, 206-21 1 
orthonormality relations, 202-204 

normalization, 217-219 
in Schridinger equation, 2 1 1-2 12 
Shibuya- Wulfman integral, 2 13-2 17 

molecular 

s-type functions, basis sets 
neutral atom basis sets, 287-289, 

one set diffuse functions, 300-303 
one set symmetrical diffuse functions, 

two sets diffuse functions, 304-306 
two sets symmetrical diffuse functions, 

Supermolecular approach, for interaction 

Surfaces, condensed mattertheory, 10-1 1 
Symmetry-adapted perturbation theory 

296-299 

290-293 

293-295 

energy, 108-1 10 

development, 141 
for interaction energy, 108-1 10 

T 

Tetratomic molecules, HF dimer, 129- 130 
Thermal behavior, molecular dynamics, 

Three-electron diatomic molecules, James- 

Tin tetrahydride, application of RCC method, 

Transition Reduced Density Matrix 

149-150 

Coolidge function, 192-195 

330-33 1 

application, 38 
operator actions, 47-48 

TRDM, see Transition Reduced Density Matrix 
Triatomic molecules 

ArHF 
BSSE, 123-125 
counterpoise correction, 123 
deformation energy, 125-126 
geometry optimization, 130 

HCO- 
BSSE, 123-125 
counterpoise correction, 123 
deformation energy, 125-126 

HCO, convergence behavior, 127-129 
Trimers, SCF-MI calculations, 252-253, 

Two-electron molecules 
264 

BO approximation, 191-192 
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exponentially correlated Gaussian wave 

Hylleraas-CI function, 188-189 
Hylleraas-CIVB function, 189-190 
James-Coolidge function, 188 
Kolos-Wolniewicz wave function, 

function, 190 

177- I87 

v 
Valence theory, chemical bond making and 

van der Waals interaction, molecules, 232 
breaking, 8-9 

Vibronic effects, molecules, 9 

w 
Water, trimer, application of SCF-MI method, 

Wavefunctions 
252-253 

explicity correlated, for two-electron 
molecules, 192-195 

optimization, 22-28 
relativistic effects, 29-33 

MR BWCC method, 93 
Wave operators, state-specific, in single-root 


